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Abstract
After having stated several conjectures regarding potential families of normal
numbers, we construct various new families of normal numbers using different
concepts, in particular the whole set of partitions of the set {0,1,...,k}, the
smallest prime divisor of n which is larger than logn, and finally a certain
regroupment of the whole set of primes known as a disjoint classification of
primes.
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1 Introduction

The concept of a normal number was introduced in 1909 by Emile Borel [1]. Given
an integer q > 2, a g-normal number, or for short a normal number, is a real number
whose ¢-ary expansion is such that any preassigned sequence, of length k > 1, of
base ¢ digits from this expansion, occurs at the expected frequency, namely 1/¢*.
Equivalently, given a positive real number
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where each a; € {0,1,...,¢ — 1}, we say that 1 is a g-normal number if for every
integer k£ > 1 and byby...b, € {0,1,...,q — 1}*, we have

lim i#{'<N'ava4 ; =0 b}:i

NN AR Q541 - Qi k—1 1...0k qk'

A real number is said to be simply normal in a given base g > 2 if its base ¢
digit expansion contains each of the digits 0,1,...,¢— 1 at the same frequency. While
all normal numbers are simply normal, the reverse is not true. For instance, the real
number 0.101010. .. is simply normal in base 2, but not normal.

Also, given an integer ¢ > 2, it can be shown (see Theorem 8.1 of Chapter 1 in the
book of Kuipers and Niederreiter [8]) that a real number 7 is normal in base ¢ if and
only if the sequence ({¢"n})nen is uniformly distributed mod 1 (here, {y} stands for
the fractional part of y).

Let ¢ > 2 be a fixed integer and set A, := {0,1,2,...,¢ — 1}. Given an integer
t > 1, an expression of the form é145 . .. i, where each i; € Ay, is called a word of length
t. We shall use the symbol A to denote the empty word, which is a word of length 0.

Here, we construct various new families of normal numbers using different concepts,
in particular the whole set of partitions of the set {0,1,...,k}, the smallest prime
divisor of n which is larger than logn, and finally the so-called disjoint classification
of primes.

2 Sets of permutations

Given any two positive integers a # b, we set

1 if a<b,
et =g i oo

Also, let us consider the whole set Iy of permutations of the set {0,1,2,...,k}.
We will denote by @ the set of all primes and we will also be using the Euler totient
function denoted by ¢(n), the function P(n) which stands for the largest prime factor
of n, setting P(1) = 1 for convenience, and finally the counting function m(z), the
number of primes not exceeding x.

We begin by stating four conjectures.

Congecture 1 Let k € N. Given a permutation m = fof1 ... ¢ € Il 1, let
N (m|7r) =#{n<z:Pn+4l;_1)<Pn+¥), i=1,2,... k}
Then,

This is essentially a reformulation of Conjecture 37.6 from the book of De Koninck
and Doyon [2]. Observe that this conjecture is open even in the case k = 1, which is



attributed to Erdés and Turan (see Erdds [7]) as they conjectured that

1 1
im — <z: =-.
a:lggo x#{n <z:P(n)<Pn+1)} 5
Let us mention that some significant progress towards the proof of the Erdos-Turan
conjecture has been made, in particular by Lii and Wang [9] as they proved in 2025
that, as x — oo,

é#{n <z:P(n)<P(n+1)}>0.2017.

The “normal number equivalence” of Conjecture 1 in the case k = 1 is the following.

Conjecture 2 Let & := 0.Concat(u(P(n), P(n+1)) : n € N), that is, the concatenation of the
binary digits u(P(n), P(n+ 1)) for n = 1,2,.... Then, the real number £ is a simply normal
number in base 2.

Congecture 3 For each K € N, consider the corresponding set {1, {2, ... 7£<p(K)} of reduced
residues modulo K and the function x defined on primes p by

_Ja-11if p=4y (mod K),
“(p)'—{A if p|K,

where A stands for the empty word, which we introduced in Section 1. Then, the real number
€k = 0.Concat(k(P(n)) : n € N) is a normal number in base ¢(K).

