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Abstract

After having stated several conjectures regarding potential families of normal
numbers, we construct various new families of normal numbers using different
concepts, in particular the whole set of partitions of the set {0, 1, . . . , k}, the
smallest prime divisor of n which is larger than logn, and finally a certain
regroupment of the whole set of primes known as a disjoint classification of
primes.
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1 Introduction

The concept of a normal number was introduced in 1909 by Émile Borel [1]. Given
an integer q ≥ 2, a q-normal number, or for short a normal number, is a real number
whose q-ary expansion is such that any preassigned sequence, of length k ≥ 1, of
base q digits from this expansion, occurs at the expected frequency, namely 1/qk.
Equivalently, given a positive real number

η = bηc+

∞∑
j=1

aj
qj
,
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where each aj ∈ {0, 1, . . . , q − 1}, we say that η is a q-normal number if for every
integer k ≥ 1 and b1b2 . . . bk ∈ {0, 1, . . . , q − 1}k, we have

lim
N→∞

1

N
#{j ≤ N : ajaj+1 . . . aj+k−1 = b1 . . . bk} =

1

qk
.

A real number is said to be simply normal in a given base q ≥ 2 if its base q
digit expansion contains each of the digits 0, 1, . . . , q− 1 at the same frequency. While
all normal numbers are simply normal, the reverse is not true. For instance, the real
number 0.101010 . . . is simply normal in base 2, but not normal.

Also, given an integer q ≥ 2, it can be shown (see Theorem 8.1 of Chapter 1 in the
book of Kuipers and Niederreiter [8]) that a real number η is normal in base q if and
only if the sequence ({qnη})n∈N is uniformly distributed mod 1 (here, {y} stands for
the fractional part of y).

Let q ≥ 2 be a fixed integer and set Aq := {0, 1, 2, . . . , q − 1}. Given an integer
t ≥ 1, an expression of the form i1i2 . . . it, where each ij ∈ Aq, is called a word of length
t. We shall use the symbol Λ to denote the empty word, which is a word of length 0.

Here, we construct various new families of normal numbers using different concepts,
in particular the whole set of partitions of the set {0, 1, . . . , k}, the smallest prime
divisor of n which is larger than log n, and finally the so-called disjoint classification
of primes.

2 Sets of permutations

Given any two positive integers a 6= b, we set

u(a, b) :=

{
1 if a < b,
0 if a > b.

Also, let us consider the whole set Πk+1 of permutations of the set {0, 1, 2, . . . , k}.
We will denote by ℘ the set of all primes and we will also be using the Euler totient
function denoted by ϕ(n), the function P (n) which stands for the largest prime factor
of n, setting P (1) = 1 for convenience, and finally the counting function π(x), the
number of primes not exceeding x.

We begin by stating four conjectures.

Conjecture 1 Let k ∈ N. Given a permutation π = `0`1 . . . `k ∈ Πk+1, let

Nk
(
x
∣∣π) := #{n ≤ x : P (n+ `i−1) < P (n+ `i), i = 1, 2, . . . , k}.

Then,

lim
x→∞

1

x
Nk
(
x
∣∣π) =

1

(k + 1)!
.

This is essentially a reformulation of Conjecture 37.6 from the book of De Koninck
and Doyon [2]. Observe that this conjecture is open even in the case k = 1, which is
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attributed to Erdős and Turan (see Erdős [7]) as they conjectured that

lim
x→∞

1

x
#{n ≤ x : P (n) < P (n+ 1)} =

1

2
.

Let us mention that some significant progress towards the proof of the Erdős-Turan
conjecture has been made, in particular by Lü and Wang [9] as they proved in 2025
that, as x→∞,

1

x
#{n ≤ x : P (n) < P (n+ 1)} > 0.2017.

The “normal number equivalence” of Conjecture 1 in the case k = 1 is the following.

Conjecture 2 Let ξ := 0.Concat
(
u(P (n), P (n+ 1)) : n ∈ N

)
, that is, the concatenation of the

binary digits u(P (n), P (n+ 1)) for n = 1, 2, . . .. Then, the real number ξ is a simply normal
number in base 2.

