NEW UPPER BOUNDS FOR THE NUMBER OF
DIVISORS FUNCTION

JEAN-MARIE DE KONINCK AND PATRICK LETENDRE

ABSTRACT. Let 7(n) stand for the number of divisors of the positive
integer n. We obtain upper bounds for 7(n) in terms of logn and the
number of distinct prime factors of n.

1. INTRODUCTION AND NOTATION

Let 7(n) stand for the number of divisors of the positive integer n and
w(n) stand for the number of prime factors of the positive integer n. We
shall also be using the functions

v =1Tp B =[[—

logp’
pln pln

In 1915, Ramanujan [8, (3)] obtained the inequality

og(ny(n))\*“™
() < () ) (a2 o)

w(n)

In this paper, we compute explicitly some interesting limit cases of (1.1)
and show that for k = w(n) > 74,

logn b
1
T(n) < < + klogk)

We also provide another proof of (1.1) in Corollary 4.5.

From here on, for each integer £ > 0, we let
Ng := p1p2 -+ - Pk, the product of the first k£ primes (with ng = 1).

Also, when we write log, z, we mean log max(2, x).
Finally, given the factorization of an integer n = ¢ --- ¢;* with ¢; <

- < qg, we call the vector (ay, ..., ax) the ezponent vector of n.
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2. BACKGROUND RESULTS

It is well known that

Q(n) w(n)

2.1 2+ < < (14 —= > 2

(2.) << (1+59) 0 w22,

where Q(n) stands for the number of prime divisors of n counting their
multiplicity. Here, the lower bound is best possible in general and the upper
bound, which follows from the inequality between arithmetic and geometric
Q(n)
w(n)
is near 1 for almost all integers n, as was shown for instance by the first

means, is of great interest. For instance, it is known that the quotient

author in [2]. In fact, one can use (2.1) and the estimate

H{n <z :Q(n) > s»w(n)} < z(loglog x)(log x)zl—%_1

valid for all 5 > 1 and x > 3 (see Corollary 3.6 p.436 in Tenenbaum [11]
or for an even sharper estimate, Balazard [1, Théoreme 3]) to show that for

every fixed € > 0,
7(n) < (2 + )™ for almost all n.

We are motivated by the fact that, since Wigert [12], we know that
(log 2)(logn) L0 logn
log logn (loglogn)?

and by the fact that it has been proved by Nicolas and Robin [6] that the
maximum value of the function
log(7(n))loglogn

log2logn
is attained at n = 6983776800 = 2°-33.52.7-11-13-17-19 = 720ng and
that its value is approximately 1.5379. Much more is known on the ratio

log 7(n) <

(2.2) (n>3)

(2.2), as explained in [5]. But, meanwhile, those large values are almost
never attained since it has been proved by Erdés and Nicolas [4] that, given
any real ¥ € (0, 1), the cardinality of the set of those n < x for which

w(n) >

— loglogx

log

is < 277 a5 2 — co. Furthermore, this set corresponds exactly to the
set of values where 7(n) is large. This can be deduced from inequality (1.1).

That is, if we define ¥ by w(n) = 19101;1% for n > 16, then we find

1\ 1 log log1
9 ) loglogn loglogn
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1
Observe that the function 9 — ﬁlog(l + 5) is strictly increasing from 0

to log 2 as ¥ goes from 0 to 1.

Robin [9] also designed an algorithm that allows one to easily obtain the
list of all highly composite numbers with less than k& prime factors, which
yields the absolute best estimate for 7(n) for every n < z for any given z.

Before stating our main results, we introduce the function A(n) defined

= (1 )

where k = w(n) > 2. Therefore, for each integer n > 2 with w(n) =k > 2,

we set

implicitly by

((n)"* — 1)klog k’

(2.3) A(n) = Tog

3. MAIN RESULTS

Theorem 3.1. For every integer n > 2,

12 logn <)
(3.1) 7(n) < (w(m log+w(n)) ’

where

1 log 60060
s = exp( = 1og 96 — log [ 227 ) ) = 2.0907132 ...
6 6log6

Theorem 3.2. For every integer n > 24ns = 782139803452561073520,

2logn “(r)
(3.2) 7(n) < (w(n) log w(n)) .

Moreover, the inequality remains true for all n > 2 with w(n) < 3.

Theorem 3.3. For every integer n > 2,

logn w(n)
. < (1
33) )= (1 roe )
where
(115247 — 1)7log 7

= 1.1999953 . ..
log 367567200

15 = A(720n7) =

Theorem 3.4. For every positive integer n with k = w(n) > 74,

logn

(3.4) T(n) < (1 + klogk)k
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Remark 3.5. The number
n =28.3.5.74.11%.13%. 173 . 19%...53% .59 . .. 367,

whose prime factors are the first 73 prime numbers, shows that Theorem
3.4 is best possible since A(n') = 1.0008832... In fact, one can find similar
examples n (that is, with A(n) > 1) for each w(n) = k € [3,73]. Also, the
methods used in the proof of Theorem 3.4 allow one to show that the largest
value of A(n), with w(n) = 74, is attained only by the number

n' =9213.38.55.74.113.13%-.17-192...532.59...373

and for which A\(n”) = 0.99991077... (Observe that the number n’ realizes
the unique maximum of the function A among the integers n with exactly
73 distinct prime factors.)

By comparing the lower bound in (2.1) with (3.4) and after some com-
putation, one can show that the inequality

n > w(n)“™ (n>2)

holds for each n satisfying w(n) ¢ [4,12] or n > 43n;;. This helps to under-
stand why Theorem 3.4 is more powerful than Theorem 3.2.

Theorem 3.6. The largest integer n with k = w(n) > 44 for which A(n) > 1
1s the integer made up of the first 44 primes that has the exponent vector

(3.5)
(354,223,152,125,102,95,86,83,77,72,71,67,65,64,63,61,59,59,57,57,56,

55,55,54,53,52,52,52,51,51,50,49,49,49,48,48,48,47,47,47,46,46,46,46) .

