MANUSCRIPT

Arithmetic functions at factorial arguments

Jean-Marie De Koninck and William Verreault

ABSTRACT. For various arithmetic functions f : N — R, the behavior of f(n!)
and that of 37, . f(n!) can be intriguing. For instance, for some functions

[, wehave f(n!) =37, ., f(k), for others, we have f(n!) =3 ., f(p) (Where
the sum runs over all the primes p < n). Also, for some f, their minimum
order coincides with limy, oo f(n!), for others, it is their maximum order that
does so. Here, we elucidate such phenomena and more generally, we embark
on a study of f(n!) and of 3=, f(n!) for a wide variety of arithmetical
functions f. In particular, letting d(n) and o(n) stand respectively for the
number of positive divisors of n and the sum of the positive divisors of n, we
obtain new accurate asymptotic expansions for d(n!) and o(n!). Furthermore,
setting p1(n) := max{d | n : d < y/n} and observing that no one has yet
obtained an asymptotic value for 3>,y p1(n) as N — oo, we show how one
can obtain the asymptotic value of >° n p1(n!).

1. Introduction

It is common to enquire about the average order of an arithmetic function
f : N — R by first examining the behavior of the sum anN f(n) for large N.
What if we replace the argument n by n!? More precisely, given an arithmetic
function f, how does f(n!) behave for large n and what is the asymptotic value of
anN f(n!) as N — 0o ? These are natural questions to ask. Yet, in the literature,
there seems to be only a handful of results regarding the study of f(n!) and that of
> nen f(nl) for classical arithmetic functions f. One of the first such functions to
have been closely examined for its exact order at factorial arguments is the number
of positive divisors function d(n). In fact, Ramanujan [30, 31] obtained interesting
estimates for d(n!), and later, Erdés, Graham, Ivi¢, and Pomerance [16] refined his
findings, whereas more recently, Jakimczuk [26, 27] obtained estimates for o(n!),
where o(n) stands for the sum of the positive divisors of n.

Here, more generally, we embark on a study of f(n!) and of >, . f(n!) for
a wide variety of classical arithmetic functions f. Besides the functions d(n) and
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o(n) just mentioned, we will pay particular attention to the arithmetic functions

= Zp, Qn) = Z a, B(n):= Zp’ B(n) := Z b,
pln

p|n pln p*|n

=> 0 A =]]p 0m) =0kl Pl =ara,

p|n pln

the Euler totient function ¢ and finally the middle divisors functions
p1(n) :==max{d|n:d < vn} and  pa(n) :=min{d | n:d>+/n}.

In Section 2, we examine the case of the middle divisors of n!. Then, preliminary
results and statements regarding additive and multiplicative functions are given in
Sections 3 and 4. In Section 5, for various arithmetic functions f, we compare
the behavior of f(n!) with the maximal order of f(n) or their minimal order. The
proofs of the results regarding additive and multiplicative functions are laid out
in Section 6. We conclude with Section 7 where we show that the counterpart at
factorial arguments of the famous Chowla conjecture holds and we examine the
behavior of various similar sums.

As we will see, several of the estimates that we obtain are almost straightfor-
ward whereas others are non trivial and in fact give way to new results, in particular
to new asymptotic expansions for d(n!), o(n!) and n(n!).

From here on, the letter p is reserved for primes while the letter ¢ with or
without subscript stands for an explicit constant, but not necessarily the same at
each occurrence. Also, we let m(x) stand for the number of primes not exceeding
z. Finally, given an arithmetic function f, we will often refer to the sum

> fn)

2<m<n

2. The middle divisors of n!

Before we examine the cases of additive and multiplicative functions, which
are somewhat easier to study, we shall first consider a case of arithmetic functions
which are neither additive nor multiplicative. We are interested in the middle
divisors p1(n) and p2(n) of a positive integer n, which are defined as

p1(n) :==max{d|n:d < vn} and p2(n) :==min{d | n:d > /n}.

In particular, p1(n) < v/n < pa(n) and py(n)pa(n) = n.
In 1976, Tenenbaum [32] proved that

w2 N2 1
2.1 =T (1 O( ))
(2.1) Z p2(n) 12 log N + log N
n<N

and that for any given ¢ > 0, there exists Ng = Ny(e) such that for all N > Ny,

N3/2 N3/2
2.2 <
(22) (log N)o+e Z piln log N)4(loglog N)1/2’

n<N



ARITHMETIC FUNCTIONS AT FACTORIAL ARGUMENTS 3

1+ loglog?2
log 2
In 2020, De Koninck and Razafindrasoanaivolala [8] generalised estimate (2.1)
by establishing that, given any real number ¢ > 0 and any positive integer k,
Na+1 Na+1 Na+1 ( Na+1 )

n)* =c +c 4 +0 ,
%:Vm() ‘logN " "og? N " ogt N log" T N

where 6 =1 — ~ 0.086071.

where, for £ = 0,1,...,k — 1, the constants ¢, = ¢y(a) are explicitly given. They
also proved that, given any integer k£ > 1 and any real number r > —1,

N2 N2 N2 N2
Z p2 = 1 N hl ) ++hk1k+0(k+1>
o P og log” N log” N log"™" N
2
where hg = C(T; ) and for each 1 <<k —1,

By — <r+2) fircy H <m+1>

with, for each v =0,1,...,7,

! d 2} (=1} @) )
e MDD
(r+2)v+t 4!
In 2008, Ford [18] considerably improved (2.2) by showing that

N3/2
Z piln logN) (loglog N)3/2°

n<N

Interestingly, no asymptotic formula for the sum an ~ p1(n) has yet been found.
Recently, De Koninck and Razafindrasoanaivolala [9] established that

Z log p2(n) = Nloglog N + O(N)

1oy logpi(n)
n#prime

and also that, for all N sufficiently large,

log p1(n)
C1 N < Z m < ¢y ]\77
2<n<N

where
2 o]
1-1 -1 -1
o = 1—10g2+/ 7Ogudu+/ u=1p=1) 4 ~ 0528087,
1 u(u+1) 3 u+1l w
c; = 2—2log2 ~ 0.613706.

As we will now see, the behavior of each of the six sums
(2.3)

1 log p1(n! lo n!
Z pi(n!) Z p2(nt) Z pi( it Z /’2 ) Z 1ng (n')’ Z gp2(n')

n<N n<N nen P2UV) Ty PLE) o XN g pa(nl) 2<n<N log p1(n!)
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is more manageable.

THEOREM 2.1. Letting ¢ be the positive constant appearing below estimate
(6.28), we have

S ) =VAI(140(-L)) et Y o) = VEI(1 4+ O(2))

n<N n<N

THEOREM 2.2. Letting ¢ be as above, we have
Z p1(n
n<N p2(n

THEOREM 2.3. We have

log p1(n!) log pa(n!)
> oz pa(nD) ~ N+0O(1) and > og pr (D)~ N+0(1).
2<n<N 2<n<N

|
=N+O(N'"°) and pz(% =N+0(N'").

Observe that the main difficulty in finding an estimate for any of the sums
appearing in (2.3) at arguments n (and not n!) is that the values of the function
p1(n) (resp. pa(n)) are spread out over the interval [1,/n] (resp. [v/n,n]). On the
contrary, the values of p1(n!) and py(n!) are all near v/n!, as is made clear in the
following proposition.