Conjecture 3 For each K ∈ N, consider the corresponding set {`1, `2, . . . , `ϕ(K)} of reduced
residues modulo K and the function κ defined on primes p by

κ(p) :=

{
a− 1 if p ≡ `a (mod K),
Λ if p | K,

where Λ stands for the empty word, which we introduced in Section 1. Then, the real number
ξK := 0.Concat

(
κ(P (n)) : n ∈ N

)
is a normal number in base ϕ(K).

Conjecture 4 Consider the sequence (λp)p∈℘ defined by

λp :=

{
1 if P (p− 1) < P (p+ 1),
0 if P (p− 1) > P (p+ 1).

Then,

lim
x→∞

1

π(x)
#{p ≤ x : λp = 1} =

1

2

or equivalently, the real number ξ := 0.λ2λ3λ5λ7 . . . is a normal number in base 2.

This last conjecture involving shifted primes is probably the most challenging of
the above four conjectures.

Let us now introduce further notation which will be used in the next section. First,
we set

Ek = {0, 1, . . . , 2k − 1}. (1)

Given distinct positive integers a0, a1, . . . , ak, further set

V (a0, . . . , ak) := u(a0, a1)2k−1 + u(a1, a2)2k−2 + · · ·+ u(ak−1, ak). (2)

Also, given π ∈ Πk+1, we let

αk(n) :=
∑

π∈Πk+1
V (π)=n

1
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and

fk(n) :=
αk(n)

(k + 1)!
. (3)

In the case of k = 3, we obtain the following table:

n αk(n) {π ∈ Πk+1 : V (π) = n}
0 1 {3,2,1,0}
1 3 {2,1,0,3}, {3,1,0,2}, {3,2,0,1}
2 5 {1,0,3,2}, {2,0,3,1}, {2,1,3,0}, {3,0,2,1}, {3,1,2,0}
3 3 {1,0,2,3}, {2,0,1,3}, {3,0,1,2}
4 3 {0,3,2,1}, {1,3,2,0}, {2,3,1,0}
5 5 {0,2,1,3}, {0,3,1,2}, {1,2,0,3}, {1,3,0,2}, {2,3,0,1}
6 3 {0,1,3,2}, {0,2,3,1}, {1,2,3,0}
7 1 {0,1,2,3}

Moreover, for k = 3, 4, 5, we have the following data:

{α3(n) : 0 ≤ n ≤ 23 − 1} = {1, 3, 5, 3, 3, 5, 3, 1}
{α4(n) : 0 ≤ n ≤ 24 − 1} = {1, 4, 9, 6, 9, 16, 11, 4, 4, 11, 16, 9, 6, 9, 4, 1}
{α5(n) : 0 ≤ n ≤ 25 − 1} = {1, 5, 14, 10, 19, 35, 26, 10, 14, 40, 61, 35, 26, 40,

19, 5, 5, 19, 40, 26, 35, 61, 40, 14, 10, 26, 35, 19, 10, 14, 5, 1}

We now introduce a distribution function G : [0, 1) → [0, 1] which will be used
in Theorem 2 (in the next section) and which we define as follows. Given λ ∈ [0, 1),
consider its binary expansion

λ =
e1
2

+
e2
22

+ · · ·

with its truncated expansion

λT =
e1
2

+
e2
22

+ · · ·+ eT
2T

(T = 1, 2, . . .).

Also, recalling the definition of the set ET introduced in (1), we set

AT = 2TλT = e12T−1 + e22T−2 + · · ·+ eT (∈ ET ).

We now define the function G on the λT ’s as

G(λT ) :=
∑
m∈ET
m<AT

fT (m),

where fT is the function already defined in (3).
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With the above definitions, observe that

λT+1 = λT +
eT+1

2T+1
and AT+1 = 2AT + eT+1.

So, let us write m ∈ ET+1 in the form

m = 2n+ `, where n ∈ ET and ` ∈ {0, 1}.