There are infinitely many integers n for which A\(n) > 1. Most of them
satisfies w(n) = 43, see the final remarks of this paper for more informations.

4. PRELIMINARY LEMMAS

Definition 4.1. Let x;, with i € {1,...,k}, be fixed real numbers that
satisfy 0 < 1 < --- < . Let

and

k
w = Z |z; — pl-
i=1



NEW UPPER BOUNDS FOR THE NUMBER OF DIVISORS FUNCTION 5

Assume also that r1 < -+ < 2z, < p < 2y < --- < 23 for a fixed
m € {1,... ,k— 1} where k > 2. Further set

T+ + Ty w
h=——————"=W/b— 5,
m 2m
RS e e ol " w
Hz = k—m -/ 2(k —m)
and also
w1 322‘%—#1’
i=1
and

k
wy 1= Z |x; — ol

1=m+1

Example 4.2. Here it is how this notation is used throughout the proof of
Theorem 3.6. Let’s fix an integer n = ¢ - - - ¢.*. For each i € {1,2,... k},
we define 0; implicitly by n% = ¢, so that 6; + - - - + 6 = 1. We write
(4.1) = (2 + 1) log g;

logn
and assume that the primes ¢; are ordered in such a way that (4.7) holds.
In this case we have

(42) o= L (1 o)

logn

(a; +1)klogg; — logy(n)
logn

1
Ml:%(Hlogv(n)) @ Mz:%(1+1<3g’y(n)>+ @

w
1= =
Bk

logn 2km’ logn 2k(k —m)’
1 <~ | (s +1)klog g; —log y(n) @' @)
4.3 = — 1 == 2
(43) “1 k ; logn + 2m k
and
k
1 (a; +1)klogg; — logy(n) @' W)
4.4 = — - 2
(44 = k i:%;rl logn 2(k —m) k

Lemma 4.3. (i) For k > 1 we have
(4.5) ry--ay < b
(ii) For k > 2 we have

(4.6) e < s
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(iii) Fork >4, letm € {2,...,k—=2}, my € {1,... ., m—1}, my € {1,... k—
m — 1} and assume that
(47) 0<x1§"‘§xm1Sﬂlgxml+1S"‘Sxmgﬂgxnz-&-lS“‘Sxm-kmg§N2gxm+m2+1§“‘§xk'

Then,
(48)  wms(m-gk)" (b o) (ema) " (ot )

Proof. In each case, we simply use the arithmetic-geometric inequality for
the corresponding sub-product of variables for which we know the average.

g

Lemma 4.4. Let k > 1 be an integer, z; > 0 and 0; > ;—1 be real numbers

fori=1,...,k, and assume that
0 +--+60,=1.

Then,
k k

(4.9) [Ta+6z) <]] (%) <1+izi>k

i=1 =1

with equality if and only if

Proof. Using the arithmetic geometric mean inequality, the hypothesis z; >

0 and the fact that for each 7 we have 1 + 6;z; > 0, we can write

flo s - ({1:) (f1(o 1)
ST (S(01)
S IBIE

We have equality if and only if

k
1 1 Zl .

thus completing the proof. O

Corollary 4.5. Assume the above notation. Then, for every integer n > 2,

(4.10) 7(n) < (logn)“’(") (1 + M)w(n) B(n)

w(n) logn




NEW UPPER BOUNDS FOR THE NUMBER OF DIVISORS FUNCTION 7

and

(111) r(n) < (210“)“@ B(n).

w(n)

Proof of Corollary 4.5. We write n = ¢* - - - ¢i* and n% = ¢ as in Exam-
1
oz

r(n) = f[a ta) = ﬁ (1 Lo bgin)

=1 i=1
logn b logy(n) b 1
< 1+ ;
k logn logp
pln
which proves (4.10). Since log~y(n) < logn, inequality (4.11) follows imme-
diately from (4.10). O

ple 4.2. Using inequality (4.9) with z; = we have

In any event, observe that it follows from Corollary 4.5 that

(4.12)  An) < (H @> " ; logn(n) (H @)W _ klogk

logp logn log p logn

pln pln

Lemma 4.6. (i) Assume that p > 0, m > 1 and k —m > 1. Then, the

function

(4.13) @ (n- %)m (u + ﬁ)k%

decreases when w increases from 0 to 2myp.

(ii) Assume that u >0, w1 >0, we >0, m>1, k—m>1,m; > 1, mg >
Lm—mi>1, k—m-my>1 p—g-—51->0 andu—kﬁ—% > 0.
Then, the function

A1) 1) = (o5) " o grnSm)

(itarZm 5 ) (e ey )

k—m—mqo

has the property that if f'(wo) < 0 for some wy > 0, then f(w) < f(wo)
for each @ > wy.
(iii) Assume that A >0, B>0,C >0,v >0, 7% >0, 00 >0, 02 > 0,
01+ 02 =1 and C < AB. Then, the function

A 01 A ] C
(1.15) B l) (we?) =€

z z
decreases when z increases for z > 0.
(iv) Assume that A >0, B>0,C >0,z2>0,v >0,7% >0, v >0,
Y4 >0,0>0,0>0,03>0,0>0,00+02+03+0s=1and C < AB.
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Then, the expression

A 01 A 02 A 03 A 04 C
(4.16) B <’71 + —) (72 + —) (73 + —) (’7/4 + —) - —
z z z z z

decreases when z increases.

