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Abstract. We introduce the concepts of almost-additive and almost-multiplicative
functions. We then prove some results concerning such functions which satisfy certain
regularity conditions.

1. Introduction

Let, as usual, P, N, R, C stand for the set of prime numbers, positive
integers, real numbers and complex numbers, respectively.

In 1985, M. V. Subbarao [10] introduced the concept of weakly multiplicative
arithmetic function (later renamed quasi-multiplicative) as those functions f for
which

f(np) = f(n)f(p)

for every p € P and n € N coprime to p.
Similarly, ¢ is said to be quasi-additive if

g(np) = g(n) + g(p)

for every p € P and n € N coprime to p.
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Clearly, multiplicative (resp. additive) functions are quasi-multiplicative
(resp. quasi-additive) functions.

Many interesting papers have been published on this topic, in particular those
of J. Fabrykowski and M. V. Subbarao [2], J. Fehér and B. M. Phong [3], as well
as B. M. Phong [9].

2. Some known results

The following is an old result proved independently by I. Katai [4] and E.
Wirsing [12].

Proposition 1. Let f be an additive function satisfying

%Z|f(n+1)—f(n)|—>0 as x — 00,

n<x

Then there exists a constant ¢ such that f(n) = clogn for all positive integers n.

In 2000, I. Katai and M. V. Subbarao [5] proved the following four results
regarding wider classes of arithmetical functions.

Theorem A. If a quasi-additive function f is monotonic, then it is a con-
stant multiple of logn.

Theorem B. If f is a quasi-additive function and

%Z|f(n+1)—f(n)\—>0 as x — 0o,

n<x
then there exists a constant C' such that f(n) = Clogn.
Theorem C. If g is a quasi-multiplicative function, |g(n)| =1 and
Ag(n) :=g(n+1)—gn) -0 as n— oo,
then g(n) = n'" for some T € R.

Theorem D. If g is a quasi-multiplicative function, |g(n)| =1 and

1
EZ|g(n+1)—g(n)|—>0 as T — 0o,

n<x

then g is a completely multiplicative function.

Observe that Theorem C and Theorem D also hold for multiplicative func-
tions (see [13], [14] and [8]).
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3. Almost-additive and almost-multiplicative functions

Let B be a subset of primes for which

Z 1 < o0

peEB p
and let B* be the multiplicative semigroup generated by 5. Moreover, let M be
the set of squarefree numbers coprime to B*. It is clear that every integer n can
be uniquely written in the form n = Km, (K,m) = 1, where m is the largest
divisor of n that belongs to M and for which (n/m,m) = 1.

Definition. Let f : N — R7. We say that f is almost-additive if for every
p € P andn € N with (p,n) =1 and (p,B) = 1, we have
f(np) = f(n) + f(p).

Definition. Let g : N — C. We say that g is almost-multiplicative if for
every p € P and n € N with (p,n) =1 and (p, B) =1, we have

g(np) = g(n)g(p).

Our purpose in this paper is to generalize Theorems A-D of I. Katai and M.
V. Subbarao [5] by proving the following results.

Theorem 1. If some given almost-additive function f is monotonic, then
f = Clogn for some C € R.

Theorem 2. If f is an almost-additive function and

%Z|f(n+1)—f(n)|—>() as @ oo, (1)

n<z

then f = C'logn for some C € R.

Theorem 3. If g is an almost-multiplicative function, |g(n)| =1 and

%Z|g(n+1)—g(n)\—>0 as x — o0, (2)

n<zx

then g(n) = n'™ for some T € R.

Corollary 1. If g is an almost-multiplicative function, |g(n)| = 1 and
Ag(n) :=gn+1)—gn) =0 as n— oo,

then g(n) = n'™ for some T € R.
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4. Lemmas

Lemma 1. (P. Erdds) Assume that f is additive and that there are positive
constants ¢y, ¢y and a sequence x,, — 0o (Vv — o0), such that for all v one can
find suitable integers 1 < a1 < --- < a4y < x, such that t > cyx, and

|faz) = flar)| < c2

for every j,k <t. Then f is finitely distributed, i.e. f(n) = clogn + t(n), where

< 0Q.

Z min(1,2(p))

- p

PROOF. Thsi result is Lemma V in the 1946 paper of P. Erdés [1]. O

Lemma 2. Let h be an additive function defined on M and let Ry be a
subset of primes for which
1
Z — < 00.

PERo p

Moreover, let Mg, := {m € M : (m,Rg) = 1} and assume that 1 < Yy, x > e¥°.
Finally, letting p(m) stand for the smallest prime factor of m, set

m<ax
meMpy,p(m)>Yy

Then

SGl¥o) = g (1o (2= ),

where cq is a positive constant which may depend on B and Ry.