ProproSITION 2.1. To any given sufficiently large integer n, one can associate
two positive integers dy < ds both dividing n! and satisfying

1 2
(2.4) (1= ) Val<di < Vil <dy < (14 =)Vl
n n
where ¢ is the constant appearing below estimate (6.28), thereby implying that
1 2
(2.5) (1 - E)\/n! < p1(nl) < vVnl < pa(n!) < (1 + E)\/n!.

Numerical data. In the proof of Proposition 2.1 stated in Section 6.6, we will
create the numbers d; = d;(n) alluded to in (2.4) so that d; < p1(n). Interestingly,
one can check that d; = pi(n) in the cases n = 7,10,22. These are perhaps the
only ones with that particular property. In the particular cases n = 10,20, 30, 40,
we obtain the following data.

[(n ] n! [ d1 [ Wall ] [Wal/d ]
10 3628 800 1890 1904 1.007407407
28.3%.52.7 2-33.5.7
20 2432902008 176 640 000 1558878 750 1559 776 268 | 1.000575746
218.38.54.72.11.13.17-19 | 2-3%.5%.11-13-17-19

When n = 30,
n! = 265252859812191 058 636 308 480 000 000
=2%.314.57.74.112.13%.17-19- 23 - 29,
di = 16283616779520000 = 211 .30.5%.17.19.23 .29,
|Vn!] = 16286585271694955,
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|Vnl]/dy = 1.000182299.
When n = 40,
n! = 815915283 247897 734 345611 269 596 115 894 272 000 000 000
=238 .38 .59.75.113.13%.17%2.19%.23.29 .31 - 37,
di = 903280055273 332645 708 800

=210.315.52.7.11.13%.19-23.29- 31 - 37,
903 280 290 523 322 408 635 610,
1.000000260.

|V/nl)
|V/nl|/dy

Observe that p1(10!) = 1890, p;(20!) = 1559 376 000,
p1(301) = 16 286 248 192500 000, and p; (40!) = 903 280 055 273 332 645 708 800.

3. The case of additive functions

As a first example of additive functions, let us consider the function f(n) =
logn, for which we have f(n!) =3, logk = Sig(n). As we will see, for large
families of functions f, we do have that f(n!) = Sf(n).

3.1. Small additive functions. We first consider the case of the “small”
additive functions w(n) and Q(n).

THEOREM 3.1. We have

w(n!) = 7(n) and Q(n!) = Sa(n).

Moreover,
n 1
1 N = 1
(3.1) w(n!) logn ( +O<logn>>’
1
(3.2) Qnl) = n (1og logn+c¢+c2+0 <>) ,
logn

where 1 = v+ 3, (log(1 — %) + %) and ¢z = 7, ﬁ (here, v stands for the

Euler—Mascheroni constant).

The proof of Theorem 3.1 will be given in Section 6. Beforehand, we should
mention that the average order of each of the functions w(n) and Q(n) has been
studied with great accuracy. In particular, it is well known (see for instance formulas
(6.11) and (6.12) in the book of De Koninck and Luca [12]) that

ngZNw(n) = N(loglogN—l—cl—ﬁ—O(ﬁ)),
(3.3) S om) = N(loglogN—Fcl—}-cz—kO(ﬁ)).

n<N
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Similarly, it was proved by De Koninck [5] that

N
K;N <1n) - W(”W@))v
2<;NQ(1H B %O—FO(@))'

In fact, more accurate formulas can be found in Chapter 5 of the book of De
Koninck and Ivié [11]. In addition, De Koninck [6] proved that

Qn) N N
Z w(n) _N+0210glogN+O<(loglogN)2)'

2<n<N

On the other hand, as we will see, the behavior of the sum 3, , v 1/7(n)
turns out to have a connection with the function w(n!), and interestingly the study
of that particular sum has a long history, a survey of which can be found in [7].
The best known estimate is due to Ivi¢ [24] and can be stated as follows:

11, 1
4 = ~10g2 N —log N — loglog N (—)
(3.4) 2<;N ) "2 og og oglog N +c3+ O og N

where c3 is an absolute constant that is known to satisfy 6.6840 < ¢3 < 6.7830 (see
Berkane and Dusart [3]).

Analogous results for sums of the “small” additive functions w(n) and (n) at
factorial arguments are fairly easy to obtain. In fact, as we will see in Section 6,
one can obtain most of the following results by combining the above estimates with
Theorem 3.1.

THEOREM 3.2. We have

N? 1
3.5 h = 1+0
(3:5) ng;vw(n) 2logN( + (logN>)’
N2 1
| =
(3.6) n§<NQ(n.) (loglogN +c+ce+ O(l gN))
37 S L e N log N —loglog N + ¢ +O(L)
' w(n!) 2 8 log N/’
2<n<N
1 log N 1
= —+ R s
2N Q(n!) log logN( (1og logN)>
Q(n!)
(3.9) E = N(log Nloglog N + (¢1 + ¢2)log N + O(loglog N)).
2<n<N w(nl)

3.2. Large additive functions. Next, we consider the “large” additive func-
tions S(n), B(n) and By (n) defined in Section 1. For these, we have the following.
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THEOREM 3.3. For each integer n > 2,
(310)  B(n))=>p,  B(n)=S8p(n), and  Bi(n)) =) p™,
psn p<n

where ap(n) is defined below in (6.1). Moreover, for alln > 2,

. )
(3.12) B(nl) = glgn <”O(lo;n>)’
(3.13) Bi(nl) = 2”752("”0((\/?’)”)’

where so(n) stands for the sum of the binary digits of n.

Let us recall that Alladi and Erdds [2] have proved that

w2 N2
(3.14) > Bn) ~ GiogN (N — 0),
n<N

and that De Koninck and Ivi¢ [10] later showed that (3.14) can be improved to

M N2
Z Bln Z log N <logM+1N) ’

n<N i=1

where M is any preassigned positive integer and where each b; is a computable
constant, with b; = 72/12. Regarding the function B and By, Ivié¢ [23] proved that

Y B(n)= > Bn)+ONY?) and Y Bi(n)= Y B(n)+O(N3),
n<N n<N n<N n<N

from which it follows in particular that

2 N2 1
1 B = — 1
(8.15) ngl:\/ (n) 12 logN< +O<logN>)
2 N2 1
1 B = — 1 .
(3.16) 7;\, () 1210gN< +O(logN>)

Incidently, Ivi¢ [20] proved that

Z N
/6 e QIOgNIOg lOg NJrO( lOgNlOg 10g lOg N)
2<nN

an estimate that was later slightly improved by Ivi¢ and Pomerance [21].
The factorial counterparts of (3.14), (3.15) and (3.16) are as follows.

THEOREM 3.4. As N becomes large,

(3.17) > B = N3<1+0< ! ))
2N 6log N log N
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o % s = Gy (o))

2<n<N

(3.19) > Binl) = 2NtolesN)

2<n<N

Furthermore, letting f be any one of the three functions 8, B and By, we have

=1
;f(n') < Q.

