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Abstract

Finding elliptic curves with high ranks has been the focus of much research.
Recently, with the goal of generating elliptic curves with a large rank, some
authors used large integers m which have many divisors, amongst which one
can find divisors d such that d + n/d is a perfect square. This strategy is in
itself a motivation for studying the function 77(n) which counts the number of
divisors d of an integer n for which d + n/d is a perfect square. We show that
Yom<ce (N) = coz®* + O(y/x) for some explicit constant cg. Moreover,
letting p1(n) := max{d | n : d < v/n} and p2(n) := min{d | n: d > /n}
stand for the middle divisors of n, we show that the order of magnitude of the
number of positive integers n < @ for which p;1(n) 4+ p2(n) is a perfect square
is /% / log x.
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1 The connection with elliptic curves

Let E be an elliptic curve over Q. According to the Mordell-Weil theorem, the set E(Q)
of rational points (x,y) € F is a finitely generated abelian group, whose structure
is given by FE(Q) = T@Z", where T is a finite torsion group and r is the rank of
the elliptic curve. It is widely believed (but not yet proved) that there is no maximal
rank for an elliptic curve. Nevertheless, the highest rank ever found is 28 (N.D. Elkies,
2006). Since there are no known algorithm for establishing the rank of an elliptic curve,
finding elliptic curves with a large rank can end up being quite a challenge. It is in
this context that in 1974 and 1975, Penney and Pomerance ([7], [8]) had the idea of
considering the group of rational points of the elliptic curve

y? = 2% + az® + bz,

where a,b € Z and a? — 4b is not a perfect square and then examine those divisors
d of b with the property that d + b/d + a is an integral perfect square. They found
that with an appropriate choice of the integers a and b, they could establish that the
corresponding elliptic curve is of rank 7.

Later, Aguirre, Castaneda, and Peral [1], using a slightly different approach, came
up with an elliptic curve of rank 8. More specifically, they considered the elliptic curve

y? = 23 + Bz, (1)

where B is a large negative integer with many divisors, amongst which at least two
distinct ones, dy and da, are such that the numbers dy + B/d; and dy 4+ B/ds are both
perfect squares. Then, by choosing

B = —14752493461692 = —2%.32.7.23-71-113-281-1129

(which has 576 positive divisors), they identified eight positive divisors d; < --+ < dg
of B which have the property that d; + B/d; is a perfect square for i = 1,...,8, and
then, using a clever argument, were able to show that the elliptic curve (1) is of rank 8.

Further exploiting their method, Aguirre, Castaneda, and Peral [2] later found
elliptic curves of rank 13.

The fact that such achievements rely essentially on numbers n with many pairs
of co-divisors d and n/d whose sum is a perfect square is certainly a motivation for
investigating the function n — #{d | n : d + n/d is a square}. On the other hand,
since the numbers

pi(n) :=max{d|n:d<+v/n} and pa(n):=min{d|n:d>/n},

called the middle divisors of n, are of special interest for number theorists (see for
instance the papers of Tenenbaum [10] and Ford [4]), we also investigate the particular
case of those integers n for which p;(n) + p2(n) is a perfect square.



2 Main results

Given a divisor d of n, we say that d and n/d are co-divisors of n. We first introduce
the function

TD(n)::#{d|n:d+%:02 forsomecEN}

and the sum 7 (z) := Z 0(n). We also introduce the set

n<w
R :={n € N: pi(n) + pa(n) = ¢* for some ¢ € N}
and its counting function R(z) := #{n <z :n € R}.
Our main results are the following.
44/27T(5/4)

Theorem 1. With cg := W ~ 2.4721, where T' stands for the Gamma

T(z) = cpz®* + 0 (V) ,

function, we have
so that in particular
mn) =0 a.e.
Theorem 2. Letting cq be defined as in Theorem 1, then for x sufficiently large,

m3/4
C|:|l

LB3/4
< R(.’L’) < 2cq . (2)

ogx log x

3 Preliminary results

Given an integer a > 2, consider the number n = a2 — 1. Since 1 and a? — 1 are
co-divisors of n and since 1 + a®> — 1 = a?, it follows that 7(n) > 1 and therefore
that 7 (x) > v/x. On the other hand, if @ > 3 is an arbitrary odd integer, then there
exists m € N such that a® = 2m + 1. Setting n = m(m + 1), so that pi(n) = m
and pa(n) = m + 1, we find that p1(n) + p2(n) = a?. It then easily follows from this
observation that R(z) > /x.

With little effort, we have thus established somewhat weak lower bounds for 7 (z)
and R(z). Clearly we can do better.