Proof. (i) Since the function (4.13) is assumed to be positive, it follows
that its derivative with respect to @ has the same sign than its logarithmic
derivative with respect to w. Then, since the logarithmic derivative is
-1 1
20— 2 o 20+ ==

it is clearly strictly negative when 0 < w < 2mu.
(ii) Again, the function f is assumed to be positive in which case its de-
rivative with respect to @ has the same sign than its logarithmic derivative

with respect to w. Also, we have

L)
f=) w2 (oi-gt) (o R nh)

mo k—m—mgo

2 2
(k—m)? (2”+ﬁ—%) (k—m)? (2“+ﬁ+k—573m)

which is clearly negative. We deduce that if f'(wwg) < 0 for some wy > 0,
then f'(w) < 0 for each w > @y which in turn implies

w

(@) — (o) = / Ft)dt <0

@™o
for each w > wy, thus establishing our claim.
(iii) We take the derivative of (4.15) with respect to z and multiply by z2.
We then see that the wanted property is equivalent to

A 01 A 02 Ql 02 )
417 C < AB + — + — + )
(4.17) (% Z) <72 Z) <%+§ Yo+ 2

Now, from Jensen’s inequality for the exponential function, we have

1
) < &—F@ (21,22 >O>

We deduce that the hypothesis C' < AB implies (4.17). (iv) is done in the

same manner and the proof is complete. O

Lemma 4.7. Let A and B be fized positive real constants. Consider the
function 1 .= Z x R* x R — R defined by

(a+1)B—A

(4.18) (o, x,p) = .

@\ -
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(1) Assume that x1,01 > 0. The minimum of the function ¥ («a,x, @) for
a €7, x € |x1,3] and @ € [p1, 2] is either 0 or is given by the minimum
over the eight possibilities provided by

A A
c {{%J —1, {%—‘ — 1}, x € {z1, 22} and ¢ € {p1, P2}

The minimum is 0 if and only if

Vl@l +A—‘ < V%OQ —I-AJ

(4.19) - =

(ii) Let 6 > 0 be a fized real number and assume that x1,¢1 > 0. The
minimum of the function (o, x,1) for

(1—5)x1+A-‘ _1’.”7{(1+5)x2+AJ _1}

T € (11, 29] (mdaGZ\{[ I I

15 given by the minimum over the four possibilities provided by

o€ HM#W -2, {M#J} and x € {x1,22}.

Proof. (i) First, assume that the minimum is 0. Choose (o, z, ¢) that real-
izes 0. We deduce that a + 1 = 2254 and then it is equivalent to having

B
(4.19). Now, assume that the minimum is not zero. In this case, L%J <
{%ﬂ = \_%J + 1. Also, if (a,x,¢p) realizes the minimum then

there are two cases. We either have W — ¢ > 0, in which case
a+1 > V—l‘%ﬂw, or we have W — ¢ < 0, in which case we
have a +1 < L%J. It is then clear that the minimum is attained for

S {Lx—w’éjj -1, (%W — 1}. To conclude, we remark that, once « is

fixed, W — ¢ attained its extremum at the edges of the intervals since

it is a sum of independent monotone functions.
(ii) The choice for « is clear. Also, if we assume that the minimum is not
0 then the choice for x is also clear. Now, assume the contrary, that the

minimum is 0 and that it is attained at (a,z) with o = [(1—5)++A-‘ —-2=

—(1_63;1“1 — 2+ ¢ for some ¢ € [0, 1]. In this case,

(1—8)z{+A
(+72+5+1)37

(a+1)B—A _

A a-m 1B 5

and similarly for the other choice of «. This shows that the minimum is not
0 and the proof is complete. O

Lemma 4.8. We have
k
(4.20) > logp; < k(logk +logloghk —3/4)  for k>3,

i=1
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loglogk —5/4
log k

k
(4.21) Zlog logp; > k <log log k + > for k > 319
i=1

and
(4.22) B(ng) < (logk)™  for k > 44.

Proof. We first prove inequality (4.21) using induction. We verify using a
computer that it holds for each k£ € [319,900 000]. Then, we assume that
inequality (4.21) holds for some & > 900 000 and we want to establish it for
k + 1. Let’s define the function

logl —5/4
W(x) ::x(loglogx—l— oglogz — 5/ ) (x >e).

log x
It will be enough to show that

loglog px+1 > W(k+1) —W(k) (k> 900 000)

On one hand, it is known that p; > jlogj (see for instance Rosser and
Schoenfeld [10]) for each j > 1, so that

2

loglog pr+1 > loglog(k + 1) + loi;gk(/i—;)l) — %(loiz)(gk(/i—;)l)>
Also, from the mean value theorem we know that there is a value of £ €
(k,k + 1) for which W(k + 1) — W(k) = W'(§). Since exp(exp(9/4)) <
900 000, we deduce that inequality (4.21) holds at k + 1 if

1.1 (loglog(k + 1))?
4 =2 log(k+1)
which is the case for £ > 900 000. The proof is complete.

Inequality (4.20) can be done using a similar method or one can also

use the sharper result of Massias and Robin, see [7, (1.14)], along with a
verification using a computer for £ = 8,...,13. Finally, (4.22) follows from
(4.21) and an easy verification with a computer. U

Let us further introduce the function

7(n)'/*
(4.23) )= (n22),

Lemma 4.9. Let n > 2 be an integer, 2 < k = w(n) and p be a prime
number. If p®||n with o > 2, then

o s = (0 7) (1= 1t)

and

(4.25) t;f;;) < <1+ %) (1 - 11239@) |
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Also, for { € {1,2}, we have

(4.26) 1y L) (1oker) s e
ko logn

and

{ (logn l log p
4.2 = 2, |+ -1 1+— 11— 1.
o = (21 (5 -1) ) = (o) (-8 <

Proof. We write n = p®m, so that (p,m) = 1 and therefore,
An) 7)Y —1 logn/p
An/p) — 7T(n/p)VF—1 logn

- (1 r{n)k T<n/p>1/’f) (1 k)

T(n/p)V/k —1 logn

- <1 o r(m)"" ((a+ 1)V — ozl/k)> (1 - 10gp>

n/p)t/k —1 logn

< (i) ()

where the last inequality follows from the fact that

gLk 1/k

a
(a+DYF—atF < sup 2= —.
E€la,atl] kf ka

—*7 is strictly decreasing for z > 1, the result
then follows from the fact that 7(n/p)"/* > 2. The proof of inequality
(4.25) is similar and the proofs of (4.26) and (4.27) follow from an easy

computation. U

Since the function z —

Lemma 4.10. For any real z > 1 and integer n = ¢ - - - qo* > 2, let

logy(n) 1 klog k
4.2 =logk |1+ ——-—+ Me_ 22
(128) vl z) i togk 14 210 ) gy B8
Then,

d
(4.29) d—v(n, 2) <0 (n>2)

z

with strict inequality if w(n) > 2. Also,
(4.30) v(ng,ng) <1 (k > 95).