4. The case of multiplicative functions

4.1. Classical sums. Let us first consider the multiplicative functions  and
¢ already mentioned in Section 1.

THEOREM 4.1. We have

(4.1) yo)=T[p and  é(n)=n!J](1-1/p).

p<n p<n
Moreover,
(4.2) y(n!) = elitohn and o(n!) ~ nl ¢’ (n — 0).
logn

Perhaps the most challenging estimates of f(n!) come from multiplicative func-
tions f that are neither completely nor strongly multiplicative, for reasons that will
be detailed in Section 6.2. Of particular interest are the functions d(n) and o(n),
as well as their higher-order variants di(n) and o, (n) for integers k > 2 and real
numbers k. Here di(n) := 3, ., _, 1is the number of ways of representing n as
a product of k positive integers and o, (n) := 3_,, d” is the sum of the s-th powers
of the positive divisors of n.

Ramanujan [30] studied the behavior of d(n!) by first conjecturing that for any
given € > 0,

Cren179) < q(n!) < Cmen (149,

where C' = (1 + 1)\/1 +3¢/143{/1+ -~ 3.51750, and by later proving [31]
the more explicit formula

n

(4.3) ) = e (55) (05 o),

See Andrews and Berndt [1] for more on these estimates. Much later, Erdés,
Graham, Ivié, and Pomerance [16] obtained an asymptotic series expansion for
log d(n!) by showing that for any given integer M > 0,

M
n ce n
d(n!) =e +O ’
(TL ) Xp { logn 2 : logé(n) (logM+2n)}

=0
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halt t|+1
where ¢y = / % 1og€tdt. In particular,

1
4.4 log d(n!) ~
(44) ogd(n) ~ coi— (n =),
where ¢y can be shown to be equal to log C. This is because, on the one hand,

“log([t+1) /+ log(s + 1)
o = ] 2] “e

Il
[
-
Q
oQ
V)
T
t
S &
|
=3
w |5
o9
|
S—

while on the other hand,

logC = i%log(l+§):ié(log(erl)—logs)

s=1 s=1

1 1 = logs
——)1 = .
(s—l 5) 08 s ;5(3—1)

I
M8

s=

2
In fact, as we will see, each ¢y is given by a similar explicit formula, and furthermore
(4.5) c={+DI+0(1-27hHa).

We shall generalize these results to di(n!).

THEOREM 4.2. Given integers k = 2 and M > 0, we have

M (k)
n c n
die(n!) = y o o
k(n!) exP{logn logen+ (logM+2n)}v

£=0
where
4 oS 1
1 log’ k-1
(4.6) cék) =/ Z = Z 08 log <1 + 7)
st s S
Moreover,

= (k= 1)L+ 1)+ O((k — 1)2(1 — 27" 1)).
In particular, Theorem 4.2 implies that for each integer k > 2,

(4.7) log di (n!) ~ cg@& (n — o0).

REMARK 4.1. Equation (4.6) allows one to estimate each of the constants
cgk) for fized ¢ and k. For instance, the first five values in the case k = 2 are
P ~1.2578, P ~ 21139, P ~ 6.1145, P ~ 24.1764, ¢{? ~ 120.3601. It is
readily seen that approximation (4.5) is rapidly accurate.

In the same vein, Fedorov [17] studied the number of divisors of the central
binomial coefficient (27?) and obtained a similar asymptotic series. These results
are easily extended to the function di(n).
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THEOREM 4.3. Given integers k > 2 and M > 0, for each integer n > 2, we
have

M
1 2n n by n
4. log d =7(2n) — _—
(4.8) log k o8 k(<”>) m(2n) 7r(nH_lognz:logén—FO(logMHn)’

£=0

o0

n+1 l
where by = Z/ loth t dt.
n+1/2

n=1
REMARK 4.2. Note that the right-hand side of (4.8) does not depend on k.

Moreover, we can also deduce from this equality and the computation by = logd —1
that

2
1ogdk<<:))wlogkz-log4-logn (n — 00).

It is clear that the same ideas can be used with the multiplicative function

7 already defined in Section 1 and for which we have logn(n!) ~ €og r , where
ogn

> log|¢ 1
ey = /1 og|t] dt = Z %. This asymptotic formula was first obtained by

Jakimczuk [25], but 1t was stated in a slightly different form, much weaker than
the full statement we will now provide.

THEOREM 4.4. Given any integer M > 0, we have

M
n €er n
nl) = ex +0<) |
77() p{lognglogzn logM+2n
¢
log (s+1) 1
here e; = (! (1+2).
where ey jz::o Z st 1 log —|—S

As for the sum of the positive divisors of n!, it was studied by Jakimczuk
[26, 27], who obtained that

(4.9) o(n!) ~ e'nllogn (n — 00),

and, more explicitly, that

oot = v (2) a3+ 0( ).

The proof of these results relies on convoluted arguments. Here, we simplify the
proof and consider the more general function o, (n!) for any fixed x > 1, while at
the same time improving the error term.

THEOREM 4.5. For all integers n > 2,

o(nl) =nle” logn(l + O<log13n)>7

and for any real Kk > 1,

o (n)) = (n!)”{(/{)(l + o(lofl")).
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Here ((-) is the Riemann zeta function

(4.10) ()= ni =11 (1 - pl) (Re(s) > 1).

n>1

4.2. Sums of multiplicative functions running over factorials. Accord-
ing to Wintner’s theorem (see Theorem 6.13 in the book of De Koninck and Luca
[12]), if two arithmetic functions f(n) and g(n) are connected through the relation

Z% :g(s)z% for all real s > 1
n=1 n=1

and if moreover 3 | g(n)/n converges absolutely, then 3y f(n) = (c+o(1))N
as N — oo, where ¢ := > 2 | g(n)/n. Applying this theorem to the multiplicative
function y(n)/n, one finds that

Mf c+o where ¢ = *;
(4.11) ngz;v o = (eto(l))N,  wh 1}(1 p(p+1))

(see [12, Problem 6.5] for the details). Using (4.11) and partial summation, we
obtain that

> ) = (5+0M) N (N o).

n<N
Also, it is known (see Theorems 320, 324, and 330 in Hardy and Wright [19]) that

3

> ¢(n) = SN?+O0O(NlogN),

n<N &

S dn) = N (1ogN F2y -1+ O(N‘l/Q)) :

n<N
2

> on) = ﬁN2 +O(Nlog N).

n<N

Moreover, one can prove (see Problem 6.12 and Theorem 6.19 in [12]) that

1
Z logd(n) =log?2 - N(loglogN +c1+ce+ O<7)),
log N
n<N
where c1 = v+ 3 (log(1 — %) + Il)) and ¢4 = Zp%. For the sums of

o(n)/é(n) and ¢(n)/o(n), we have the following.

PROPOSITION 4.1. Given any arbitrarily small number § > 0,

(412) > ;EZ; =dN+O(N®)  and Y féZ; = dyN +O(N*+9),
n<N <N

where

_ 2p* — 1 -
d = I] (1 n m) ~ 3.61744,
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da

2 p—1 1
g(l_p(zﬂrl) Cp? ((p+1)(p2+p+1)

1
P*+p+ 1)@ +p>+p+1) ))
0.45783.

%

Although we do not claim that the results in Proposition 4.1 are new, we could
not find them in the literature, so for the sake of completeness we shall prove them
in Section 6.3.