PRrOOF. The proof uses standard techniques from analytic number theory,
and we therefore omit it. O

Lemma 3. (Turdn-Kubilius) Let h and Rq be as in Lemma 2. Further let

Yo<p<z p Yo<p<=z p
PEMR, PEMR,

and
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and assume that |h(p)| <1 if p € Mg,. Then

Z (h(m) — a(x)>2 < e18(2|Yo)b3 () + coxbl(x),

m<ax
meMpy,p(m)>Yy

where ¢, and ¢y are absolute constants.

ProOF. This a generalisation of the well-known Turan-Kubilius inequality.
The proof is on the same lines as the standard proof of this famous inequality,
which can be found for instance in the book of G. Tenenbaum [11]. O

5. Proof of Theorem 1

Let F(m) = f(m) if m € M, and F(p®) = 0if p € B and a > 1, as well
as for every p if @ > 2. Then F is an additive function which satisfies Lemma
1. Indeed, let a be a positive integer coprime with B and let m be a positive
integer coprime with al3. Further let I, be the set of positive integers coprime
to B and belonging to the interval [m,am]. Then #1I,, > ¢m for some positive
constant ¢. Now it follows from the monotonicity of the function F' on I, that
F(n) € [F(m), F(am)] for each n € I, thereby establishing that the conditions
of Lemma 1 are satisfied.

Hence, we have

F(n) =clogn + t(n)

where

min 2

Let R ={p € P: |t(p)| > 1}. Then, from (3) we have
1

Z — < 00.

pERp

Let us now consider S(z|Yp) with R instead of Ry.
Let N and M be arbitrary positive integers and let €1, €5, d1, 52 be arbitrary
positive numbers. Let us choose Yy > max(N, M) and set
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Also, let J be the set of those integers m € Mg with p(m) > Yy and m < z, and

set ( )
N tp
a(x) := Z -,
Yo<p<z p
PE€R

We then let v run over £4 N J and p run over Lo N J. Assuming that x is
large, it follows from Lemmas 2 and 3 that with the possible exception of at most
eS(%,Yo) integers v € L1 N J, and at most eS(47,Yo) integers p € Lo N J, we

have
T

t(v) — d(ﬁ) € [—€¢ and t(p) — d(%) € [—e, €,

t2
since Z ﬂ—>0asx—>oo.

Yo<p<z p
PER
Here,
T

d(ﬁ)—d<%) —0 as z — oo. 4)

Indeed, using the Cauchy-Schwarz inequality, we have

(%)~ 2(e)|

tp)| 1 tp)
D I Py by

2z <p< L <p< i
PER PE€R
1/2 1/2
1 t*(p)
< g — . E — —0 asz — oo,
*<r<F *<r<i7 p
PER PE€R

thereby justifying why (4) is true.
We can therefore find a pair (v*, u*) € £1 x Lo for which

t(v*) —t(u*) € [—2¢, 2.

Since v*N < p*M, we have f(v*N) < f(u*M), and so f(N) + f(v*) < f(M) +
f(p®), that is,
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Since € and ¢ can be chosen arbitrarily small, it follows that f(N) — f(M) <
clog (%) Interchanging the values N and M, the inequality f(M) — f(N) <

clog (%) holds as well, implying that

FN) ~ FM) = elog (57,

and therefore that f(IN) = clog N, thus completing the proof of Theorem 1.

6. Proof of Theorem 2

Since Theorem 2 is true for additive functions, it is enough to prove that (1)
implies that f is additive. The proof is very similar to the proof of Theorem 2 in
[5].

Let K = K1 Ko, 2|Ks, (K1,K2) = 1. Let H be the set of those m € M for
which

(1) (m, K) =1

(2) (mK2+1,K1) =1, mKy + 1 is squarefree and belongs to M.

Let us first prove that there exists a positive constant Cy such that

1
xlgr;o; Z< 1= Co. (5)
men

To do so, first consider the arithmetic function

u(n) ::{ 1 ifne M with (n,K) =1,

0 otherwise.

Since u(n) is a multiplicative function, we have that

h(s) = i = 1] (1+pl>

ptKB

ST I (H;)
L, (1)
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B C(S).l;[<1 1)H|KB<1 1+ )
= TL(-3) (- 57)
= ((s)H(s),

say. Let U(n) be defined implicitly by the relation

H(s) = Z@

Observe that U(n) is a multiplicative function defined at prime powers p® as
follows:
o If p| KB, then U(p) = —1 and U(p*) = 0 for each o > 2.
o If pt KB, then U(p?) = —1 and U(p®) = 0 if a # 2.
On the other hand, it easily follows from the definition of B that

3
S
&

Y
Il
-

Moreover,

(d.8)=1 nee
dln, §[Kon+1

For fixed d, §, assuming that (0, K2) = 1, we have that

Z 1:%+o() (x — 00).

n<x
d|n, §|Kon+1

Using this in (7) and taking into account (6), we may conclude that

lim S(m) ZCQ,
r—00 I
where
1 2 1
CICYI DI
PIKa P/ s P/ gk N P

piK2
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thus completing the proof of (5).