Proof. To prove (4.29), we first observe that

d log’y(n)ﬁ(n 1k klog k

—uv(n,z) = —logk ,
dz (n, 2) s zlog? 2 zlog? 2

which implies that (4.29) is equivalent to

k< B(n)"*logy(n),
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which itself is a consequence of the arithmetic geometric mean inequality
applied to the numbers log p for p | n.
To prove (4.30), by observing that v(ny) = ny, we must show that

k 1
4.31 2 —1/k,
(4.31) < (lognk + log k;) Bln)

Using inequalities (4.21) and (4.20) we see that the right hand side of (4.31)

18

loglogk —5/4 1 1
1 .
eXp(Oglong-i- log k logk+logk+loglogk—3/4

loglogk —5/4 14 log k
log k log k + loglogk — 3/4
=2

\%

loglogk loglogk — 5/4 14+ log k
log k log k + loglogk — 3/4

loglogk —5/4 1/2

> 2,
log k logk + loglog k — 3/4

+

for each k£ > 319. On the other hand, using a computer, one can easily check
that (4.30) holds for each integer k € [95,318], thus completing the proof
of (4.30). O

Lemma 4.11. Let o € (0,1), ¢1,¢0 € R with ¢ > 0, ¢cg > 0 and I :=
(cl_l/a + ¢9,00). Consider the function g : I — R defined by

c(z—c)*—1

9(z) = .

S . . : -1
Then, g attains its unique mazimum at some point zp > ¢, /e + ¢3.

Proof. Consider the function i : I — R given by
(4.32) h(z) =22z — &) 7 (2) = craz — c1(z — &) + (2 — o) 7%
It follows from this that A and ¢’ have the same sign and the same zeros in

I. Moreover, h(c; Ve + ¢9) is positive and h(oco) = —oo0. On the other hand,

11—«

h/(z) = cl(a — 1) + m

9

in which case,
W(z) =0 <= 1=c¢(z— )",

which is impossible for z € I. Now, because h'(c0) < 0, this means that
h'(z) < 0 for z € I. The result follows. d
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5. PROOF OF THEOREM 3.1

It is easy to verify that (3.1) holds when w(n) = 1. For any n with
w(n) > 2, we introduce the function r(n) defined implicitly by

e"™ logn win)
CNEo0)
Hence, for any n with w(n) > 2, we have
1 logn
(5.1) r(n) = o) (logT(n) —w(n)log <—w(n) lfgw(n))) :
Observe that for n, := 60060 = 22-3-5-7-11-13 we have r(n,) =
0.737505.. .. = log 2. We claim that n, is the only integer n with w(n) > 2
that maximizes the function r (this function is bounded, as it will become
clear below). To prove it, we proceed by contradiction. Assume that, for
some k > 2, there exists an integer n’ # n, with w(n’) = k for which (3.1)
is false and moreover that r(n’) is maximal. It is clear that the factorization
of n’ takes the form

k
(5.2) n' = Hp?l with a; > ag > -+ > oy,
i=1

where the p;’s are the primes in ascending order.

Using (4.11) (from Corollary 4.5) and (4.22) (from Lemma 4.8), one
easily see that r(n’) < log2 = 0.693... if £ > 44 which is non sense since
r(n.) = 0.737... Thus we must have k£ < 43. Now, it follows from (4.11)
that

59 o< (2B < (22 o

Inserting (5.3) in (5.1), we then get

, 1 2logn/ log n’
< =1 | — k1
r(n') < k(ogﬁ(nk)—l—k: og( 3 ) kOg(klogk>)

log (1)

r
a quantity which depends only on k. On the other hand, using a computer
reveals that r(n') < logn, for each k € [2,3] U [25,43]. This contradicts
the choice of n'. Therefore we only need to consider the cases when k €
{4,...,24}.

Now, inserting (4.10) in (5.1), we have that

1 logn/ log ny log n’
< E(logﬁ(nkwklog( 5 )+’“°g<1+1ognf #1og  Flogk

- log (k) + loglog k + log (1 + ) =ri(n’, k),

k

= log2+ loglogk +

A

r(n’)

log ny,
log n/
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where

1 1
(5.4) ri(z, k) == Log () + loglog k + log (1 + ;)gnk) :

k 0g z
We observe that the function ri(z,k) decreases when z increases. Thus,
defining z; as the unique solution in z of r1(z, k) = logn,, we obtain that
n’ < z given that w(n') = k.
We now consider the function

(5.5) u(z) = r?zeg:{é : ng <z}

Observe that, since n' is of the form (5.2), u(zx/ny) is an upper bound for
the rank j of the largest prime p; such that pjz | »’. One may verify that
for each k € {4,...,24} we have u(z;/ng) < 3 implying that j < 3. Now,
recalling the definition of ¢(n) given in (4.23), we may write

r(n) =logt(n) + log(w(n)logw(n)).

Hence, for a fixed value of k = w(n), it follows that r(n) increases or de-
creases along with ¢(n). Therefore, our hypothesis implies that ¢(n’) is max-
imal. Thus for each j € {1, 2,3}, using inequality (4.25) and the maximality

of t(n'), we can write

t(n') 1 log p; 1 log p;
1< <1+ -— 1—-— )< |1+ — 1-
~ t(n'/pj) ~ ( * ka) ( logn’ ) — " e log 2, )’

and we obtain the desired contradiction if this last expression is less than 1,

which will happen if the integer v > 2 satisfying p¥||n’ is large enough. Using
(4.27) we get an upper bound for each of the first three components in the
exponent vector of n’. In fact, one may verify that, for each k € {4, ... ,24},

(4,2,2,1,...,1)
——
k—3
is an upper bound (in each of its coordinates) for the exponent vector of n/,
implying that there are just a small number of cases to verify. After all the
computations are done, we obtain a finite set of pairs (n,r(n)) including
(n.,7m(n.)) and find that all the other pairs in this set satisfy r(n) < r(n,).