For sums running over factorials, we have the following.

THEOREM 4.6. We have

(413) Yyt = eNtoliw),

=
B )

(4‘15)2; logd(nl) = 3 101;]?\[ (1+ O(loglN))’

(4.16) %a(m) — e”N!logN(l—kO(lm;N)),

(4.17) H;NZE::; — ¢ (Nlog? N — 2Nlog N + 2N) (1+O(log£N)),
o TED (o)

5. Comparing f(n!) with the extremal orders of f(n)

In Sections 3 and 4, we compared estimates of sums of additive and multiplica-
tive functions with their factorial counterparts. It is also interesting to compare
the behavior of f(n!) with the maximum and minimum values of f(n).

In this section, we will use the estimate

(5.1) logn! = nlogn —n+ O(logn),

which follows from the fact that »_, ., logk = J{" logtdt + O(logn), which itself
represents a weak form of Stirling’s formula
n n
o (2
(5.2) n! (e) 2mn (n — o0).

Estimate (5.1) thus implies that, as n — oo,
1 !
(5.3) logn ~ loglogn! and ne~ 80
log log n!
Sometimes f(n!) is very far from the maximum of f(n) over n < N. For
instance, max, <y (n) = |log N/log 2], with equality if and only if & is the largest
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positive integer such that n = 2 < N. However, by combining Theorem 3.1 and
(5.3), we get that

'log log log n!

Q(n!) ~logn! (n — 00),

log log n!
so that for large n, Q(n!) < log(n!), whereas for infinitely many integers n we have
Q(n) > 1.4logn.

In other instances, f(n!) is almost as large as f(n). Indeed, we know that
integers n < N have at most (1+ 0(1))% distinct prime factors, with equality
if and only if n is the product of the first y primes, where y is chosen maximally so
that n =[], » < N. We thus have w(n) = m(y), and since w(n!) = 7(n), we see
that it is almost of this form, and indeed we have

w(nl) ~

There is a similar pattern for y(n). Indeed, it is clear that max,<, y(n) =[]« p

log n!
(log log n!)?2 (n = 00).

where y is chosen as above. Thus we see that max, <, v(n) = v(y!) = x't°1) as
T — 00, since y ~ log xz. On the other hand,

A(nl) ~ ()BT (n = 00).
Similarly, for d(n), a classical result of Wigert [34] gives

log 2logn logn
logd(n) < (0] ,
ogd(n) loglogn + ( (loglogn)? )

with equality if and only if n is the product of the first r primes with r large, while
we see from (4.4) and (5.3) that

logn!
logd(n!) ~ co———
og d(n!) ~ ¢o (loglog n!)? (n = o0),
as already observed in [16]. More generally,
1
log di(n) < (logk—i-o(l))% (n — 00),
and we get from (4.7) that
logn!
log dj.(n!) ~ cgk) ogn (n — o0).

(loglog n!)?

On the other hand, sometimes f(n!) attains the minimal or maximal value of
f(n). For example, we have

n!

p(nl) ~ efww and o(n!) ~ e’nlloglogn! (n — 00),
while it is known (see Theorems 323, 328 in [19]) that
log 1
lim inf M =e 7 and lim sup ﬂ =e7.

n—00 n n—oo Nloglogn
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o(n)loglogn

In other words, while the minimal order of exists and is equal to e™7,

o(n!) loglogn!

the subsequence < ) does converge to e™” as n — oo. In the
n>1

n!
. . o(n) . .
same manner, while the maximal order of ———— exists and is equal to e, the
nloglogn
o(n!
subsequence # converges to e7.
n!loglogn! n>1

Regarding the generalized sum of divisors function at factorial arguments, we
have that, given any real number x > 1,

lim sup 7x(n)
n— 00 n

= C(H)a
while we know from Theorem 4.5 that, for k > 1,

ox(nl) ~ (n))"* ((k) (n — o0).

6. Proofs of the main results

6.1. Useful tools. One of our main tools will be de Polignac’s formula (at-
tributed by L.E. Dickson [15] to Legendre)

(6.1) nl =[] p**®, where ay(n) = i BJ - Uogzm {”J .

%
p<n =1 i=1 p

This formula can be somewhat simplified. Indeed, it is easy to show that

(6.2) > m _ =)

o L p—1

where sp,(n) stands for the sum of the digits of n in base p. For a proof of (6.2),
see Problem 438 in the book of De Koninck and Mercier [13].
We will also rely on classical analytic number theory results. In particular,
di

setting Li(z) := [} o> We will be using the prime number theorem in the form

(6.3) m(z) = Li(z) + O(x exp(—+/log z)),
a consequence of Theorem 12.2 in the book of Ivié [22]. We shall also at times use
the prime number theorem in the simpler form

(64) m(N) = loZgVN (1 + O(lo;N))’

which can be equivalently stated as

(6.5) B(N) = N+o(@),

where 6 is the Chebyshev function

(6.6) O(N) = > logp.

p<N
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From the prime number theorem, one easily deduces the following asymptotic
formula for the sum of the primes up to V:
1
logN ) /)~

N2
. = 1
(6.7) S 210gN< +0
We will also need Mertens’ theorem in its strong form obtained by Dusart [14]:

PN
03 1 (1) = o (140 ()

p<N

6.2. Proofs of Theorems 3.1, 3.3, and 4.1. Let f be an additive function
and g a multiplicative function. Recall that we say that f is completely additive
(resp. g is completely multiplicative) if f(nm) = f(n) + f(m) (resp., g(nm) =
g(n)g(m)) for any positive integers n and m. Also, [ is strongly additive (resp. g
is strongly multiplicative) if for any prime p and positive integer a, f(p*) = f(p)
(resp. g(p®) = g(p)).

Note that w and (§ are strongly additive, whereas €2 and B are completely
additive.

Let us first state the following easily established proposition.

PROPOSITION 6.1. Let g a strongly additive (resp. strongly multiplicative) func-
tion. Then g(n!) =3, ., g(m) (resp. g(n!) =[], 9(p))-

The first identity in Theorem 3.1 is a consequence of Proposition 6.1. The
proof of the second identity, namely Q(n!) = Sq(n), simply follows from the fact
that Q(n) is a completely additive function and therefore that

Qnl) = Y Q(m) = Sa(n).

m<n

The last two estimates in Theorem 3.1 follow respectively from estimates (6.4)
and (3.3).

The first identity in Theorem 3.3 follows from Proposition 6.1.

The proof of the second one, namely of the identity B(n!) = Sg(n), is imme-
diate as it follows from the fact that B(n) is completely additive.

Estimates (3.11) and (3.12) are immediate consequences of (3.15) and (6.7).

The proof of estimate (3.13) goes as follows. Using Polignac’s formula 6.1 and
the fact that B is additive, we have

B1 (n') = Bl H p‘)‘p(n) — Zpap(n)

p<n p<n

(69) _ 2(x2(n)+ Z pap(n) :2n—32(n)+ Z pn;sfl(n)7

3<psn 3<psn
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where we made use of formula (6.2). First observe that

n—sp(n) B pl/(Pfl) "
6.10 < P = (VB [ 14 <
(6.10) Z P >op (V3) 2 "5
<p<n 3<p<n 5<p<n
pt/(@=1) 9

Since

< 10 for each prime p > 5, it follows that

3 <p1/\(;’§”>n - <190)n m(n) <2 (n=5),

5<p<n

V3

an inequality which substituted in (6.10) gives

(6.11) > P < (VB)M(L+2) < (VI

3<p<n

which inserted in (6.9) completes the proof of estimate (3.13).