Now, given m € H, we have that

f(Em+ Ky) = f(Km) = f(Ky) + f(Kam + 1) = f(K) — f(m)
= [f(K1) + f(K2) = f(K)]| + f(Kem + 1) = f(K2m),

so that
|f(K1) + f(K2) — f(K)| < [f(Km+ K1) — f(Km)| + |f(Kam + 1) — f(Kam)|.
Letting

rc(n) = max,_|f(n+7) = f(n)]

Jj=1

from the assumption (1) of Theorem 2, we find that

éZdK(n)—)O as & — o0.

n<z

Therefore

[F(K1) + f(K2) = f(K)|- Y 1=o(x) (z—o0).

Now, in light of (5), we obtain that
FEL) + f(KR) = f(K),
from which it follows that
f@2%m) + f(n) = f(2%mn)
if (n,m) = 1. Consequently,
f(nm) = f(n) + f(m)

if (n,m) = 1, thus establishing that f is an additive function. Theorem 2 then
follows from Proposition 1.
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7. Proofs of Theorem 3 and Corollary 1

Repeating the argument used in the proof of Theorem 2, we can deduce that

if (2) holds, then g is multiplicative, and by a result of J.-L. Mauclaire and L.

Murata [8], we can conclude that g is completely multiplicative. According to the

famous theorem of O. Klurman [6] and of O. Klurman and A. Mangerel [7], we

have that g(n) = n‘™ for some 7 € R.
Thus, Theorem 3 is true. On the other hand, it is clear that Corollary 1 is
an immediate consequence of Theorem 3.

Acknowledgement

The authors wish to thank the referee for pointing out some flaws and making

constructive suggestions which greatly improved the final version of this paper.

1]
2
3
[
5
6]
7
g
9

[10]

1]

(12]

References

P. ERDGS, On the distribution function of additive functions, Annals Math. 47 (1946),
1-20.

J. FABRYKOWSKI AND M. V. SUBBARAO, A class of arithmetic functions satisfying a
congruence property, Journal Madras University, Section B 51 (1988), 48-51.

J. FEHER AND B. M. PHONG, On a problem of Fabrykowski and Subbarao concerning
quasi multiplicative functions satisfying a congruence property, Acta Math. Hungar. 89
(2000), 149-159.

I. KATAL On a problem of P. Erd8s, J. Number Theory 2 (1970), 1-6.

1. KATal AND M. V. SUBBARAO, Quasi-additive and quasi-multiplicative functions with
regularity properties, Publ. Math. Debrecen 56 (2000), 43-52.

O. KLURMAN, Correlations of multiplicative functions and applications, Compositio
Math. 153 (2017), 1620-1657.

O. KLURMAN AND A. MANGEREL, Rigidity theorems for multiplicative functions, Math.
Annalen 372 (2018), 651-697.

J.-L. MAUCLAIRE AND L. MURATA, On the regularity of arithmetic multiplicative func-
tions, 1, Proc. Japan Acad. 56 (1980), 438-440.

B. M. PHONG, Quasi multiplicative functions with congruence property, Acta Acad.
Paedagog Agriensis Sect. Math. (N.S.) 25 (1998), 55—-59.

M. V. SUBBARAO, On some arithmetic functions satisfying a congruence property, Ab-
stracts Amer. Math. Soc. 86, 324.

G. TENENBAUM, Introduction to Analytic and Probabilistic Number Theory, Cambridge
studies in advanced mathematics, Cambridge University Press, 1995.

E. WIRrSING, Characterisation of the logarithm as an additive function, Proc. Sympos.
Pure Math. 20 (1969), 375-381.



Almost-additive and almost-multiplicative functions 11

[13] E. WIRSING, TANG YUANSHENG AND SHAO PINTSUNG, On a conjecture of Kétai for
additive functions, J. Number Theory 56 (1996), 391-395.

[14] E. WIRSING AND D. ZAGIER, Multiplicative functions with difference tending to zero,
Acta Arith. 100 (2001), 75-78.

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE
UNIVERSITE LAVAL

QUEBEC, QUEBEC G1V 0A6

CANADA

E-mail: jmdk@mat.ulaval.ca
URL: http://www.jeanmariedekoninck.mat.ulaval.ca

COMPUTER ALGEBRA DEPARTMENT, FACULTY OF INFORMATICS
EOTVOS LORAND UNIVERSITY

H-1117 BUDAPEST, PAZMANY PETER SETANY 1/C

HUNGARY

E-mail: katai@inf.elte.hu
COMPUTER ALGEBRA DEPARTMENT, FACULTY OF INFORMATICS
EOTVOS LORAND UNIVERSITY

H-1117 BUDAPEST, PAZMANY PETER SETANY 1/C
HUNGARY

E-mail: bui@inf.elte.hu