First, some notation and preliminary results. Given an integer n > 2, we let P(n)
stand for its largest prime factor. We let m(x) stand for the number of primes not
exceeding x. In what follows, the letter p will always represent a prime number, so
that in particular we may write 7(z) = > __ 1. We will often be using the prime
number theorem in the form

p<z

X

m(x)

- log x

+ R(z), where R(z) =0 ( : ) : (3)

log” x

Frequently, given a large number z, we shall encounter sums running over primes
p < x, such as the ones given in the following result.



Lemma 1. For large X,

o 53 (0 )

p<X

USEe )

p<X

Proof. We start with part (a). We separate the sum in two parts as follows.

YoVb= D> Pt Y Vb (4)
p=X p<vVX VX <p<X
On the one hand,
Sovp< Y, \F<</ Vidt < X34, (5)
p<vVX n<vX

On the other hand, using the representation of a sum as a Stieltjes integral and then
using integration by parts, we obtain

X t=X X
> b= / Vidr(t) = \/iw(t)‘ 1 %dt
VX <p<X vx =X 2 Jux
Vit <1 +0

1
logt <1ogt)> VT
1 [x ¢ 1 dt
- 1 _— —_—
/r logt ( o (10gt>) t1/2° ©

where we used the prime number theorem in the form (3). Observe that in the above,
the range of ¢ is VX < t < X, which means that twice in (6) we may replace

1 1
140 | — by {14+ 0 , thereby implying that (6) becomes
logt log X g X
X3/2 1 1 X372 1
Z VP = log X (1+O(1ogX>)21ogX3/2 <1+O<logX>)

VX<p<X
2 X3/2 1
== 1 )
3logX< +O<logX>) 0

Substituting the estimates (5) and (7) in (4) completes the proof of part (a).

t=X

The proof of part (b) uses the same technique and we will therefore skip it. [

The following result already appeared as Lemma 5 in [3]. For the sake of
completeness, we also include its proof here.



Lemma 2. Given any integer n > 2, P(n) > \/n if and only if p2(n) = P(n).

Proof. If n is prime, then the result is obvious. If n is composite and P(n) > /n, then
all other divisors of n smaller than n must not exceed /n, in which case it is clear
that pa(n) = P(n). Conversely, if pa(n) = P(n), we have \/n < pa(n) = P(n), which
proves our claim. O

Lemma 3. For all integers n > 1,

m(n) = 270(n) + x(n),

where .
To(n) ::#{d|n:d<\/’ﬁandd+5:02}

and

(n) = 1 if n = 241204 for some integers s > 0 and £ odd,
X =9 0 otherwise.

Proof. Tt is obvious that if n is not a perfect square, then 1(n) = 279(n). On the other
hand, if n is a perfect square, say n = m?2, then in order for n to satisfy m+n/m = 2
for a certain positive integer ¢, we must have 2\/n = ¢? and therefore 4n = c*. Hence,
¢ must be even and similarly for n. Writing ¢ = 2"/ for certain positive integers r and
¢ with ¢ odd, we have 4n = 2%"¢*, which implies that

n = 247“7264 — 24s+2€4 (S Z O),
thus completing the proof of the lemma. O

Lemma 4. Let x(n) be the function defined in the statement of Lemma 3. Then,
1/4

Z x(n) = % + O(log ).

n<zx

Proof. Tt follows from the definition of x(n) that

Yoxmy = > 1= Y o1

< 24s+2pd <o llogae 1 pd<g/24s+2
= $>0, £>1, £ odd 0=s<3 log2 2 i {)dd
1/4
X
- Z (2.2s+1/2 +O(1))
1 C
0<s<iiEg—4
1/4

T 1

_ WG § 5 + O(log x) (8)
log @
Ofsﬁi 1222 _%



Let us write

1 1 1 1
Z: 522)2?— > o m=2 X o )
ogm_% s= s> g

1
0<s<jz Tog 2

It is clear that

1 > 1 I V2
Z 28 < /M,; 2t 2t1og2|,_10ze 1 x'/*log?2 (10)
S>%}Z§;7% 4log 2 2 T 4log2 2
Combining the relations (9) and (10), relation (8) becomes
rl/4 pl/4
Z x(n) = Z 1=—+0(1)+O(logz) = — + O(log z),
n<x 2454204 <y \/5 \/5
s>0, £>1, £ odd
which completes the proof of Lemma 4. O
Let

1
Bla,y) = / Fl1— ) dt (Re(x) > 0, Re(y) > 0)
0
and -
I'(z) :z/ t*"tetdt (Re(z) > 0)
0
stand respectively for the Beta function and the Gamma function.

Basic properties of these two functions can be found in Chapter 2 of the book of
Rainville [9]. We will be needing the additional properties detailed in the following
lemma.