Observing that both (n) and ¢(n)/n are strongly multiplicative functions,
the identities in (4.1) follow from Proposition 6.1. Moreover, using the identity
logy(n!) = Zpgn log p, which by the prime number theorem in the form (6.5) is
asymptotic to n as n — oo, proves the first identity in (4.2). The last estimate in
(4.2) follows from Mertens’ theorem given through estimate (6.8). Gathering these
observations, the proof of Theorem 4.1 is complete.

6.3. Proofs of Theorems 3.2, 3.4, and 4.6. Note that (3.7) is an immediate
consequence of (3.4). The other estimates in Theorem 3.2 follow at once from
standard analytic number theory techniques, including partial summation which
we will use repetitively without further mention. For instance, it follows from
Theorem 3.1 and (6.4) that

S owmh)= > %(14—0(10;71)):21](:;N(1+O(@))7

2<ng<N 2<ng<N

which proves (3.5).
We skip the proof of estimate (3.6) since it can be obtained in a similar manner.
The proofs of (3.7) and (3.8) are similar. Hence, we only prove (3.8). By
Theorem 3.1, we have

1 1
Z Qn!) Z n(loglogn—i—cl—i—cz—i—O(L))

n!
2<n<N ( ) 2<n<N logn

1
B Z nloglogn(l—i—O(;))

2<n<N loglogn

Z nlogllogn (1 + O<@))'

2<n<N



ARITHMETIC FUNCTIONS AT FACTORIAL ARGUMENTS 17

The main term is

1 log N 4+ O(1 N logt 4+ 0(1
3 _ log ()_/2 g (1)

nloglogn  loglog N tlogt(loglogt)?

2<n<N

Integrating by parts, this last integral is

N N
dt log N dt log N
= 1 — _— _— ).
< /2 t(loglogt)?  (loglog N)? +0() /2 t(loglogt)3 O((loglog N)Q)

The same upper bound holds for the remaining sum in the error term since

Z v /N __a +o(1)
n(loglogn)?  J, t(loglogt)? ’

2<n<N

Combining these estimates yields (3.8).
Finally, combining Theorem 3.1 with (3.3) and (6.4) gives

Q(n!
Z wén!i Z

logn(loglogn +c1+cea+ O(logn))

2<nN 2<nN L+ O(logn)
1
Z logn(loglogn+cl+02+0< ))(1—1—0( ))
logn logn

2<nN

Z lognloglogn + (¢1 + ¢2) Z logn + O( Z loglogn)
2<n<N 2<nN 2<nN

= Sl + SQ + S3a

say. Clearly, Sa = (¢1 + ¢2) Nlog N + O(N) by (5.1), and S3 = O(Nloglog N).
Also, from (5.1), we obtain

(t1
S1 = (Nlog N 4+ O(N))loglog N — / (tlogt + O(t))
tlogt

= (Nlog N + O(N))loglog N + O(N) = Nlog Nloglog N + O(N loglog N).

Estimate (3.9) then follows.
We now prove Theorem 3.4. From Theorem 3.3, we know that

> som= 3 g (140 ()

2<n<N 2<nN

Approximating the sum by an integral and using integration by parts, we find that

n2 N 42 N3
= dt+0(1) = O(1).
Z 2logn /2 2logt +0(1) 610gN+ (1)

2<n<N

Combining these last two asymptotic formulas proves (3.17). The proof of (3.18)
is along the same lines. Estimate (3.19) is a consequence of the two inequalities

S Binl) < > 4.9m =2Vt

n<N n<N
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Z Bi(n!) > Z gn—1E5 1 > 9N+O(log N)
n<N 2<n<N
where in the first set of inequalities we used the fact that By (n!) < 2" + 3(v/3)" <

4-2™ a consequence of (6.9) and (6.11), while in the second set of inequalities we

used the fact that
logn logn
= 1< 1.
s2(n) LogQJ * log 2 *

Finally, using estimate (3.11), we have that

7’L2

Bi(nl) > B(nl) > B(n) > -,

implying that if f stands for any of the functions 8, B and B;, we obtain that

o0

=1 logn =1
2 gy € 2w <2 <

n
n=2 n=2

which completes the proof of Theorem 3.4.
Before proceeding with the proof of Theorem 4.6, we give a proof of Proposi-
tion4.1.

PROOF OF PROPOSITION 4.1. First observe that for any real number s > 1,

ia(n)n/f(n) _ H(1+ o(p)/d(p) , o(0*)/¢(?) +)

s 2s
» p p

1
= C(S)l;[<1—ps)

(p+D/p-1) | (P +p+1)/(p(p—1)) +)
ps p25

X (1 +
= ((s)F(s),

say. It is clear that

F(s) = H(H(Wl)/@—l)_l)

p ps ps
N <(P2+p+1)/(P(P—1)) B (p+1)/(p—1)> +>
p23 p2$ ’

Since we intend to use Wintner’s theorem (already mentioned in Subsection 4.2, as
well as its refinement given in Problem 6.3), we need to check that F'(s) converges
absolutely at s = % + ¢ and verify that indeed F(1) = d;. One can easily check
that the first of these two conditions is satisfied. To verify the second condition,
observe that
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B 2 1 B 2p° — 1
- H(1+p(p—1) +p(p+1)(p—1)2> _1;[(1+p(p+1)(p—1)2>'

p

We can therefore apply Wintner’s theorem, thereby establishing our first claim.
To establish the second claim, one can proceed as above and in the end obtain

that i W = ((s)G(s), with

B 2 p-i 1
¢ = 1;[(1 plp+1)  p? <(p+1)(p2+p+1)

1
. <),
P +p+ 1> +p*+p+1)
thus completing the proof of our second assertion. O

We now prove Theorem 4.6. To prove (4.13), we will show that
Z W(n') _ eG(N)+O(logN)’

n<N

where 6 is the Chebyshev function defined in (6.6), since then the result will follow
from the prime number theorem in the form (6.5). From here on, we let p; stand
for the i-th prime. Now, let 7 be the unique integer satisfying p, < N < pr41.
Observing that for all n € [p;, pi+1), the term (n!) remains unchanged and in fact
is equal to [] p, one can easily see that

PLPi
r—1
(6.12) ST = i —p) [[p+ @ —p) [ »
n<N 1=1 PLEPi P<pr

Using Bertrand’s postulate, we have that p;11 — p; < p; and therefore

r—1 r—1 r—1
(6.13) i) [Te<dop [[r<d. I] p<r]]r

i=1 PLPi =1 p<p; =1 p<Pit1 P<Pr
Combining (6.12) and (6.13), we may write that
6.14) (N=p,) [[ p< D_ A <r [[ p+W=p,) [[ = &=p,+r) [] »