Moreover, observe that, with the function V as in (2), we have

V (a1, . . . , ak+1) = 2V (a1, . . . , ak) + u(ak, ak+1).

Hence,
fk+1(2n) + fk+1(2n+ 1) = fk(n),

and therefore,

G(λT+1) =
∑

2n+`<AT+1

fT+1(2n+ `)

=
∑
n<AT

(fT+1(2n) + fT+1(2n+ 1)) + S,

where

S =

{
0 if eT+1 = 0,
fT+1(2AT ) if eT+1 = 1.

Hence it follows that
G(λT+1) ≥ G(λT ).

In light of the above, we can now define G as

G(λ) := lim
T→∞

G(λT ).

One can now claim that G is a continuous function on the interval [0, 1). Indeed, let
us assume that eT = 0 and let

λ̃T := λT +
1

2T
.

With this set up, we have

G
(
λ̃T

)
= G(λT ) + fT (AT ).

On the other hand, it follows from the definition de fT given in (3) that

fT (AT )→ 0 as T →∞. (4)
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Letting µ, λ ∈ (λT , λ̃T ), we have that

|G(µ)−G(λ)| ≤ fT (AT ) + (G(λ)−G(λT )). (5)

Now, given an arbitrarily small ε > 0 and taking into account (4), there exists a
number T such that eT = 0 and for which the right hand side of (5) does not exceed
ε, thereby completing the proof that G is a continuous function in the interval [0, 1).

3 The smallest prime factor of n larger than log n

Given an integer n ≥ 2, we shall denote by qn the smallest prime divisor of n which
is larger than log n, and in the rare case where P (n) < log n, we then set qn = 1.
Indeed, we may claim that the occurrence “P (n) < log n” is negligible, because, using
the well-known estimate

Ψ(x, y) := #{n ≤ x : P (n) ≤ y} � x exp

{
−1

2

log x

log y

}
(2 ≤ y ≤ x)

(see for instance Theorem 9.5 in De Koninck and Luca [6]), we have that

∑
n≤x

P (n)<logn

1 ≤
∑
n≤x

P (n)<log x

1 = Ψ(x, log x)� x exp

{
−1

2

log x

log log x

}
= o(x) (x→∞),

Our first result is the following.

Theorem 1 Given k ∈ N, consider an arbitrary partition π = `0`1 . . . `k in Πk+1 and the
corresponding counting function

Nk(x
∣∣π) := #

{
n ≤ x : qn+`0 < qn+`1 < · · · < qn+`k

}
.

Then,

lim
x→∞

Nk(x
∣∣π)

x
=

1

(k + 1)!
. (6)

As we will see in the next section, Theorem 1 ends up being a special case of
Theorem 3 stated in the next section, Hence, no proof of Theorem 1 will be presented.

Before moving on, we make the following remarks.

Remark 1 One can prove an analog of Theorem 1 for primes, in the following sense. Given
k ∈ N and p ∈ ℘, let qp+j stand for the smallest prime divisor of p + j which is larger than
log(p+ j). Then, given any fixed permutation `1, . . . , `k of {1, 2, . . . , k}, we have

1

π(x)
#
{
p ≤ x : qp+`1 < · · · < qp+`k

}
=

1

k!
.
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Remark 2 In the statement of Theorem 1, the condition qn > logn can be relaxed. Indeed,
this condition can be changed to qn > Y (n), where Y (n) satisfies limn→∞ Y (n) = ∞ and

lim
n→∞

log Y (n)

logn
= 0.

The “normal number equivalence” of Theorem 1 is the following.

Theorem 2 With qn defined as above, for each integer n ≥ 2, set cn := u(qn, qn+1) and
consider the real number γ = 0.c2c3c4 . . .. Then,

lim
x→∞

1

x
#{n ≤ x : {2nγ} < λ} = G(λ),

an estimate to which applying Theorem 1 with k = 1 ensures that the right hand side of (6)
is equal to 1/2 implying that γ is a simply normal number in base 2.