Lemma 5. We have

1 z—1 y—1
B(z.y) :/0 % dt (Re(x) >0, Re(y) > 0), (11)
Iz +y)-Blz,y) =T(@)l(y)  (Re(z)>0,Re(y) >0) (12)

and

()T (z + ;) = 21722 /7 (22) (Re(z) > 0). (13)

Proof. We begin by establishing relation (11). In the definition of the Beta function,
we make the change of variable t = s/(1 + s) and get

) s z—1 1 y—1 1 [ee] 5:1:71
- ds= | —> g
Blz.v) / <1+s) (1+s> T ® / Tt sy 2




1 Sr—l o] Sr—l
— [ — Y 14
/0 TES T /1 (Lt syt & (14)

Setting s = 1/u in the last integral, we obtain

o) z—1 0 z—1 2 1 z4y—1—zx 1 —1
1 1 Y Y
/ 5 ds:f/ —(/u) (1/u) du:/ S . du:/iu du
1 (L4 s)ty 1 (L L/u)rty o (L+u)*ty o (L+u)*ty
Using this last relation in (14), we immediately obtain (11).
To prove (12), we first expand its right hand side as follows.

F(a:)F(y)z/O t:”_le_tdt-/o ry_le_rdrz/o /0 7y te =) dr de. (15)

We introduce the variables u and v defined by w =t + r and v = t/(t 4 r), imposing
new limits of integration for u and v, namely with u going from 0 to oo, and v going

from 0 to 1. Thus, taking into account that the Jacobian appearing in the integrand
is equal to |A|, where

ot ot
A::‘ U g':—uv—u(l—v):—u,
ou v
relation (15) becomes
1 o)
I(x) = / — )y e~ (woru=u))y, dy doy
0

o— >—

1 0o
/ w1 —v)Y e dudv
0

1

o0
v 1 —v)Y du - / u" TV le T du
0 0

(z,y) T'(z +y),

=

thus completing the proof of (12).

Relation (13) is known as the Legendre duplication formula and its original proof
can be found in the 1809 paper of Legendre [5]. For the sake of completeness, we
provide here a classical proof which in fact uses the first two identities of this lemma.

First, we choose * = z and y = z in formula (12) and thereafter use identity (11)
which gives

I(2)? = [(22) /01 11— 1)t

Replacing ¢ by (s 4+ 1)/2 in the above integral, we obtain

r(z)2r(zz)/11 (1;5>Z1 (125)“ % 52(2_23 /11(152)21615.




Rearranging this last formula, we get
1
227711 (2)? = QI‘(QZ)/ (1—s?)""tds. (16)
0
If we make the change of variable ¢ = s in the integral appearing in (11), we obtain
1 1
B(z,y) = / s 721 — %)Y 1 2sds = 2/ 211 — sH)v 1 ds.
0 0
Replacing « by 1/2 and y by z in the above, we get that
1
B(1/2,2) = 2/ (1—s?)""tds. (17)
0

Combining (16) and (17), and thereafter using (12), we find

I'(1/2)0(z)

2R =TT )

which, taking into account the fact that I'(1/2) = /7, completes the proof of (13).

O
The following are standard identities in real analysis.
Lemma 6. In a neighborhood of t = 0, we have the two series expansion
(a) VIi+t=1+ % - éﬁ +O(t%),
) \/11? —1-2+ %&2 +O().
4 Proof of Theorem 1
In light of Lemmas 3 and 4, we have
> mn) =23 m(n) + 0. (18)

n<lx n<z

Observe that 79(n) counts the number of ways that one can write n as n = k(a® — k)
for some positive integer a with k € N satisfying k < a? — k, that is,

a® > 2k. (19)



We are interested in counting those n < x for which n = k(a2 — k) < z, that is,
a®? — k < x/k. This amounts to counting those positive integers a for which

a> <> +k. (20)

El S

Thus it is clear that in light of (19) and (20), we may write that

domm= > 3 1

n<z 1<k<vVT 2k<a<\/Z+k
- I (E- )
B 1<k2<:f\/T_1<kz<:f\ﬁ+O v
/ \/jdu—/ V2u du + O(V7)
= S (x z) +O(Vz (21)

say, where the error term O(y/z) accounts for replacing <{ %Jr kJ — {\/ QkJ) by

% + k — V2k. The estimation of Sy(z) is very simple since

ud/?