PPr n<N P<Pr P<Pr PP
From the definition of 8(N), we have
(6.15) H p= H p=e'W),
P<Pr p<N

On the other hand, it is clear that N — p, < N — p,. +r < N, implying that both

N —p, and N — p, 4 are e©(1°8N) " Combining this observation with (6.14) and
(6.15), it is immediate that

Z 7(77") — eG(N)eO(logN) _ eQ(N)JrO(logN)’
n<N

thus completing the proof of (4.13).
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To prove (4.14), first observe that

n! N! 1 logN 1 log(N —1)
Z = (1 — + + .. )
logn  logN Nlog(N—-1) N(N —1)log(N —2)

- 101;@\7 (1 +O(%))’

2<n<N

and, similarly,

Z login B k)gZ\‘Z!]V(1+O<]17))'

2<n<N
Combining these estimates with Theorem 4.1 and (6.8), we obtain

2=, X i (-0 ()) =g (- 0ligg)

2<n<N 2<n<

which proves (4.14).
The proof of (4.16) is similar. On the other hand, (4.15) follows from partial
summation after using the estimate

n n
logd(n!) = co i + O<log2 n)

a consequence of (4.3).
Using the first estimate in the statement of Theorem 4.5, the second formula
in the statement of Theorem 4.1 and estimate (6.8) (Mertens’ theorem), we may

write that
;Eg; — g1+ o(log{,,n)) (1+ O(k)glgn))

= 62710g2n<1 +O<log13n))

Summing this last expression over all integers n € [2, N], we obtain

Z UEZ:) = ¥ Z 1og2n(1+0(1%>)

2<n< N 2<n<N og n

_ e“"v(1 +O(log‘£]\7>> /2N10g2tdt

— (Nlog?N — 2NlogN+2N)(1 —i—O(ﬁ)),
og

~—

thus establishing (4.17).
The proof of (4.18) follows along the same lines, thus completing the proof of
Theorem 4.6.
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6.4. Proofs of Theorems 4.2, 4.3, and 4.4. Our approach is at first similar
to the one used in [16] for k = 2. For a general k > 2, recall that dy(p®) = (kazl),
so that, in light of (6.1), we have

k+ayn)—1
di(n!) = P .
psn
It is more convenient to work with log dy,(n!), splitting the resulting sum at p = n®/%.
Since
k+ap(n) =1 k—1

( k1 <p (n)

and ap(n) < %5 (this last inequality following from (6.2)), we get
k + Oép ) -1 3/4

Z lo < _q )<<;€ Z log( 1)<<klogn Z 1 < n'?,
p<n3/4 p<n3/4 p<n3/4

where in this last inequality we used (6.4).
For p € (n%/4,n], we have a,(n) = |n/p|. We therefore have

(6.16) nS/E@mg (k + 2‘?_(”1) - 1) - /n :/4 log (k +}§Jl— 1> dr(z).

Writing w(z) = Li(z) + E(x) where E(x) = O(x exp(—+/logx)) by (6.3), partial
summation on the right-hand side of (6.16) gives

" k+ |2 -1\ de
= /713/4 10g< k—1 log z

as the main term, while the contribution of the error term is

/ log ( +kaJ1 > dE(z) < logn/ dE(z) <k nlognexp(—y/logn).

3/4 3/4

To estimate the remaining integral I, we start with the substitution t = n/x

so that
1/4

" E+t]—1 dt
I= 1 _a
”/ o < k=1 )t? log(n/1)
Since 1 <t < n1/4, we have that for any fixed integer M > 0
1 1 1 logt\* logt \ M+1
= O
log(n/t)  logn(l— f;’?g;) ~ logn {Z (logn) + (logn) )} '

from which we get

n /n
logn /;

1/4

(6.17) I=

o (S () o) T b
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e k+|t] -1 dt
Since / log + 1] (logt)*= converges and since
nl/4 k—1 2

i E+t] -1 o dt > Jogttt logt™n
L1/4 log ( kE—1 )(log t) tfg <k L1/4 12 dt <k n1/4

for £=0,1,..., M, the error term in (6.17) is

1/4
n " k+[t] -1 My, dt n
—_— I I t = -
O(logM+2n/1 og< E—1 ) og t2) O(logM+2n)7

while the main term is

M 00 041
n 1 E+[t] -1 dt log"™ " n
o E - 1 log! t 2 P
lognézo(logn)‘ {/1 og( k-1 ) t +O( nl/4 )

n MR
_ ¢ 3/4
= o
logn ; (logn)* +0(,
where
k) o E+[t]—1 o, dt
(6.18) ¢y = /1 log < b1 log" t =

This proves Theorem 4.2 with the constants given in (6.18). We note that similar
constants appeared in [8, 29|, where the authors worked with integrals involving
fractional parts. Here we use the same approach as the one used in these papers
to show that the constants given in (6.18) can be expressed as in (4.6). Indeed, we

have
>, st k+s—1 k+s—
:E:/’ bg( h_1> L 2:1 ( )h@%
s=1v"%

s+1 1Og€ t )
where Iy(s) := 2 dt. Integrating by parts, we get

log ¢ st log ¢ log’s logf(s+1)

I(s) = +/ = - I (s).
o(s) / . 1 T ()
Repeating this £ — 1 times and observing that Iy(s) = f;“ t72dt = m, we get

logts logi(s+1
Iy(s) = %85 _ g(s+1)
s s+1
-1 o—i 0—i
) log”™"s log" "(s+1) £
We—1)-- (- 1( - )
+Z( Jool=itl) s s+1 +s(s+1)

‘ £l log’~ log" (s +1)
Z ( B s+1 )’

=0
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from which we obtain that

00 ¢ i —i

(M _N" E+s—1 ¢! log™"'s  log"'(s+1)

“ ;Og( k-1 ;(e—z‘)!< s s+ 1 )
¢ i -

kE+s—1\/log""'s log" *(s+1)
> ,zlog( ) ()
4 0—i
k+s— k+s—2\\log" "s

g; s (s (20 ) s (M)
4 —q

,Zl (kz—i—s—l)logi s

Summing the terms backwards, we get the desired expression (4.6). Finally, observe
that

0 J _ et J
ZlogsSlog(1+kT1):0(1)+(k—1)21°§25 ok~ 2;1% a)

s=1 s=1

i=

Approximating the sum by an integral, we have

Oologjs_ > Jog’ ¢ 4
> _/1 = dt+0()/0 dt+0(1) =T(j + 1) +O(1),

52
s=1

where T'(5 + 1) is the Gamma function at j + 1, which equals j!. In the same way,

o) ) .
log’ !
3 og3s:O( j >’

s 27+1

s=1

so that
= ZIZ ( -1+ O(T?z)) =(k-1)(+1)! +O((k — 1)2(1 — 24*1)61).

This proves the last claim of Theorem 4.2.
Theorem 4.4 is proved in the exact same way, but with the simpler constants

oo 1 L
e[:/ %dt (620)
1

To prove Theorem 4.3, first observe that

(%) = T
n b
p<2n

»() =252

where
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logdk(< )) 3 log (“%( 1)—1>.

p<2n

It follows that

If n < p < 2n, then log (k+a"( ')~ 1) reduces to log k, so that

2n\
3 g (k + Ol‘fgnl) 1) — (n(2n) — 7(n)) log k.
n<p<2n

To deal with the remaining part, we use the same method as in the proof of Theorem
4.2 to obtain that for any integer M > 0,

M (k)

k+a( )—1 _n n
Zl ( p -1 )_10g”;_%10;;€n—'_O(logMJrQn)7

p<n
w7 k+[2t]—2[t] -1 o dt
b, —/1 log( b1 log tt—z.