Proof Theorem 2 is a consequence of Theorem 1. To see this, it is enough to observe that for
every

m = rk−1 · 2k−1 + · · ·+ r1 · 2 + r0,

and considering the counting function

N ∗k (x
∣∣m) := #{n ≤ x : cn = rk−1, cn+1 = rk−2, . . . , cn+k−1 = r0},

we have, using estimate (6) of Theorem 1 and the notation introduced in Section 2,

lim
x→∞

N ∗k (x
∣∣m)

x
= lim

x→∞

∑
π∈Πk+1
V (π)=m

Nk(x
∣∣π)

x

=
∑

π∈Πk+1
V (π)=m

1

(k + 1)!
=

αk(m)

(k + 1)!
= fk(m).

�

4 Disjoint classification of primes

In 1995, we introduced [3] the notion of a disjoint classification of primes, that is a
collection of T + 1 disjoint sets of primes R, ℘1, ℘2, . . . , ℘T , whose union is ℘, where
R is a finite set (perhaps empty) and where the other T sets are of positive densities

d1, d2, . . . , dT (with clearly
∑T
i=1 di = 1). For instance, the sets ℘1 = {p : p ≡ 1

(mod 4)}, ℘2 = {p : p ≡ 3 (mod 4)} and R = {2} provide a disjoint classification
of primes. We used this concept (see [4] and [5]) to create large families of normal
numbers.

Here, setting π([a, b] ∩ ℘i) as the number of primes belonging to both the interval
[a, b] and the set ℘i, we will assume that for each i ∈ {1, . . . , T}, we have

π([u, u+ v] ∩ ℘i) =
π([u, u+ v])

T
+O

(
u

log5 u

)
for all positive v < u, (7)
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thus guaranteing that each set ℘i obtains its fair share of the primes belonging to the
interval [u, u+v] (as we did in Theorem B of our previous paper [5]). Let ∆ = δ0δ1 . . . δk
be an arbitrary word over {1, . . . , T} and let π = `0`1 . . . `k be a permutation in Πk+1,
and consider the counting function

Nk(x
∣∣∆, π) := #{n ≤ x : qn+`j < qn+`j+1 for j = 0, . . . , k − 1

and qn+ν ∈ ℘δν for ν = 0, . . . , k}.

With this set up, we can prove the following.

Theorem 3 With T , k, ∆ and π as above, we have that

lim
x→∞

Nk(x
∣∣∆, π)

x
=

(
1

T

)k+1

· 1

(k + 1)!
.

Proof First of all, for convenience, we set α :=

(
1

T

)k+1

· 1

(k + 1)!
. Let x be a large number.

Set h := blog xc+ 1. Also, let

Lh−j :=
[
eh−(j+1), eh−j

)
for j = 0, 1, . . . , h− 1,

so that in particular, Lh =
[
eh−1, eh

)
. Now, given n ∈ Lh, we let qn stand for the smallest

prime factor of n which is larger than h. Moreover, for each j = 0, 1, . . . , h−1, let N (Lh−j) :=
#{n ∈ Lh−j}, and also, given ∆ = δ0δ1 . . . δk, an arbitrary word over {1, . . . , T}, and
π = `0`1 . . . `k, a permutation in Πk+1, we let N (Lh−j

∣∣∆, π) stand for the number of those
n ∈ Lh−j for which qn+`j < qn+`j+1

for j = 0, 1, . . . , k−1 and qn+ν ∈ ℘δν for ν = 0, 1, . . . , k.
Clearly, it is enough to show that, for each j = 0, 1, . . . , h, we have

lim
h→∞

N (Lh−j
∣∣∆, π)

N (Lh)
= α. (8)

We begin by making three key observations:

(I) In the case when h + 1 is a prime number, then the number of those n ∈ Lh for
which

h+ 1 | n(n+ 1) · · · (n+ k)

does not exceed
(k + 1)N (Lh)

h+ 1
+O(1), which is o(N (Lh)) as h→∞.