Ve _ 2\/5363/4
3/2

Sy(x) = V2 +0(1). (22)

On the other hand, using integration by parts, we find that

ve [z
Sl(x):/ Vu- 1+$du
1
u=VE
2 a9 T
= 3u\ 1t

2 /\/5 du
+ 22 e
u=1 3 1 ’U,3/2\/1+ U%

2V2 4 2 [V du
- 2ve z —_— . 2
3 ¢ +3x/1 2 1+%+O(\/5) (23)

It remains to estimate

I(@) = 2a / V_dn
=3") wraTE



We have

2 Ve du
I(z) = gﬁ/ —
L Vuy 1+ %

and by the change of variable ¢t = u?/z, we obtain

R - S ) y QR
C 30 e tVIEE 3 o BAVITL Jy BAVIEL

1
- 5953/4 (J—-U(z)), (24)
say.
To estimate .J, we use relation (11) with x = y = 1/4, which gives
J—/ldt—lB(l/él 1/4) (25)
o BAVTFE 2 B

Then, using (12) and then (13) first with z = 1/4 and then with z = 3/4, we find that

CIT(/4)? _ mym_ 2V3l(5/4) 26)
2T(1/2)  T(3/4)2 T(3/4)

1 1
where we used the fact that I'(1/2) = /7 and that ['(3/2) = §F(1/2) = 5\/% Let us

now evaluate U(z). Using Lemma 6(b), we obtain

1/I 1 t 2 4 1 1

Combining (27) and (26) in (24), we obtain

I(z) = 2@2}2{ D34 4 0(va),

Bringing this last estimate in (23) gives

51(x) = (2\/5 2v/27T(5/4)

3 e ) 24+ O(Vx). (28)

Finally, combining relations (22) and (28) in (21) and thereafter in (18), the proof of
Theorem 1 is complete.

10



5 Proof of Theorem 2

Let = be a large number and let n € R. If n = P(n)?, then n = p? for some prime
p, in which case we easily obtain that the only number n with this property is n = 4.
Hence, we will examine separately the two sets

Ry ={neR:P(n)>+/n} and Ro={neR:P(n)<+n}
and estimate the size of their respective counting functions R;(z) and Rz (z), so that
R(z) = Ri(x) + Ra(z) + 1.

5.1 The estimation of R, (x)

Let n € Ry, n < z. For such numbers n, in light of Lemma 2, we have p2(n) = P(n).
Therefore, setting k = p1(n) and p = pa(n) = P(n), we may write that n = k - p,
where k € {1,2,...,p— 1} and p+ k = ¢? for some positive integer c. Since n < x, we
have n = k- p < z, so that k < z/p. This is why we have

n==k-p<zand p+ k= a square, where 1 <k < a(p, ) ::min(p—1,$>.
p

It is clear that the number of perfect squares amongst the numbers
p+1lp+2,....p+alpz)

is equal to

L\/p+a(p,a:)J — {\/p+1J = b/p%—oz(p,x)J - VPl -

This is why

Ri(x) = (| Vo +ala)| - Lvpl)

- :ég([mj - Lvp)) +IZQ b+ 2| - 1)
— Uy(2) + Us(a), (29)

say. On the one hand, since

V2 =1] = lVB) = V2~ 1= B+ 0(1) = (V2= 1)yB+ O(1),

11



it follows, using Lemma 1(a), that

Uie) = Y (V2-1)yp+0((va) = (VZ-1) 3 Vp+0 (fg)
p< @ p<Vz
4 23/4 2374
- §<\/§_1) logx+0<log2x). o

To estimate Us(x), we first write

(e R I (e

z2/3<p<z
= T1(x) + Ta(z), (31)
say.
We begin by showing that
42/3
T: . 32
(o) < (32)
To do so, we introduce the function
x
st = |y fo+ 2| - LAl
and verify that
g(z,p) € {0,1} for each prime p € I(z) == (¢*/3, z]. (33)
Indeed, for each prime p € I(z), setting d := x/p, we have
g(z,p) = {\/er J <Vpt+d—yp+1
_ (Wp+d \f)(x/p+ +vp)
Vp+d+\/p
d
< — 4 1. 4
SN + (34)

It is obvious that, for each p € I(z), we have d < /3. Therefore, for each p > 22/3, we
have 4p > z2/3, and consequently 2,/p > z'/3 > d. This last inequality implies that

ﬁ <1 (35)

Combining (34) and (35), we obtained that g(z,p) < 2, and since g(z, p) is an integer,
it proves (33).

12



In light of (33), we have

T
1 if there exists an integer r such that p < r2 < p+ =,
gz, p) = . p
0 otherwise.
Therefore, since To(x) = Z g(z,p), the function Ty(z) counts the number of
pel(zx)
primes p < z for which there exists an integer r such that p < r? < p + x/p. This is

equivalent to counting the number of integers r for which there exists a prime p such
that p < 72 < p + x/p. To this effect, we introduce the function

1 if there exists a prime p such that p < r2 < p+ f’
h(z,r) = D

0 otherwise,

and subdivide the set of primes p € I(x) into disjoint subsets

E) = {p:<p§£} (k=1,2,..., [zY3]).