Congjecture 4 Consider the sequence (Ap)pcp defined by
\, = {1 Plp=1) < P(p+1),
P70 if P(p—1)>P(p+1).
Then,
lim L#{ <z:A *1}*1
z—o00 () P=%idp=1=75
or equivalently, the real number £ := 0.A2A3A5\7 ... is a normal number in base 2.

This last conjecture involving shifted primes is probably the most challenging of
the above four conjectures.

Let us now introduce further notation which will be used in the next section. First,
we set

E,={0,1,...,2F —1}. (1)
Given distinct positive integers ag, aq, . . ., ak, further set
V(ao, ... ar) = u(ag,a1)2" ' +u(ar, a2)2" 2 + -+ + u(ag—1, ar). (2)

Also, given 7 € )41, we let

ak(n) = Z 1

mellg 4y
V(m)=n



and

In the case of k = 3, we obtain the following table:

{m €ljs1: V(r) =n}

(32,10

(2.1,0,3}), 3,1,0,2}, {3.2,0,1}

(1,0,3.2}, 12,0.3,1}, {2.1,3,0}, {3,0.2,1}, {3,1,2,0}
(1.0,2,3}, {2,0,1,3), {3,0,1,2)

(0.3,2,1}, {1,3.2,0}, {2,3,1,0)

(02,13}, {0,3,1,2}, {1,2,0,3}, {1,3,0.2}, {2.3,0,1}
{0.1,3.2}, {0,2,3,1}, {1,2,3,0}

{0,1,2,3)

3
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Moreover, for k = 3,4,5, we have the following data:

{fag(n):0<n<2*—1} = {1,4,9,6,9,16,11,4,4,11,16,9,6,9,4, 1}
{as(n) :0<n <25 —1} = {1,5,14, 10,19, 35,26, 10, 14, 40, 61, 35, 26, 40,
19, 5,5, 19,40, 26, 35, 61, 40, 14, 10, 26, 35, 19,10, 14, 5,1}

{asz(n):0<n<2® -1} = {1,3,5,3,3,5,3,1}

We now introduce a distribution function G : [0,1) — [0, 1] which will be used
in Theorem 2 (in the next section) and which we define as follows. Given A € [0,1),
consider its binary expansion

A=—+ =
2 * 22 +
with its truncated expansion
€1 €2 er
)\T:5+?+~~+27 (T=1,2,...).

Also, recalling the definition of the set Ep introduced in (1), we set
AT = QTAT = 612T_1 + 622T_2 +---4er (E ET)

We now define the function G on the Ap’s as

GOr):= Y fr(m),

meErp
m<Ap

where fr is the function already defined in (3).



With the above definitions, observe that

€T+1
2T+1

A1 = Ar + and Apiq =2Ar+epy.
So, let us write m € Ep41 in the form

m =2n+4{, wheren € Ep and ¢ € {0,1}.
Moreover, observe that, with the function V' as in (2), we have

V(ah e '7ak+1) = 2V(a17 .. '7ak3) + u(a‘kaak+1)~

Hence,
fe41(2n) + frr1(2n+1) = fi(n),
and therefore,

GAry1) = Z frei(2n+ )
2n+L<AT 41
= > (fr+1(2n) + frea(2n+ 1)) + S,
n<Ar
where
g_ 0 if ery1 =0,
fT+1(2AT) if €T4+1 = 1.

Hence it follows that
G(Ar4+1) = G(A7).

In light of the above, we can now define G as

G(\) = lim G(\p).

T—o0

One can now claim that G is a continuous function on the interval [0,1). Indeed, let
us assume that e = 0 and let

—~ 1

With this set up, we have
G (Ar) = GOw) + fr(Ar).
On the other hand, it follows from the definition de fr given in (3) that

fr(Ar) =0 as T — oo. (4)



Letting u, A € (Ar, );), we have that
|G(1) = GN)| < fr(Ar) + (G(N) — G(Ar)). (5)

Now, given an arbitrarily small ¢ > 0 and taking into account (4), there exists a
number 7" such that e = 0 and for which the right hand side of (5) does not exceed
g, thereby completing the proof that G is a continuous function in the interval [0, 1).