This contradicts the existence of n’ and completes the proof of Theorem
3.1.

6. PROOF OF THEOREM 3.2
We first verify that (3.2) does not hold for the integer

N, 1= 782139803452561073520 = 24n46.
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If n is any integer such that w(n) > 44, then it follows from Corollary 4.5
and Lemma 4.8 that inequality (3.2) is satisfied (see the proof of Theorem
3.1). Since it is clear that (3.2) holds when w(n) = 1, it remains only to
consider the set of integers n such that 2 < w(n) < 43. For any such k, let
zr be the unique solution in z to

r1(z, k) = log2,

where 71(z, k) is the function defined in (5.4).

We proceed by contradiction by assuming that there exists an integer n’
such that w(n’) € {17,...,43} and for which (3.2) is false. We may also
assume that n' realizes the maximum of the function r and moreover that
n' is of the form (5.2). As in Theorem 3.1, we have n’ < 2, and one can
verify that u(z/ni) < 5. Thus, the exact same method that we used in the
proof of Theorem 3.1 leads to an upper bound for the exponent vector of n’
given by

(5,3,2,2,1,...,1).
e

One can then verify, using a computer, that neither of these finite num-
ber of possibilities leads to a number n that does not satisfy (3.2), thus
contradicting the existence of n'.

We can therefore assume that 2 < k < 16. Since 2o = 3.25..., 23 =
36.12... and r(30) < log2, we deduce that in the particular cases k = 2
and k = 3, there is no counterexample in integers n of the form (5.2) to
inequality (3.2). Thus, there is no counterexample in integers n > 2 with
w(n) < 3. For 4 < k < 16 there are counterexamples to (3.2) and thus we
need to focus our attention on getting a good upper bound for every such
integer in terms of k only. In order to do this, we first exhibit the values of
uy = u(zx/ny) (easily obtained using a computer) in Table 1.
E|4|5(6|7|8[9|10|11|12|13|14|15]16
up |11213[3[|3[4/4 (444|555

TABLE 1

We can use this information to obtain an upper bound for 7(n) for any
such counterexample n of (3.2). Indeed, by using the multiplicativity of the
function 7 and inequality (4.10), we get that for any such n with w(n) = k,
2k=uk 3(p, zen? \ “F
T(n) < dk — ék(n k) <log k uk) )

A priori this inequality is valid only for integers n of the form (5.2), but it
is then clearly also true for any counterexample to (3.2) since any general

counterexample to (3.2) has an associated counterexample of the type (5.2)
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with the same exponent vector once the prime factors are properly ordered.

We use this inequality in (5.1) and introduce the function

1 log 2z
ro(2, k) = z (logdk — klog (k’lfgk)) :

Now, let z;, be the unique solution in z to

ro(z, k) = log 2.

Since d%'r’g(z, k) < 0, we deduce that zj, is an upper bound for the largest
possible counterexample n to (3.2) with an hypothetic value of 7(n) equal
to dy; clearly this is the largest among those we find with any smaller value
of 7(n). We then find, using a computer, that zj, is smaller than 24n,¢ for
each k € {4,... 15}

For k = 16, the situation is somewhat different. Instead, we verify by

using zj4 that there are only three possible exponent vectors, namely
(3,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1)

(6.1) (3,2,1,1,1,1,1,1,1,1,1,1,1,1,1, 1)
(4,2,1,1,1,1,1,1,1,1,1,1,1,1,1, 1)

that yield a counterexample to (3.2) in integers n of the type (5.2). For
each of these, the smallest number strictly larger than the basic form is
obtained by replacing the largest prime factor p;g = 53 by 59. We then
obtain numbers n which give r(n) < log2. We deduce that 24n, (which
corresponds to the last exponent vector in (6.1)) is the largest of these. The
proof of Theorem 3.2 is then complete.

7. PROOF OF THEOREM 3.3

We first verify that for n, := 720n; we have A(n,) = 1.1999953 ... := ns.
We will show that n, is the only integer that maximizes A. In order to
reach a contradiction, we will assume that there exists n’ # n, for which
A(n') > A(n.). Again, it is clear that the maximal value of A exists and is
attained by an integer of the form (5.2). Therefore we will assume that n'
is of this form with w(n’) = k. From (4.12) and (4.22), it follows that the
inequality
Zle logp; — klogk

log n’
is valid for each £ > 44. On the other hand, we cannot have

Zle logp; — klogk
log n’

An') <1+

(7.1)

>7’]3—1
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if k£ > 44, the reason being that since n’ has k prime factors, it must satisfy

logn' > logn;, = Zle log p; in which case (7.1) would imply

k
(7.2) (2—mn3) Y logp; > klogk.

i=1
But, using (4.20), it is easy to verify that (7.2) is impossible when k& > 44.
This proves that we must have k < 43. Considering (4.12), we let z;, be the

unique solution in z of
log k\ /" | logn logk\ " klogk
logp log z logp log z

where v(n,z) is the function defined in (4.28). Since Luv(ny,z) < 0 by

(4.29), we deduce that n’ < z;. We find that the only possibilities for n’ are
those with k € {5,...,13}, since otherwise we would have n’ < z, < ny

which is impossible since by hypothesis we have ny | n'.

Now, for 5 < k < 13 and from the fact that n' is of the form (5.2)
with w(n') = k, we deduce that n’ = sn; < z, for some integer s which
satisfies n;|s with j < k. One can calculate that the largest ratio zj/ny (for
5 < k <13) is less than 264 507. This forces j < 6. Now, consider the set

U:={s<264507: P(s) <13},

where P(s) stands for the largest prime factor of s, and the set V :=
{(sng, A(sng)) : s € U and 5 < k < 13}. By computation, we observe
that V' contains the element (n,,r(n,)) and that for any other n we have
r(n) < r(n). This contradicts the existence of n’ and the proof of Theorem
3.3 is then complete.