Now, let p € FEf, k fixed, and assume that there exists an integer r such that
p <12 < p+a/p. Then,

9 T T
< —_— — 4+ 2k
p<r*<p+a/p = k+1<r<”k3+
kel o SV RV :c
z z 2 2%2 £2\?
= 4/ —— <r<4/-14+— because 1+ — < [ 14+ —
k+1 k T T T
— ) <r< E—&-&/Q
kE+1 E o Vx

:>~/kjc_1<r<\/i+1 becausekgml/?’

X
p<ri<ptap=r’-"<p<rt=rl-k-l<p<r=ri-k<p<ri
p

and that

Gathering these relations, we may write that

To(x) = Y glz.p)= Y, Y g(z.p)

pel(x) 1<k<zl/3 pEE)

13



IN

Z h(z,r)
et/ [ <r<\/E+1

> > 1
\/;<r<\/7+1 r2—k<p<r?
Z (77(7“2) —m(r? — k)).
2ENG=

| /\

/\

I/\M \/\M \/\M

Recalling the inequality

2d

w(y -+ d) 7)<

(y,d>2)

(see formula (4.11) in the book of Montgomery [6]), we have

Ty(z) < 2 Z ke Z 1<2

log k

1<k<zl/3 /T%IQQ/E_H 1<k<zl/3 < \/7 )

k
=2 log k ( ) 4 log k
1<k<zl/3 g 1<k<m1/3 08

23 k 1 1 o 2/3
= — - +
x1<l§1/31gk <\/E ,/k+1> <log;v

)
a3 (M) ()
)

logk
1<k<z1/3

— 2\/> k 1 o 2/3
) x1<1;1/3 log <(\/E\/m)(\/ﬁ+\/m) * <1ogac>

DY
1<k<g!/3
2/3

IA

1 2/3
+0
Vklogk <10g37)

T

< ;
log x
thus proving (32).

Now, for T} (x), we have

noe 5 (il ). 5 (5ueon)

Va<pLa2/3 Va<p<x?/3
= X ({pri-vp)ro(n (=)
Va<p<a?/3 P

14



T x2/3
= J1+ = -1
Z \/ﬁ< +p2 >+0<10g:v>
Ve <p<a?/3

= Z(z)+ 0 (”32/3 ) : (36)

log

say. Writing Z(z) as a Stieltjes integral, integrating by parts and using the fact that,
as a consequence of Lemma 6(b), we have

and therefore,

= 7(x?/3)z!/3 ( 1+ Ve —1> -7 (Vo) 2z (V2 - 1)
w0 1 x V't
_/ﬁ w(t)<2t<,/1+t2—1>—t3 1+gg> dt
3

52/3
lhiso( / NN T L
2 log = N 12 logt

@ dt

1 x
+ (1+O (10gm)> /\/5 t3/2,/1+ & logt
2/3 3/4 3/4
:o(x )—2(\/5—1):” +o<x )

log = log x log?

_;<1+0<10;z>)f(1(m)+ <1+O<1o;x>)K2(””)’ (37)
s

15
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and
2/3

X (x)—/z x dt
A vz 132 /1T+ % logt’

For the evaluation of K (z), we first set

T BR T 5

Using integration by parts, we get

and  Fy(u) = /1 ") d. (38)

F u=x2/3 22/3 F
Ks(x) = 2(v) +/ 2(1;) du

log u u=/T vz ulog®u

_3R@S) R, // Fyu)

2 logx log x N ulog?u
3 Fy(2*?) | F(V7)

== -2 L 39
2 logx log x + L), (39)

say. Since /zr < u < x2/3,

2/3

- 22/3 22/3 du
@[ (/ pitd— [ fz(t)dt>ulog2u

22/3 d 22/3 22/3 d
U U
— ) [ = ([ rma) =
vz ulog®u Jz u ulog®u
u=x2/3 2/3 2/3
1 r r d
PRy _ / / fa(tydt | —22
log u we/z vz ” ulog® u
1 Fy(z2/3 2?/? 2?/? du
_ LBET) —/ / fa(t) dt — (40)
2 logx VT u ulog®u
Observe that
22/3 22/3 1 22/3 1
9 1—p2/3
=z | —— < 2i7
( V2 e ) =V

from which it follows that

2/3

(L

2/3 2/3 2/3

du © z x r 1
t) dt <2 du < / du
fa(t) > uloggu = /\/E w3/2 log2u IOgQ;p vz w3/2

16




23/4

log?z’
and therefore that (40) can be replaced by

_1RE ( s )

2 logx log?