3 The smallest prime factor of n larger than logn

Given an integer n > 2, we shall denote by ¢, the smallest prime divisor of n which
is larger than logn, and in the rare case where P(n) < logn, we then set ¢, = 1.
Indeed, we may claim that the occurrence “P(n) < logn” is negligible, because, using
the well-known estimate

llogz
v = <z:Pn)< —=
() =l < o P() <) < wexp {520

b esyso)

(see for instance Theorem 9.5 in De Koninck and Luca [6]), we have that

1 logx
; 1< ; 1:\I/(x7logac)<<xexp{—2loglogx}:0(:10) (z — 00),
P(n)<logn P(n)<logz

Our first result is the following.

Theorem 1 Given k € N, consider an arbitrary partition m = Loly ... ¢, in iy and the
corresponding counting function

Nk(w|7r) = #{TL ST qntey < Gntey <0 < aner} :

Then,
. Ni(z|m) 1
A z  (k+ D (6)

As we will see in the next section, Theorem 1 ends up being a special case of
Theorem 3 stated in the next section, Hence, no proof of Theorem 1 will be presented.

Before moving on, we make the following remarks.

Remark 1 One can prove an analog of Theorem 1 for primes, in the following sense. Given
k€ Nand p € p, let g,1; stand for the smallest prime divisor of p + j which is larger than
log(p + 7). Then, given any fixed permutation ¢1,...,¢; of {1,2,...,k}, we have

1 1

ﬂ.(:c)#{pgx:qp-i-h < <qp+€k}: -



Remark 2 In the statement of Theorem 1, the condition gn > logn can be relaxed. Indeed,

this condition can be changed to gn > Y (n), where Y (n) satisfies limp 00 Y(n) = oo and
. logY(n)

lim ————= =0.

Tn—00 logn

The “normal number equivalence” of Theorem 1 is the following.

Theorem 2 With qn defined as above, for each integer n > 2, set cn := u(qn, ¢nt+1) and
consider the real number v = 0.cac3cq . ... Then,

Jim_ é#{n <z {2") <A} =GN,

an estimate to which applying Theorem 1 with k = 1 ensures that the right hand side of (6)
is equal to 1/2 implying that v is a simply normal number in base 2.

Proof Theorem 2 is a consequence of Theorem 1. To see this, it is enough to observe that for

every
gk—1

m=rp_1- i1 2470,

and considering the counting function
Ni(z|m) :=#{n <@ :cn =rp_1,cn41 =Th—2, .-, Cnpk—1 =T0},
we have, using estimate (6) of Theorem 1 and the notation introduced in Section 2,

NI (z|m
lim 7k( ’ ) = lim
T—00 €T T—r00

T

TEM 41
V(m)=m

_ 1 _ag(m)
= > k+1) (kk+ n — Jrm)-

mEM 4y
V(m)=m

4 Disjoint classification of primes

In 1995, we introduced [3] the notion of a disjoint classification of primes, that is a
collection of T'+ 1 disjoint sets of primes R, p1, @2, - - ., o1, Whose union is g, where
R is a finite set (perhaps empty) and where the other T sets are of positive densities
dy,da,...,dp (with clearly Z;Trzl d; = 1). For instance, the sets p; = {p : p = 1
(mod 4)}, po = {p: p = 3 (mod 4)} and R = {2} provide a disjoint classification
of primes. We used this concept (see [4] and [5]) to create large families of normal
numbers.

Here, setting 7([a, b] N ;) as the number of primes belonging to both the interval
[a,b] and the set p;, we will assume that for each i € {1,...,T}, we have

ﬂ([u,u—i—v]ﬂpi)zw O( U

for all positive v < u, 7
7 og? u) p (7)



thus guaranteing that each set p; obtains its fair share of the primes belonging to the
interval [u, u+v] (as we did in Theorem B of our previous paper [5]). Let A = §yd7 . .. 0y,
be an arbitrary word over {1,...,T} and let 7 = {o¥; ... ¢ be a permutation in I,
and consider the counting function

Ne(@|A,7) = #{n <@ : qnye, < nptyy, for j=0,... k-1
and ¢4, € @5, for v =0,...,k}.