Now observe that the integrand vanishes unless n + % <t <n+1 for some integer

where this time

n > 1, in which case it becomes t—2 logé tlog k. The result then follows.

6.5. Proof of Theorem 4.5. According to Mertens’ theorem already stated
n (6.8), [[,<.(1 —1/p) ~ e~ 7/logz as x — co. Perhaps surprisingly, the behavior
of the somewhat similar product Hpgn(l —p~r(M=1) ig very different, since as we
will now see it is asymptotic to 1 as n — oo.

LEMMA 6.1. For integers n > 2,

11 (1—%):1+0(b%).

psn

PRrROOF. First set A(n) := H (1 -
pn
We will therefore focus our attention on finding a lower bound for A(n) which is
“yery close” to 1.
Let r > 3 be a fixed integer (which will eventually be chosen to be large). Then,

am = I @W)- 11 (1—W)=A'7-<n>+1”r<n>,

W) Clearly, A(n) < 1foralln > 2
pap n

p<n/r n/r<p<n
1
say. Since, for each prime p < n, we have ay,(n) > 1, it follows that W < I?
1 1
and therefore that 1 — ————— > 1 — —, which means that

pap(7t)+1 = p2 ’

Am= ]I (1—W)> 11 (1—}%).

n/r<p<n n/r<p<n
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Since for all y € (0,1), we have log(1 — y) > —2y, we may write that
17 1
(6.19) A, (n) >exp{ Z log(l—l/p2)} >exp{—2 Z —2}
n/r<p<n n/r<p<n

Now observe that

1 1 dt r
6.20 — < — < - = —.
( ) Z p2 Z p2 ~/n/r t2 n

n/r<p<n p>n/r
Using (6.20) in (6.19), we obtain
" r r
(6.21) Ar(n)>exp{—25}—l+0(ﬁ).

We now move to find a lower bound for A, (n). First observe that for p < n/r,
we have
n

() > |2 > 1rl =,

p
which implies that a,(n) +1 > r + 1 and therefore that

(6.22) Amz= ] (171%) >H(1*p7-1+1) :C(r1+1)'

p<n/r

Approximating (4.10) by an integral, we have for any real s > 3,

1 o0 1 1 1 1 2
<1+ — At =14 — 4 ——— <14 — 4 — =14 —.
((s) S 1455 /2 +23+28_1(5_1) tos Ty =l
Using this inequality with s =7+ 1 in (6.22), we find that
/ 1 1 1
(6.23) A,.(n) >

> 1——.
TSV A
logn
log 2

Combining (6.21) with (6.23), while choosing r = { J , we obtain that

(620) A = A A > (14 0(E0)) - (1+.0(2)) =1+ 0(12%2),

n n
Combining (6.24) with our first observation to the effect that A(n) < 1 establishes

that A(n) =1+ O(logn

>, thus completing the proof of Lemma 6.1. O
n

We can now prove Theorem 4.5. Let x > 1 and observe that for any prime
power p“,
(a+1)r _ 1 1— 1/ (a+1)k
p p
6.25 K @ = 1 ad “ e ak — — ark
(6.25) ox(p*)=1+p"+--+p 1 P

It follows from equations (6.1) and (6.25) that

1 — 1/plas(m+D )" 1
O'n(n') = Hpap(")"i /p ! = (n) . H (1 7)

p<n 1—1/p~ [T<n(1 = 5%) plap(m+Dx

p<n
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Letting A, (n) =[], (1 — 1/pler(m+1r) " we see from (6.8) that

o(n!) =nle” logn(l + O<10g13 n)> - Ay (n),

and from (4.10) that o, (n!) = (n!)*((k) - Ax(n) for £ > 1. Observing that 1 >
Ai(n) > Ai(n) = A(n), we conclude that the estimate in Lemma 6.1 holds for any
fixed k > 1, and the result follows.

6.6. Proofs of Theorems 2.1, 2.2, and 2.3. Studying sums of the middle
divisors is much easier at factorial arguments because, according to Proposition
2.1, the values of p;(n!) and pa(n!) are close to vnl.

PROOF OF PROPOSITION 2.1. First of all, it is clear that (2.5) is an immediate
consequence of (2.4). We will therefore focus on the proof of (2.4). We start with
the following construction. First recall that
(6.26) nl = H pr(™  where ap(n) = m,

psn p—1

with s,(n) standing for the sum of the digits of n in base p. Observing that
ap(n) =1 for all primes p € (n/2,n], we may write the factorisation of n! as
2 l= 2...9 . 3...3 . 5...5 ...
(6 7) n R A \3 3, 5 5 Pr(n/2)+1 Pr(n)»
ag(n) times ag(n) times 045(71) times
where p; stands for the i-th prime, and therefore in the above pr(,,y = P(n!) = P(n),

the largest prime factor of n.
Set w1 = w1(N) = Pr(n/2)41 " Pr(n) and wz = wz(n) = n!/w, so that

n! = 202(n) . 3as(n) -p(;:pk " "Pk+1 " Pr(n)>

w2 w1

where k = 7(n/2).
Recall the following result of R. Tijdeman [33].
Given an infinite sequence ny < ng < --- of B-friable numbers
(or B-smooth numbers), there exists a positive constant c(B)
such that
i
(6.28) Nig1 — Ny K og"®
It is easily seen that if By < Ba, then ¢(Bs) > ¢(Bjy). Therefore, one can assume
the existence of a positive number ¢ satisfying ¢ < ¢(B) for all integers B > 2. In
fact, Langevin [28] later obtained a lower bound for this constant ¢, a very small
one indeed (actually somewhat smaller than 1/103%) but nevertheless effective. In
the following, we will therefore assume that ¢ € (0, 1).
For convenience, let us assume that n > 6 and consider the set S of all the
divisors of wy which are no larger than v/n!/w; and let r := maxS. Finally, let
dy =7 -wj. It is clear that d; | n! and that d; < Vnl.
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Since wy = wy(n) > 1, it follows that v/n! is never an integer. Furthermore,
observe that if

n1<n2<~~~<nk::d1<\/n!<nk+1::df

is the list of all the positive divisors of n! smaller than v/n! plus the one located
immediately after v/n!, then it follows from (6.28) that for some positive constant A,

di
6.29 w1 —np=df —dy < A,
(6.29) Ngt1 —ng =df —di < (log d1)°
Since the function ¢/(logt)¢ is increasing for all ¢ > e, it follows from (6.29) that
vn!
(6.30) df —dy < A—Y""
(log v/nl)e

and therefore that
VAl val
A—— > Vnl-A———
(log v/n!) (log V/nl)e’

d1>df—

. . n\"n/2 . .
Using a weak form of Stirling’s formula, we have vn! > (7> , thereby implying
e
that

(6.31) (log Vn!)® > (g(logn - 1))C > nf,

provided n > 21.
Using (6.31) in (6.30), we obtain

(6.32) dy > vVl — \F \/><1——)

thus completing the proof of the 1nequaht1es on the left-hand side of (2.4). Those
on the right-hand side will easily follow by simply setting ds := n!/d;; indeed, we
then have

n! n! 2
d :—<—<\/n!(1+—),
T (1 -1/n°)vn! ne
provided n is sufficiently large. O

We will also be using the following lemma, whose proof is immediate.

