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Abstract

We provide some consequences of recently proved conjectures of Katai re-
garding the values taken by arithmetic functions at consecutive integers.

1 Introduction

We provide an update on some consequences of some old conjectures formulated by
Kaétai, many of which have recently been proved by O. Klurman [2] and others by O.
Klurman and A.P. Mangerel [3], [4].

2 Notation

Let T := {z € C : |z| = 1} stand for the set of the points on the unit circle and
let M; stand for the set of multiplicative functions f such that |f(n)| = 1 for all
positive integers n. Given f € M, consider the arithmetic function d(n) = ds(n) :=

f(n+1)f(n). Given z € R, we set ||z|| = min,ez |x—n|. Asis common, we let A stand
for the set of additive functions. Finally, given h € A, we set Ah(n) := h(n+1)—h(n).

3 Some old conjectures of Katai and their recent
proofs

We first state some conjectures.

Conjecture 1. (Kdtai [1]) Let f € My and consider its corresponding function
. it
d = 0y. ]fg}grgog Z: |0(n) — 1| =0, then f(n) =n" for somet € R.
Conjecture 2. (Kdtai [1]) Let f € My and consider its corresponding function
1 .
0 =06y If lim Z =|8(n) — 1| =0, then f(n) =n" for somet € R.
n

z—o0 log x =
n<z
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Conjecture 1 was proved by Klurman [2], whereas Conjecture 2 can be proved in
a similar manner.

Conjecture 3. Let f € M, and consider its corresponding function 6 = dy. Assume
that there exists some w € T' and some € > 0 for which |6(n)w —1| > € for alln € N.
Then f(n) = g(n)n® for some t € R, where g(n)k =1 for alln € N and some k € N.

Conjecture 3 was proved by Klurman and Mangerel [3].

Conjecture 4. Let f € M, and consider its corresponding function § = 0. Assume

1
that there exist some w € T and some € > 0 for which lim — Z 1=0. Then

T—00 I
n<z

[§(n)w—1|<e

f(n) = g(n)n® for somet € R, where g(n)* =1 for alln € N and some k € N.

Klurman and Mangerel claim (private communication) that they can prove Con-
jecture 4.

The above statements can be reformulated for additive functions through the
following theorem.

Theorem A. Let h € A and assume that either

1
3.1 lim — Ah =0
(3.1) Jim 3 3 lsnio)|
or
(3.2) lim —— 3" L Anm)] =0
: xl—g}o logxn<xn =

holds. Then there exists some ¢ € R such that h(n) = clogn (mod 1) for all n € N.

Proof. This result is an obvious consequence of Conjectures 1 and 2. Indeed, setting
f(n) := ™™ we have that f € M, and §;(n) — 1 < ||Ah(n)]||, implying that
(3.1) is equivalent to the condition of Conjecture 1 whereas (3.2) is equivalent to the
condition of Conjecture 2. O

We state our last conjecture.

Conjecture 5. Let h € A, £ € [0,1) and e > 0. Let ny < ny < --- be a sequence
1
of positive integers of positive density. Assume that lim — E 1=0. Then,

T—00 I
n;<xz

| an(nj)—¢ll<e

there exists k € N such that k& € Z.

One can easily see that Conjecture 5 is actually a reformulation of Conjecture 4.



4 Main result

Theorem 1. Let h € A and 7 € R\ Q. Assume that

1 1

(4.1) lim — ; [ARm)|[ =0 and  lim — ; |[TAh(n)| =0

or

(42 lm —— Y LA =0 and  tim —— 3 lrAR@m)| =0
' ) log = n N ¢ ) log x " -

n<lx n<lx

Then, there ezists ¢ € R such that h(n) = clogn for all n € N.

5 Proof of Theorem 1

It follows from Theorem A that there exist ¢i,co € R and integer valued additive
functions u(n) and v(n) such that

h(n) =cilogn+u(n) and 7h(n) = cylogn + v(n) for all n € N.
Since Th(n) = ¢;7logn + Tu(n), we have that, for all n € N,
(5.1) Dlogn =v(n) — tu(n), where D = c¢;7 — cs.
If D =0, then v(n) = Tu(n) for every n € N, implying that u(n) = v(n) = 0 for each

integer n > 1, thus completing the proof of Theorem 1 in the case D = 0.
From here on, we can therefore assume that D # 0. From (5.1), we have that

logn =
so that, for arbitrary positive integers p and ¢, we have

Du(q)logp = wu(q)v(p) — Tu(p)u(q),
Du(p)logq = wu(p)v(q) — Tu(p)u(q),

from which we obtain that

u(q)
(5.2) Dlog (%) — ulg)o(p) — ulp)ule) = L(p.q).

So, let us first assume that there exist distinct primes p, ¢ and co-prime prime powers
P, @ for which L(p,q) # 0 and L(P,Q) # 0. Let A, B be such that




It follows that 5 A
log pU(q) log pu@)
qu(®) QuP) ’

But, in light of the uniqueness of prime factorisation, this can hold only if u(P) =
u(®Q) = 0 and u(p) = u(q) = 0, which contradicts our condition D # 0.

Hence, it remains to consider the case where there exist at most three primes
T < my < mg for which ’LL(?T;j) # 0 for some e¢; € N for j = 1,2,3. Consider the
integers n = w{'v, where v runs over those integers such that (v, mmems) = 1 and
(n 4 1,mmems) = 1. In this case, we have

Ah(n) =h(n+1) — h(n) = c;log (1 + Wflly) — (),

from which it follows that

lim  Ah(n) = —u(ni'),

TL:ﬂ';lV—N)O
which in turn implies that

lim Arh(n)= lim (v(n+1)—wv(n))=—T1u(n]).
'I’L:ﬂ'flV_ﬂ)O n:ﬂfl V—r00
Now, since v(n+1)—wv(n) € Z and u(wy*) # 0, we have established that, for a suitable
0 > 0, there exists ng € N such that

|Tu(mt) + (v(in+1) —wv(n))|| >0 >0 for all n > ny,

again a contradiction. This completes the proof of Theorem 1 in this particular case.

It remains to consider the case where there exist only two primes m; < w9 for which
for suitable e, e5 € N we have u(77') # 0 and w(73?) # 0. Similarly as above, let us
consider those integers n = n{'v, where (v, mme) =1 and (n+ 1, mm) = 1. We may
then argue as above and conclude that this situation also leads to a contradiction.

Therefore, it only remains to consider the case where u(P) = 0 for some prime
power P = p’ and u(m) = 0 for every m coprime to P. Let us first assume that there
exist positive integers ()1 and ()5 such that (@1, @Q2) = 1 and (p, Q1Q)2) = 1 for which
v(Q1) # 0 and v(Qy) # 0. We then have

DlogQ; = v(Q;) forj=1,2,
log Q1 v(Q1)

log Q2 v(Q2)’

which implies that QII)(QQ) = QS(Ql), which is clearly impossible. If u(n) = 0 for all
n € Nor if v(n) = 0 for all n € N, we are done.

So, consider those integers n = p‘v, where v runs over those positive integers sat-
isfying (v, p) = 1. In this case, we have u(n+1) = 0 and u(n) = u(p’). Consequently,

lim  Ah(n) = —u(p®) and lim  Arh(n) = I%HL (v(n+1)—v(n)) = —1u(p?),

n=plv—oco n=plv—oco n=p*v—o0

which is also impossible, thus completing the proof of Theorem 1.
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