L(z)
Using this last estimate in (39), we obtain

Ko (z) :2F2(”2/3) P2V +0 <W> (41)

log log z log® =

We already know from (25) that

Fo(Va) = B(1/4,1/4)5%* + O(). (42)

By a calculation similar to the one done in (24), we have

1/3

1 e 1
2/3\y _ —,.3/4
Fo@™™) = 5e /W YW e

1 > 1 e 1 > 1

=5t / 3476“—/ 3476”—/ Y
2 0o /141 0 t3/A/T+t w13 /41T + ¢
14, /°° 1 /00 1

== - dt— ——F—=dt | +0 : 43
2% < o 1341+t L1/8 B34 /1T + ¢ (V) (43)

We can easily see that

/ml/?’ B3/4 T+t /1:1/3 15/4 zl/12° (44)

and it follows from Lemma 5 that

> 1
/O e = B/A1/4). (45)
Hence, using (44) and (45) in (43), we obtain

Fo(a?/3) = 38(1/4, 1/4)2%/* + 0(v/). (46)

Using (42) and (46) in (41) gives

K La = o (2 47
i0) = B0/ 0 (). (a7
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Similarly, for the evaluation of K;(z), we set

At = Vi <m_ 1) and  F(u) = /j At dt. (48)

Integrating by parts as we did before, we get

22/3 (VT 22/3 22/3 "
Ki(x) = 2F11£)gx ) _QFICEg\/;) _/\/E (/u fi(t) dt) uljgzu
_ @) YR ey (49)

log log
say.

Observe that in the representation of N(x), we have \/z < u <t < 2%/3 so that
x/t? < 1. Using Lemma 6(a), we have

r-1-03)

implying that for some positive constant C,

2/3 2/3
¢ / T ¢ 1 2

It follows that

t=x2/3
) coc

- U

t=u

22/3 x?/3 3/4
1
N(x)gc/ i< — / du < . (50)
vz ud/?log”u log’z Jyz u?/ log” x

Recalling the definition of F(u) given in (48) and using integration by parts, we find

that

v T

Fl(u):/ ﬁ(,/1+t2—1>dt
1
2 4 T =v g z

t/2<,/1+1> +7/ el

3 t2 1 31 821+ &
2 / x ; 2

Using (42) in (51), we obtain

RV = (302 1)+ §B0/1.1/8) 1+ 0D (52
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and using Lemma 6(a) and (46) in (51), it follows that

Fy (2?3 = %:p ( 1+ # - 1) + %6(1/4, 1/4)2%/* + O(Vx)

= 1B(1/4,1/4)2% + 0", (53)
Gathering (52), (53) and (50) in (49) gives us

73/4 234
Ki(z) = @5(1/4, 1/4) — g(\/i— 1)) ogz +0 <1Og2x> . (54)

Combining (47) and (54) in (37), and then substituting the result thus obtained in
(36), we obtain

23/4 23/4
Z(x) = (28(1/4, 1/4) - %(ﬂ— 1)) s 1O (log%)
22/3
= Tl(x)JrO(logx). (55)
Using (32) and (55) in (31), we get
234 23/4
Us(z) = (;3(1/4, 1/4) — %(ﬁ— 1)) gz T 0 (IOng) . (56)

Finally, using (30) and (56) in (29), and recalling the values of B(1/4,1/4) obtained
through (25) and (26), we conclude that

R L= Lo (20
R L .
_ 4v2ar(5/4) 2% Lo ( 3/ ) .

3I'(3/4) logx log?

5.2 Evaluation of Ra(x)

As we will see, the estimation of Rq(z) represents a much bigger challenge and we
therefore only obtain an upper bound for it. We begin with a result of general interest.

Lemma 7. For all integers n > 2,

p1(n) + p2(n) < P(n) + Pln)’ (58)
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Proof. If P(n) > \/n, then according to Lemma 2, P(n) = pa(n), implying that the

right hand side of (58) is pa(n) + ﬁ = pa(n) + p1(n), so that in this case, (58) is
2

in fact an equality.

If P(n) < +/n, then P(n) = /n/a for some number a > 1. Let also b be defined
by p1(n) = v/n/b, so that

which implies that a > b. Therefore (58) is equivalent to

Vn n vn n

n
<¥T 4

T TS e T e
that is,
Lip<dy (59)
- - +4a
b T a ’
1
which is indeed true for any a > b > 1, because the function x — — + x is increasing
x
on the interval [1, 00). O
Let n € Ro, n < z. Since p := P(n) < y/n, we may write
n=m-p, withp<m<uz/p. (60)

Moreover, it follows from the definition of p;(n) that P(n) < p;(n). Combining this
with the fact that p;(n) < pa(n), we have that

2P(n) < p1(n) + p2(n).