8. PROOF OF THEOREM 3.4

In order to reach a contradiction, let us assume that there exists an
integer n’ with w(n’) = k, for some k > 74, for which (3.4) does not hold.
For fixed values of w(n) and 7(n), we see by definition (2.3) that the function
A(n) decreases as n increases. For this reason, we will assume that n' is of
the form (5.2). We will also assume that \(n’) is maximal.

For k > 95, we deduce from (4.12), (4.28), (4.29) and (4.30) that

A(n') <o(n',n') < v(ng,ng) < 1.

This means that, inequality (3.4) holds for £ > 95.
For each integer k € {74,...,94}, we cannot conclude since v(ng, ng) >
1. However, since by Lemma 4.10 we have Luv(ny, z) < 0 and v(ng, 00) < 1,
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we can define z implicitly by v(ng, 2x) = 1, in which case n’ < z;. Also, by
computation, observe that

log 21,/ log ng, < 2

for each k. This last inequality implies that the largest prime factor of n’
has its corresponding exponent equal to 1.

As we have already seen, uy := u(z/ng) provides an upper bound for
the rank j of the largest prime p; such that p?- | n’ since n’ is of the form
(5.2). Our goal from now on is to verify all the remaining possibilities. To
do so, we proceed in four steps. In the first step, we introduce a variable
71 that will take the values 0,1, ..., u; and a variable j, that will take the
values 0,1, ..., min(j;,ux). Then, we assume that

(8.1) n'zp?l---p?f-p§2+1---p§1-pj1+1---pk

for some integers o; > 3 and that n’ is of the form (5.2). Now, if 0 < j < jy,
by using the multiplicativity of the function 7 together with (4.12), recalling
the definition of A in (2.3), we are lead to consider the function

(c1(jas g1, k) (log z — 2 (ja, 1, k))2/* — 1)k log k

ok —
fl(]?v.]h 7Z> IOgZ

where

o 4 —_ 1
1 = €xla, o, ) = 2RO g
2
and

Co = C2(j2aj1: k) = log<nknj1/(nj2)3)'
Assume for now that each constant ¢y that will be considered through this
proof satisfies
(82) co > 0.
Then, using Lemma 4.11, we have
/\(n/) S fl(j%jlakan,) S maX fl(j2’j1’k’z)'
z>c2(j2,51,k
Therefore, we will get the desired contradiction if n’ is of the type (8.1)
and the unique maximum of f;(js, j1, k, z) is proven to be less than 1 (see
Remark 8.1 for more details). The cases with jo, = 0 or j; = 0 must be
verified directly.

The values of u; are recorded in Table 2.

k|| 74|75 (76|77 | 7817980 |81 |82|83| 84
ug || 45143 1413937353330 [29|26]25

k|| 8|86 |87|88|89[90|91 92|93 |94
ug |23 1211917151311 | 8 | 6 | 2

TABLE 2
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All the computations being done, one is left with a reduced set of possibilities
for the form of n'. In fact, we now have that k € {74,75,76,77} and also
that the number of values that j; can take is significantly reduced. The final

result is given in Table 3.
k 74 75 76 77
1 €| {14, ... 28} [ {16, ... ,26} | {18, ... 25} | {20, ... ,23}

TABLE 3

What we mean here is that a fixed pair (k,j;) is not in Table 3 if for all
J2 < min(j1, u,) we have  max  fi(j2, j1,k, 2) < 1.

z>c2(j2,71,
This is where the second step of verifications starts. We now assume that

I o ajs 3 32 2
N =Dp1 " Pjs " Pjg+1" Py " Pjyg1 " Py " Pin+1 """ Pk
for some integers «; > 4 and we use the same argument as before to define

the well suited function

(c1(j3s g2s J1, k) (log 2 — ca(Js, jo, 1, k)7 % — 1)k log k
log 2 ’

fo(43, 72,91, k, 2) :=
where

S » o R |
Cl(]3;]2,]1, k) .— 9(k—=j1)/kg(jr—j2)/k 4 (i2 J3)/kmﬂ(nj3)1/k
3
and
C2<j37j27j17 k) = log(nknjlnjz/(nj3)4)'

We still have the chain of inequalities

') < faldss g2, 1, k,n') < max f5(js, j2, j1, K, 2)-

z>ca(j3,J2,41,k)

This time, we run this over the remaining values of j;, and for

g2 €41, ... ,min(ji, u(zx/(njnk)))}
and
Js € {1, ... ,min(jo, u(zx/(njn;,n))) }-
The cases with j3 = 0 must be treated separately. Once again, these compu-

tations lead to further progress. We record in Table 4 the remaining values

which need to be examined.
k 74 75 76
71 €| {14, ... ,23} | {16, ... ,21} | {18,19}

TABLE 4

We are now ready to begin the third step of verifications. We assume that
oy 4 4 3 32 2
n/ = p?l .. .pj:4 . p]4+1 .. -pJB . p]3+1 .. -p]2 . p]2+1 .. -p]l . p]1+1 .. -pk
for some integers o; > 5 and define the function f3(ja, js, jo, j1, k, 2) in a

similar manner by using the same ideas. However, we do introduce a new
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idea in the way of reducing the number of values that the variables j; (s > 3)
can take. We first assume that p®||n’ for a fixed o > 2, then we use (4.24),
the fact that n’ < z;, and the maximality of A(n’) in order to write

A(n') 2 log p 2 log p
< < |14+ — 1— < |1+ — 1-— .
— An'/p) — ( i ka) < logn') — " ra log 2

We find a contradiction if p is large enough to force the last expression to

be less than 1. In particular, we get an upper bound for the rank j of such
a prime p;. Since this upper bound decreases when «a increases, we obtain
an upper bound for the rank j of any prime p; for which p§ | n’. Thus, by
using (4.26), we obtain Table 5.