LEMMA 6.2. For any given integer N > 1, we have

nz:n! - N!<1+O(%>) and ém- \/ﬁ(1+0(%)).

We now prove Theorem 2.1. It follows from Proposition 2.1 that

(6.33) S o)=Y \/7?(1—%0(%)) Z \F+O( 3 \?)

n<N n<N n<N
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Observe that
Vnl VN! N ye 1 N ¢ 1
%nc - N¢ (1+(N—1)ﬁ+(N—2> N(N_1)+...)
VNI 1 VNI
(6.34) - W(l—kO(ﬁ)) :O(W).
Substituting (6.34) in (6.33), and using Lemma 6.2, we get that

S = o) Vs 0() <o)

n<N n<N
- (ol )

thus proving the first estimate of Theorem 2.1. The second estimate is obtained
through a similar reasoning.

We move on to Theorem 2.2. Using Proposition 2.1, we obtain
(6.35)

) SO0 (1o 1) v o ¥ 1)

nen P2 n<N n<N

Approximating this last sum by an integral, we get
l1—c

Z — / —dt+0(1 ]1\7_ - +0(1) = O(N'=°).

n<N
Using this last estimate in (6.35), we obtain that

pl =N 4 O(Nl_c)7
n<N pa(
thus establishing the first estimate of Theorem 2.2. The second estimate can be
proved in a similar manner.
To prove Theorem 2.3, we use Proposition 2.1 and Stirling’s formula (5.2) to
obtain

Z logpi(n!) log(v/n!(1 + O(1/n°

2ty o8 p2(n!) Wy log(v/n!(1 + O(1/ne

)

)
S log v/n! + log(1 + O(1/n°))
2<n<N log Vil + log(1 + O(1/n¢))

)
)

1
Z logm+0(l/nc) _ 1+O(nclog7nj)
2<n< N logm+0(1/n0) 2<n<N1+O<m)

= 2 (1 0(mrga)) =¥ 0 X i)

2<n<N 2<n<N
= N+0(),
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o0
1
since the series Z converges. This establishes the first estimate in
n=2

— nctllogn
Theorem 2.3. The second estimate is proved similarly.

7. An analogue of Chowla’s conjecture for factorial arguments

n!
f(n!) for various arithmetic

Fin— 1!

functions f. For instance, in [16], the authors showed that
d(n!) P(n) 1
e T o),
dm—ny T TG
where P(n) is the largest prime factor of n. Such ratios of arithmetic functions are

easier to manage for some large classes of arithmetic functions. For instance, if f
is completely additive, then

Also of interest is the behavior of the quotient

f(nl) f(n)

AN A (I LA
f((n=1)1) Sy(n—1)
while if f is strongly additive,

- v 7 00 = p<n—1
f((n=1))

1 otherwise.
In particular, the additive functions w, 2, and § are such that the ratio of their
consecutive values at factorial arguments is ~ 1 as n — oo.

On the other hand, for the multiplicative functions v and ¢, the results are
more interesting. This is because, for every completely multiplicative function f,
we have

f(n)

(]
7oy
and for every strongly multiplicative function f, we have

_ f() ] f(n) ifnis prime,
flln=11H |1 otherwise.

Because y(n) and ¢(n)/n are strongly multiplicative functions, we obtain that

y(n!)  Jn if nis prime,
y((n=1)1) 1 otherwise,

and

#(n!)  Jn—1 ifnisprime,
n otherwise.

Sn—1

Let us now consider the Liouville function A(n) := (—1)2(™). A famous conjec-
ture due to Chowla [4] in its simplest form can be stated as follows.

Q(n
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Conjecture (Chowla) As N — oo,
> Am)A(n+1) = o(N).
n<N

Interestingly, the analogous form of Chowla’s conjecture at factorial arguments
is true. Indeed, we have the following result.

THEOREM 7.1. As N — oo,
> AmHA((n+1)!) = o(N).
n<N

PROOF. The proof is quite straightforward and in fact, as we will see, it is a
consequence of the prime number theorem. We will show that

(7.1) > A =1DYAMR) =o(N) (N — o0).
2<n<N
Clearly,
AM(n—=DDA(n!) = (=1)Zr<n-1 AR+ g0 AUR)

(—1)22kgn—1 QRHRU) — ()00 = \(p).
Therefore, in order to prove (7.1), we only need to prove that
(7.2) > An)=o(N) (N — o).
2<n< N

Recall that if we let p stand for the Mobius function, then the prime number
theorem implies that

(73 ST ) =o(N) (N )
2<n<N
(see for instance Theorem 5.3 in [12]). Now, one can easily verify the identity
(7.4 A= 3w (1),
d2k=n
Setting M(N) := >_, <y #(n), estimate (7.3) implies that M (N) = o(N) as N — oo

and therefore that, given any arbitrarily small € > 0, there exists a large number
Ny (which we can assume to be sufficiently large so that 1/Ny < €/2) such that

(7.5) M(N) < ZN for all N' > No.
Then, for any integer N > N, in light of (7.4), we have

1 1o S
NN = F 3 k)= > M/

d=11<k< N/ d?

(7.6) = ¥ ZM (N/d?) + Z M(N/d?*) = Sy + Sa,
= d No+1
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N N3
say. Choosing N > N, for each d < Ny, we have that el > = Ny and we can

therefore apply inequality (7.5) and obtain that

1 e ¢
(7.7) S1<N;Z )

<

Sl =

<7T2
6

PR
IR

On the other hand, trivially,
N
N dt 1 €
) Y <[ Eem<s
d No+1

Gathering (7.7) and (7.8) in (7.6) proves estimate (7.2) and therefore completes the
proof of Theorem 7.1. (|

REMARK 7.1. By a similar reasoning, one can show that Chowla’s conjecture
is in fact equivalent to the statement
SO M =DHA(n+ 1)) =0o(N) (N — o0).
n<N
REMARK 7.2. It is clear that one can adapt the proof of Theorem 7.1 to prove

that if (an)n>1 s any sequence of positive integers (not necessarily monotonic),
then

(7.9) Z Aap)A(nay) = o(N) (N — o0).
n<N
Hence, by choosing a, = (n — 1)! in (7.9), we obtain (7.1). On the other hand, by
choosing a, = n and thereafter a, = P(n), we have
> AmA(@?) =o(N) (N — o)
n<N
and
> MP(n)AnP(n)) =o(N) (N — o0).
n<N
Moreover, according to a more general version of Chowla’s conjecture, given any
positive integer k,

(7.10) S AAn 41 An+k—1)=0(N) (N - o0).

n<N
It is clear that one can adapt the proof of Theorem 7.1 to prove that if k is an even
integer, then the factorial version of (7.10) holds as well.
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