Also, from Lemma 7,
n
<P —_—.
o)+ pal) < P(0) + i
Using these last two inequalities and assuming that p;(n)+p2(n) = 2 for some integer
¢, we obtain that

n m
9p = 2P(n) < & = p1(n) + pa(n) < P(n) + —— =p+ 2.

Pln) (61)

Combining (60) and (61), we get that

Rof)= > 1<y Y 1> > 1

n<x n<z pln, p<Vn p<VT 2p<c2<p4 P
n n)=c2 c n p
p1(P)(t’r;2<(\/); 2p<c?<pt2 p<m<a/p
X
< § E 1= § PH—|—|V2
p<vx2p<c?<p+% p< T b
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=Y ( p+;—\/%+0(1)>

p<VT
£ g el

p<Vz p<Vz
3/4 3/4
= % 4\3/§1$ +0 (lx 3 ) (from Lemma 1(a))
p<f o8t o8 ¥
42 23/ 23/4
= - — O 62
Wi(z) 3 logx + <log2 x) (©2)

say. Writing W (x) as a Stieltjes integral, integrating by parts and using the function
R(t) defined in (3), we get

v X
W (z) /2 Vit 1+ 5 dr(t)

(o) o ()

2\/513(6;/;—/2 (2\[\/7 )dt+0(f)

A ([ )
Ve dt T ZR(t)

+/2 t3/2\/ﬁlogt /2 eV

3/4
2v2 2
log x

- 5 (Wi(2) + Ri(x)) + Wa(x) + Ra(x), (63)

say.
Using the prime number theorem in the form (3), there exists a constant C' > 0

t
and real number xy > 2 such that for all ¢ > g, we have |R(t)| < Cﬁ’ so that
o

fR(t)\/rdt lj[\/i
e [

| B ()] =

2

dt
< C/ Vi 1+ % 5+ O(Vx)
zo t*log”t
1 3/4
< / VE1+ = dt < =, (64)
log® x t log” z
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where we used Lemma 6(a) to manage the last integral.
Analogously, using Lemma 6(b), we find that

L3/4

|Ra ()] < dt <

(65)

1 /‘/E T
log?a Jo, 32T+ %

log2 z

Recalling the definitions of fo(¢) and Fs(u) given in (38), we obtain, using integration
by parts,

vz NG
War) = / v A / falt) 22
2 t3/2,/1+ % logt 9 logt

u=+/T N3 F
n / 2(w)
2

5— du
ulog® u

ulog? u

Fy(Vz)  F(2) +/ﬁ Fy(u) i

Observe that for all 2 < u < /z,

F(u) dt

_/“ x dt—/u NG
TR L e

t=
t=1

u\/E B
g/l \/Edt—\/:f<2\/i ><2\/5\/E.

It follows that
Ve R Ve o/t
[ L Y L
2 wulog®u 2 Vulog®u vz log“t
/4 234

< Vr—s—

log? B log? x

and that
F(2) < V. (68)
Using (42), (67) and (68) in (66), we get

W Lpija, 10 o (22
A0) = B0/ 40 (). (69)

u
Set h(t) := vt /1 + t% and H(u) := / h(t) dt, so that
1

JE vE
W1<x)=/ Vi1el @ /2 hit) &

5 tElogt: logt’
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Using integration by parts, we get

u=+/T N
H(u H(u
W1($)=7( ) —|—/ (2)
logu |,y 2 ulog”u
VT
_ AWV HR) +/ AWy, (70)
log x log 2 2 ulogu
For 1 <t < /z,
x N NZ2 N
h(t) =t 1+<\/E<1+) =Vi+ Y- <2¥ o
" 7= : Vi =i
Therefore, for 2 < u < \/x,
u \/E t=u
H(u)§2/ Yo dt=2vz | 2Vt < 4z u.
1 Vit t=1
And similarly as with (67), we easily establish that
VT 3/4
/ (? du < = 5 (71)
o ulog®u log” x
and that
H(2) < V. (72)

Observe that by definition, H(y/z) = Si(x) (the function defined in (21) and
handled in (23)), so that because of (28), we may write that

H(/E) = 51 (x) = (2f ¥ 2@2}2{ D) a1 ove) (73)
Using (71), (72) and (73) in (70), we get
(42 AV2rD(5/4) 23/ x3/4
Wi(@) = ( 5 " 3(3/4) > log = +0 <10g2x) ' (74)

Combining (64), (65), (69) and (74) in (63), we obtain

v (4 ) o (2

log2 T

Substituting this last equation in (62) yields

o WrL(5/4) O( 2 ) : (75)

23



5.3 Evaluation of R(x)

Combining the estimation of Ry(z) and Ra(z) provided by (57) and (75), the
inequalities in Theorem 2 follow immediately.