(II) Let ε1 > 0 be a small number. Then, using a simple sieve argument and Mertens’
theorem in the form∏

p≤x

(
1− 1

p

)
= (1 + o(1))

e−γ

log x
as x→∞,

where γ stands for the Euler-Mascheroni constant, we obtain that

#{n ∈ Lh : qn ≥ h1/ε1} < c1N (Lh)
∏

h<p<h1/ε1

(
1− 1

p

)
< c1ε1N (Lh).
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(III) Let Bh stand for the set of those n ∈ Lh for which

1 <
log qn+u
log qn+v

< 1 +
1

(log log qn+v)2

for integers 0 ≤ u < v ≤ k, Now, observe that

S :=
∑
p<q

1<
log q
log p

<1+ 1
(log log p)2

1

pq
<∞. (9)

Indeed,

S =
∑
p

1

p

∑
p<q<exp

{
log p

(
1+ 1

(log log p)2

)}
1

q

=
∑
p

1

p

(
log log p+ log

(
1 +

1

(log log p)2

)
− log log p

)
�
∑
p

1

p(log log p)2
=

∫ ∞
2

dt

t(log log t)2
d π(t)

�
∫ ∞
2

du

u log u(log log u)2
= O(1),

which proves (9). Now, it follows from (9) that

#Bh
N (Lh)

→ 0 (h→∞).

In light of the above three observations, in order to prove (8), we only need to consider
those primes p0, p1, . . . , pk satisfying

h+ 1 < p0 < p1 < · · · < pk < h1/ε1 . (10)

So, for each fixed permutation π = `0`1 . . . `k ∈ Πk+1 and sequence of pj ’s satisfying (10),
we denote by H(p0, p1, . . . , pk

∣∣π) the number of those n ∈ Lh for which qn+`j = pj for
j = 0, 1, . . . , k. By a simple sieve argument, we have that, as h→∞,

H(p0, p1, . . . , pk
∣∣π) = (1 + o(1))

N (Lh)

p0p1 · · · pk

×
∏

h+1<q<p0

(
1− k + 1

q

) ∏
p0<q<p1

(
1− k

q

)
· · ·

∏
pk−1<q<pk

(
1− 1

q

)

= (1 + o(1))N (Lh)

k∏
j=0

λpj , (11)

where we used the abbreviation λp :=
log h

p log p
and where we made repeated use of Mertens’

theorem (mentioned above in (II)).
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Let us fix p0, p1, . . . , pk. Since the above asymptotic formula (11) does not depend on the
particular choice of the partition π(= `0 . . . `k) and since in light of (7), we have that∑

u<p<u+v
p∈℘δj

1

p log p
=

1 + o(1)

T

∑
u<p<u+v

1

p log p
for each j = 1, . . . T,

we may write that for any of the given j = 0, 1, . . . , k − 1, we have that, as h→∞,

N (Lh−j
∣∣∆, π)

N (Lh)
=

1 + o(1)

T k+1

∑
h+1<p0<···<pk<h1/ε1

λp0 · · ·λpk . (12)

Now, for convenience, let us set

H :=
∑

h+1<p<h1/ε1

λp and S :=
∑

h+1<p0<···<pk<h1/ε1

λp0 · · ·λpk .

First observe that, as h→∞,

H =

∫ h1/ε1

h

log h

u log u
dπ(u) = (1 + o(1)) log h

∫ 1
ε1

log h

log h

dv

v2
= (1 + o(1))(1− ε1). (13)

Observe also that

0 ≤ Hk+1

(k + 1)!
− S =

∑∗
λp0 · · ·λpk , (14)

where the ∗ on this last sum indicates that the sum runs over those (k + 1)-tuples
(p0, p1, . . . , pk) which contain at least one couple {pi, pj} with i 6= j and pi = pj . This last
sum is “small”. Indeed,∑∗

λp0 · · ·λpk ≤
k(k − 1)