K[ A[75]76]

4 11111110

5 71616

6 4 |41 4
TABLE 5

Using this, we let j; take the values in Table 4, and we let
J2 € {17 s 7min(j17u(zk/(nj1nk))>}7

Js € {17 s 7min(j27 u('zk/(annjlnk))’ 11 or 10)}
and
Ja € {17 s 7min(j37u(zk/(njsnjznjlnk))v 7 or 6)}

Again, we treat the cases with j; = 0 independently. The computations lead
to the result that we must have k¥ = 74 and j; € {16,17,18}. We rule out
these cases by defining f4(Js, ju, 73, j2, J1, k, 2) and by using Table 5 to limit
the range of the variables j3, j4 and js. This completes the verifications.

It remains to prove (8.2). To do so, we use the fact that js.; < js and
that

nj, < —— and  —c(Js, ... , 5, k) =logn;, +log ———=—,
MMy - T,y Mgy - T,y

from which we deduce that

. . n]
—c2(Js, -+ 1, k) < log — +log ——=

< log% <1596
k

by direct computation, which proves (8.2).
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We also observe that
s+1 1

. . jS
—c2(js, - g1 k) = log—L— >log———
L R L L R L

1
> log— > —5logngy > —2342.
ny

This completes the proof of Theorem 3.4.

Remark 8.1. We now provide some key details concerning the computa-
tions used in the proof of Theorem 3.4. The information provided through
the previous proof may differ with other information obtained with another
strategy. We used 50 decimals of precision for all computations. We used
the criterion fg(...) < 0.999999 (for s = 1,2,3 or 4) for each comparison
in the four steps of the computation and we kept a pair (k, j;) if we found
fs(-..) > 0.999999 somewhere in the process. By considering the function
h defined in (4.32), we approximated ¢; and ¢y with 50 decimals and we
called ¢} and ¢, these approximations. Then we solved for z; in h(z;) = 0.
From

)l—a

0=claz — (21 —cy) + (21 — ¢ > daz — (21 — &),

a >1/94 and ¢, > 159, we deduced that z; — ¢, > 1.61. The same is true

also for the solution z of

0=ciaz—ci(z —co) + (2 — )7

It is easy to see that we always have ¢; < 6!/log2 < 1039. With this

information at hand and using the mean value theorem, one finds that

0/1(21 - CIQ)& —1 _ Cl(Zl — Cg)a -1 < 107437

21 <1
thus concluding that the two functions are of about the same size for all
values of z or z; such that z; — ¢}, > 1.6 or z — ¢co > 1.6. From the fact that
941og 94 < 428 and that an error of about z; - 1075 on 2; cost less than

h(z1—ch)*—1
z1
10~4°. This is small enough for the criterion we used.

10~% in the evaluation of , we end up with an error of at most

9. PROOF OF THEOREM 3.6

First, we verify that the integer n, defined in the statement of the the-
orem satisfies A(n,) > 1 and is of size exp(10640.8428...). Then, we claim
that n, is the largest integer n with w(n) > 44 and A(n) > 1. To do so, we
proceed by contradiction and assume that there exists an integer n’ such
that n’ > n, with A(n’) > 1 and w(n’) > 44. The argument is done in

several steps.
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9.1. Preliminary steps. The first step consists in showing that we must
have w(n') = 44. For this, we use (4.12), (4.28) and (4.29) to deduce that
if we define z; by v(ny, z;) = 1 then we must have n’ < z,. We verify that
2z, < exp(4569.68) < n, for each k € {45,...,73} and then we conclude
using Theorem 3.4.

We then want to show that v(n’) = nys. This is done in two steps. We
first assume that n’ is made of a choice of a set S of 44 distinct primes
in {p1,...,ps5} and that this choice is not S’ := {p1,...,pu}. There are

44 possibilities and if we write ng = Hp, then using again the same

peS
argument as previously, we define zg by v(ng, zs) = 1 and verify that zg <

exp(9927.67) < n, for each S.

Now, we assume that n’ has a general set of prime factors which has
not been previously considered (and is not S’), implying that there exists
an integer n” < n’ such that 7(n”) = 7(n’) and such that the set of prime
divisors of n” is S for some S # S’. We then have

A(n') < A(n") <1

if n” > zg. This proves that the set of prime factors of n’ must be 5.
We solve for z in the equation v(n4y, 2) = 1 to find that n’<exp(10758.21).
We have thus proved that

10640.8 < logn’ < 10758.8.
Consider the intervals I; := [10639.8+ j, 10640.8+ j] for each j = 1,...,118.

From now on, we want to show that logn’ cannot be in any of these I;.

9.2. A first argumentation. Recall the notation in (4.1) and (4.2), that
isx; (i=1,...,44), p, p1, p2, w and @’. The first argument that we use to
eliminate some intervals /; relies on the inequality (4.6) and on the proof
of Corollary 4.5. For a value of m € {1,...,43}, we have

7'(”,) < 10g44”/5(n44)ﬂgn#%4_m

AN 1 T\ 1 ’ 44—m
= ﬁ(n44)(lo§4n) (1+ Ogn44_%> (1+L’”4l4+m)

log n/ logn

so that if we write

1 m 1—m
vm(zw) = B(nas) 4 log 44(1‘*"10{%:44 —) ™ (1+logzn44 +o@—m )

(91) _44log44

z

then we have

)\ / < ml /’ /‘
(n) _mer{rll?ﬁg}v (logn', ")
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Thus, we define 2, - by vp(2me,w) = 1. We have seen that z,, =
10758.2... From (i) and (iii) of Lemma 4.6, we know that z,,,, decreases

when w increases. We record in Table 6 a value of w := w(j) such that

max 3 Zmw() < 10639.8 + 7

me{l,...,4
for the first 39 values of j.