6 Final remarks, numerical data and open problems

The main reason we could obtain an asymptotic formula for 7(z) := >, . m(n)
(stated in Theorem 1) is that we could rely on an exact formula for >, 79(n), where

To(n) :=#{d|n:d</nand d+n/d = c? for some ¢ € N}, since T (z) = 2V (z) + 1,

e Vi)=Y nm= 3 Q\/%J—Wﬁj) (76)

n<x 1<k</z

This allowed us to compute the values of T(x) for z = 10¥, k = 1,2,...,16,
using the exact formula (76). Unsurprisingly, as indicated in Table 1, the quotient
T () /cox®/* tends to 1 rapidly (as predicted by Theorem 1).

Table 1: Values of T (z)

IEN T(x) | T(x)/cgz’* ]
10! ) 0.359670
102 o1 0.652385
103 349 0.793888
10* 2183 0.883055
10° 12997 0.934926
106 75199 0.961936
107 430251 0.978714
108 2442733 0.988121
10° 13808 741 0.993318
1010 77883647 0.996277
10t 438686 005 0.997902
1012 2469185551 0.998821
1013 13892 386 569 0.999335
10t 78145511685 0.999627
10% | 439515879593 0.999790
10%6 | 2471807878895 0.999882

Regarding the estimation of R(z) := #{n < z : p1(n) + pa(n) = ¢? for some ¢ € N},
the outcome is very different. Indeed, recall that

R(z) = Ri(x) + Ra(z) + 1,

where Ri(z) = #{n < z : P(n) > v/n and p1(n) + pa(n) = ¢? for some ¢ € N} and
Ra(z) = #{n <z : P(n) < v/n and p1(n) + p2(n) = ¢ for some ¢ € N}.
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Even though we could obtain an exact formula for Ry (z), namely

Riw) = 3 ([va=1]-a)+ X (| frri]-vm).

p<Vz VZ<p<z

from which we deduced the asymptotic formula R;(z) ~ cgz/*/logx (as z — o)
— and actually the more accurate formula (57), we were unable to obtain an exact
formula for Ro(z) and had to settle for an upper bound. Perhaps, eventually, one could
prove that R(z) ~ caz’/*/logx as  — oo, for some constant ca € (e, 2cq). If such
a constant exists, it could be near 2cq, as the data in Table 2 seems to indicate.

Table 2: Values of R(x)
’ x ‘ R(z) ‘ R(z)/(x*/*/logz) ‘

10 2 0.818928
102 12 1.74754
103 65 2.52494
104 325 2.99336
10° 1647 3.37194
106 8517 3.72095
107 | 45167 4.09388
108 | 241394 4.44664
109 | 1295225 4.77313

Finally, as mentioned in Section 1, the underlying motivation for studying the
function 79(n) originated in the search for elliptic curves with a high rank, and more
precisely in a particular search that relies on integers n with a corresponding large
value for rg(n). So, it seems natural to ask how large can 75(n) be. Most likely, it can
be of any size, but we could not prove that. Nevertheless, through a computer search,
we did find integers n with a large number of divisors d < y/n with the property that
d 4+ n/d is a perfect square. For instance, the number

10631634 411847680000 = 226-.3°.5%.7.11-19-23- 31

has 32 such divisors. More generally, letting 7j stand for the set of integers n which
have k distinct divisors d < +/n such that d + n/d is a perfect square, we conjecture
that for each positive integer k, the corresponding set 7y is infinite.

Also, consider the numbers n = 4k* — 1, where k = 2,3, ... . Since p1(n) + p2(n) =
(2k% — 1) + (2k® + 1) = 4k?, we have that n € R, and since n + 1 = 4k*, we have
that py(n + 1) + p2(n + 1) = 4k?, implying that n + 1 € R as well. This observation
establishes the fact that there exist infinitely many integers n € R such that n+1 € R
as well. Setting R (z) := #{n < 2 : n,n +1 € R}, we have thus proved that
R®2)(x) > /4. What about triplets? Are there infinitely many n € R such that
n+1,n+2 € R as well? Setting R®) := {n € N:n,n+1,n+2 € R}, one can check
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that 154, 282674,144 544673 718 847 655 and 10931 129 469 745 989 328 319 belong to
R). This set is most likely infinite, but we were unable to prove it.
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