With this set up, we can prove the following.

Theorem 3 With T, k, A and 7 as above, we have that

Nig(z]A, ) (1)’“rl 1
m ——— = | — .

I T CES

T—00 x

1

k+1
1
Proof First of all, for convenience, we set a := <—> .

k+ 1)

T Let x be a large number.

Set h := [log x| + 1. Also, let
Ly_j:= [ehi(jJrl),eh*j) for j=0,1,...,h —1,

so that in particular, Lj = [ehil, eh). Now, given n € Ly, we let gy stand for the smallest

prime factor of n which is larger than h. Moreover, for each j = 0,1,..., h—1, let N(Lh_j) =
#{n € Lp_;}, and also, given A = J¢d1...d, an arbitrary word over {1,...,T}, and
m = Lol1 ... 0, a permutation in ITy 41, we let /\/’(Lh,J‘|A7 m) stand for the number of those
n € Ly_; for which An+0; < Gn+t;44 forj=0,1,...,k—1land gnyv € g5, forv =0,1,... k.
Clearly, it is enough to show that, for each 5 = 0,1,..., h, we have
. N(Lh—] |A7 ﬂ-)
lim —————=
h—o0 N(Lh)
We begin by making three key observations:

=a. (8)

(I) In the case when h + 1 is a prime number, then the number of those n € Ly for
which

h+1|nn+1)--(n+k)
(k + DN (Lp) + O(1), which is o(N'(Ly)) as h — co.

(IT) Let €1 > 0 be a small number. Then, using a simple sieve argument and Mertens’
theorem in the form

11 (1 1) _ (1+o(1))lz; 85 & — 00,

p<z p

does not exceed

where 7 stands for the Euler-Mascheroni constant, we obtain that

#{TL € Ly : qn > hl/el} < ClN(Lh) H (]. — ;) < ClélN(Lh).

h<p<hl/c1



(III) Let By, stand for the set of those n € Ly, for which

log gn+u 1

1< —5
IOg An+4v (IOg IOg Qn+v)2

for integers 0 < u < v < k, Now, observe that

1
S = E — < o0. (9)
. p<q pq
ogq 1
1<logp<1+(1og log p)2

Indeed,

1 1
S = - il
25 2 -

p<q<exp{10gp<1+m> }

1 1
= Z — <loglogp + log (1 + 2) — loglogp)
D (loglog p)

1 e dt
L
< 2 ioglog 77 | Fmategae 40
< /°° du
5 ulogu(loglogu)?

which proves (9). Now, it follows from (9) that

- O(]-)v

#DB,
N(Ln)

—0 (h — o0).

In light of the above three observations, in order to prove (8), we only need to consider
those primes pg, p1, ..., pi satisfying

h+1<py<pi<-<pp<h'/ (10)

So, for each fixed permutation © = £pfy ...¢; € I and sequence of p;’s satisfying (10),
we denote by H(po,p1,... ,pk|7r) the number of those n € Ly, for which g,1¢, = p; for

7=0,1,..., k. By a simple sieve argument, we have that, as h — oo,
N(Lp)
HpOapla"'vp ™) = 1+01 _—
( ) = (1 o(1) =L
) I (-0) (-3)
X 1—— 1—=1... 1— =
h+11<_[ ( a4 11 q 11 a
q<po Po<g<pi Pr—1<q<pk
k
= (L4 o(N(Lp) [ My (11)
j=0
logh

where we used the abbreviation Ap := and where we made repeated use of Mertens’

plogp
theorem (mentioned above in (II)).