2

∑
h<p<h1/ε1

λ2p ·Hk−1 (15)

and, trivially, ∑
h<p<h1/ε1

λ2p ≤
log h

h log h

∑
h<p<h1/ε1

λp =
1

h
·H ≤ 2

h
, (16)

where we used (13). Hence, combining (15) and (16), and recalling (13), we obtain that∑∗
λp0 · · ·λpk ≤

k(k − 1)

2
· 2

h
· (1− ε1)k−1 → 0 as h→∞. (17)

Thus, using (17) in (14), we may conclude from (14), again using (13), that

S = (1 + o(1))
Hk+1

(k + 1)!
= (1 + o(1))

(1− ε1)k+1

(k + 1)!
. (18)

Substituting (18) in (12), we finally obtain that

N (Lh−j
∣∣∆, π)

N (Lh)
=

(1 + o(1))

T k+1(k + 1)!
(h→∞),

thus completing the proof of (8) and therefore of Theorem 3. �
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5 Applications

Here are three examples of disjoint classification of primes to which one could apply
Theorem 3.

Example 1 Let D ≥ 3 be an integer and let `1, . . . , `ϕ(D) be the set of reduced residues
modulo D. Then, by choosing ℘j := {p ∈ ℘ : p ≡ `j (mod D)} for j = 1, . . . , ϕ(D) and
R = {p ∈ ℘ : p | D}, one can then see that the sets of primes R, ℘1, ℘2, . . . , ℘ϕ(D) represent
a disjoint classification of primes. Then, for any given prime number p, we set

s(p) :=

{
j if p ∈ ℘j ,
Λ if p ∈ R.

Given ∆ = δ0 . . . δk, an arbitrary word over the set of digits {1, . . . , ϕ(D)} and a permutation
π = `0 . . . `k ∈ Πk+1, we then have

lim
x→∞

Nk(x
∣∣∆, π)

x
= lim

x→∞
1

x
#
{
n ≤ x : qn+`0 < qn+`1 < · · · < qn+`k

and s(qn+`j ) = δj for j = 0, 1, . . . , k
}

=
1

(k + 1)!ϕ(D)k+1
.

Example 2 Let F be the set of those irrational numbers α for which given any pair of co-
prime integers D, ` for which given any set I = [u, v) ⊆ [0, 1), we have (in what follows, {αp}
stands for the fractional part of αp)

#{p ≤ x : p ≡ ` (mod D), {αp} ∈ I} = (v − u)π(x;D, `) +O

(
π(x)

log2 x

)
.

By using a method due to Vinogradov (see Chapter 11 in his book [10]), one can show that
almost all irrational numbers α belong to F . Now, let K ≥ 3 be an integer and consider
the half-open intervals Ij = [j/K, (j + 1)/K), j = 0, 1, . . . ,K − 1, and consider the sets
℘j = {p ∈ ℘ : {αp} ∈ Ij}, where j = 0, 1, . . . ,K − 1. Then, Theorem 3 holds for this choice
℘ = ℘0 ∪ . . . ∪ ℘K−1 of a disjoint classification of primes.

Example 3 Let α ∈ F , D, K and Ij be as in Examples 1 and 2, and consider the sets

℘ν,j = {p ∈ ℘ : p ≡ `ν (mod D) and {αp} ∈ Ij} (ν = 1, . . . , ϕ(D), j = 0, 1, . . . ,K − 1).

Again, Theorem 3 applies to these sets, since, using the Vinogradov method mentioned in
Example 2, one can show that

lim
x→∞

1

π(x)
#{p ≤ x : p ∈ ℘ν,j} =

1

Kϕ(D)
.

6 Further remarks

Let a1 < a2 < · · · be an infinite sequence of positive integers and let qn be the smallest
prime divisor of an which is larger than log n. We formulated and proved Theorem
1 in the particular case an = n. One could show that an analog theorem holds if
an = Q(n), where Q ∈ Z[x] is an irreducible polynomial satisfying Q(n) > 0 for all
n ∈ N. The familiar function Q(n) = n2 + 1 is such a polynomial.
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