Let us fix po, p1,. - -, Pk Since the above asymptotic formula (11) does not depend on the
particular choice of the partition w(= £ ... £) and since in light of (7), we have that

Z 1 :1—&—70(1) Z _b foreach j=1,...T,

u<p<u+v plng T u<p<u+tv plng
p€@5j
we may write that for any of the given j =0,1,...,k — 1, we have that, as h — oo,
N(Lp—j|A7)  140(1)
N(Lh) = Th+1 Z Apo ** Apy- (12)

h+1<po<---<pr<hl/ci
Now, for convenience, let us set
H:= > X and Si= > Apo -+ Apg -
h+1<p<hl/c1 h41<po<---<prp<hl/c1

First observe that, as h — oo,

hl/e1 lgh —1ogh
H = / 1+o0(1))logh 14+0(1))(1—¢€1). 13
e dn(u) = gh [ =0t (9)
Observe also that
Hk+1
0< (=] -5 = ZAPO Apis (14)

where the * on this last sum indicates that the sum runs over those (k + 1)-tuples
(p0,p1,---,pE) which contain at least one couple {p;,p;} with i # j and p; = p;. This last
sum is “small”. Indeed,

* k(k—1 2 k-1

S e < MEZD S (15)
h<p<hl/c1
and, trivially,

log h 1 2
22 < M= H<Z= 16
Z P = hlogh Z PTh T oW (16)

h<p<h!/e1 h<p<hl/c1

where we used (13). Hence, combining (15) and (16), and recalling (13), we obtain that

Z*Apo---hpkS@%-(l—el)’“‘l—m as h = 0. (17)
Thus, using (17) in (14), we may conclude from (14), again using (13), that

1 — eq)kt1
= (4oL T (kf:i)!

k+1
(k+1)!
Substituting (18) in (12), we finally obtain that

N(Ln—g|Am) _ (1+0(1))

thus completing the proof of (8) and therefore of Theorem 3. O

S =(1+0(1)) (18)

10



5 Applications

Here are three examples of disjoint classification of primes to which one could apply
Theorem 3.

FEzxzample 1 Let D > 3 be an integer and let ¢1,... ,ZSO(D) be the set of reduced residues
modulo D. Then, by choosing p; := {p € p : p = ¢; (mod D)} for j = 1,...,(D) and
R ={p € p:p| D} one can then see that the sets of primes R, p1, p2,.-., Py (D) represent
a disjoint classification of primes. Then, for any given prime number p, we set

_JJ if pegj,
s(p) '_{A if peR.
Given A = dg .. .0, an arbitrary word over the set of digits {1,...,»(D)} and a permutation
m=1Yy.. L €4y, we then have

. Nk($|A,7T) . 1
113%0 I zgﬂéo ;#{n ST Gntey < dnoy < < Qnei,
and s(gny¢;) =95 for j=0,1,.. Lk}
1

(k + Dlp(D)+ 1

Example 2 Let F be the set of those irrational numbers « for which given any pair of co-
prime integers D, ¢ for which given any set I = [u,v) C [0,1), we have (in what follows, {ap}
stands for the fractional part of ap)

#p<z:p=L (mod D), {ap} € I} = (v —u)n(z;D,0) + O (1”(;3) ) .
og”x
By using a method due to Vinogradov (see Chapter 11 in his book [10]), one can show that
almost all irrational numbers a belong to F. Now, let K > 3 be an integer and consider
the half-open intervals I, = [j/K,(j +1)/K), j = 0,1,..., K — 1, and consider the sets
pj =1{p € p:{ap} € I;}, where j =0,1,...,K — 1. Then, Theorem 3 holds for this choice
p=gpoU...Upg_1 of a disjoint classification of primes.

Ezample 3 Let a € F, D, K and I; be as in Examples 1 and 2, and consider the sets
pvj={p€p:p=L, (mod D) and {ap} € I;} (v=1,...,0(D), 7=0,1,..., K —1).

Again, Theorem 3 applies to these sets, since, using the Vinogradov method mentioned in
Example 2, one can show that

1 1

i <ux: = =
xlggo w(z) #p<w:p€pu;} Ko(D)
6 Further remarks
Let a; < as < --- be an infinite sequence of positive integers and let g,, be the smallest

prime divisor of a,, which is larger than logn. We formulated and proved Theorem
1 in the particular case a,, = n. One could show that an analog theorem holds if
an = Q(n), where @ € Z[z] is an irreducible polynomial satisfying Q(n) > 0 for all
n € N. The familiar function Q(n) = n? + 1 is such a polynomial.

11
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