J 1 2 3 4 5 6 7 8
w || 0.2137 ] 0.2128 | 0.2119 | 0.2109 | 0.2100 | 0.2091 | 0.2081 | 0.2072
J 9 10 11 12 13 14 15 16
w || 0.2062 | 0.2053 | 0.2043 | 0.2034 | 0.2024 | 0.2014 | 0.2004 | 0.1995
J 17 18 19 20 21 22 23 24
w | 0.1985 | 0.1975 | 0.1965 | 0.1955 | 0.1945 | 0.1935 | 0.1925 | 0.1914
J 25 26 27 28 29 30 31 32
w | 0.1904 | 0.1894 | 0.1884 | 0.1873 | 0.1863 | 0.1852 | 0.1841 | 0.1831

J 33 34 35 36 37 38 39

w || 0.1820 | 0.1809 | 0.1799 | 0.1788 | 0.1777 | 0.1766 | 0.1755

TABLE 6

In the opposite direction, a lower bound for @’(= w@’(n')) can be com-
puted for n’ assuming that logn' is in I;. To do so, we split the interval I,

in 210 subintervals of length 2170 that we call [;; where 1 < j5; < 210. We

use Lemma 4.7 (i) with ¢ = 1 term by term to compute

. 1 (i + 1)441og p; — lognyy
min E min -1
Zelj’jl =1 OQ'EZ z

and take the minimum over the variable j; to get the lower bound for w’(n’)
for logn' in I;. We record the result in Table 7.

1 2 3 4 ) 6 7 8
71 0.1814 | 0.1812 | 0.1810 | 0.1808 | 0.1804 | 0.1802 | 0.1800 | 0.1798
9 10 11 12 13 14 15 16

~

0.1797 | 0.1797 | 0.1798 | 0.1800 | 0.1800 | 0.1800 | 0.1798 | 0.1797
17 18 19 20 21 22 23 24
0.1797 | 0.1798 | 0.1800 | 0.1800 | 0.1800 | 0.1798 | 0.1796 | 0.1792
25 26 27 28 29 30 31 32
0.1788 [ 0.1784 | 0.1781 | 0.1779 | 0.1777 | 0.1775 | 0.1773 | 0.1771
] 33 34 35 36 37 38 39
@' || 0.1769 | 0.1765 | 0.1763 | 0.1761 | 0.1755 | 0.1751 | 0.1748

TABLE 7

~

Q<] 9 |~.] 9 <] 9 |~.

~

Also, we verify that for each j € {40,...,118} we have @'(j) > w(j),
thereby implying that there exist no n’ with logn’ in I;.
All of this gives rise to a new concept that will be crucial for the re-

maining of the proof. This is the difference between the upper and lower
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bounds for @’. Just saying that here the difference when j = 1, that is
0.2137 — 0.1814 = 0.0323, is too large for us. In fact, it will be convenient
to work with a slightly different concept. Consider the function defined on
primes p by

(v + 1)441ogp — lognyy

(9.2) —1].

)=l :

The value of €;(p) is computed by using Lemma 4.7 (i). For each j €
{1,...,39} we sum the €¢;(p;) for i € {1,...,44} and subtract the answer
from the upper bound w(j). We call these value ¢’'(= ¢’(j)) and record them
in Table 8.

J 1 2 3 4 5 6 7
0" | 0.03422 | 0.03353 | 0.03283 | 0.03203 | 0.03142 | 0.03083 | 0.03005
J 8 9 10 11 12 13 14
0" |1 0.02936 | 0.02848 | 0.02753 | 0.02638 | 0.02536 | 0.02436 | 0.02340
¥ 15 16 17 18 19 20 21
0" {1 0.02253 | 0.02178 | 0.02075 | 0.01958 | 0.01846 | 0.01748 | 0.01650
j 22 23 24 25 26 27 28
0" |/ 0.01561 | 0.01481 | 0.01398 | 0.01340 | 0.01279 | 0.01216 | 0.01133
¥ 29 30 31 32 33 34 35
0" |1 0.01053 | 0.00964 | 0.00874 | 0.00795 | 0.00705 | 0.00618 | 0.00547

Ji 36 37 38 39

0" || 0.00458 | 0.00392 | 0.00331 | 0.00258

TABLE 8

The value ¢’ is to be interpreted as an upper bound to the extra error that
can produce n/'.

9.3. A first verification. We want to make some direct verifications to
prove that A(n') > 1 is impossible if the exponent vector of n’ is of a certain
type. Consider the sets

(9.3)

. -4 . j)-+logn. 1) . i)+logn.
Jolp ) o= { [Uos e sign] | desosinsepsisn | )

The set Js(p, j) has the property that if

(v + 1)441og p — log nyy
logn

— 1‘ <6 with logn € I

then a € Js(p, ).
We divide the verifications into two distinct types. Type 1 concerns the
sets
Si(0) := Js(p1, J) ¥ =+ X J5(pas, J).
We take 6 = 0.011 for j € {1,...,4} and 6 = 0.01 for j € {5,...,14}. Also,

to speed up the process, we consider the union term-by-term of S;(0.011),



NEW UPPER BOUNDS FOR THE NUMBER OF DIVISORS FUNCTION 25

...,54(0.011) to get a new set S say, so that S = Joe11(2,1) U --- U
Jo.011(2,4) x ... We do the same with S5(0.01),...,514(0.01) to get S,.
These sets have respectively 92160 and 53760 elements. For each vector
v = (0q,...,a44) in each of these two sets, we take one of the 946 possible
choices of two elements in a set of 44 elements, say (i1,43), and construct
the new set

{Oq}x'“><{0%171}><J€j(pi1)_H;/(j)(ml J)X{D‘i1+1}x"'X{D‘i271}><‘]€j(pi2)+5/(j)(17i2 )X {evg 1} X x{agq}

We verify that all these exponent vectors v give rise to an integer n such
that A(n) < 1, logn < 10640.8 or is itself n,.
Type 2 concerns the sets

S}((S) = JEj(p1)+5(p1,j) X X Jej(p44)+5(2944,j)-

This time, we take § = 0.0055 for j € {1,...,6}, § = 0.0054 for j €
{7,...,9} and j € {10,...,13}, § = 0.005 and j € {14,...,19}, § = 0.0044
for j € {20,...,23}, 06 = 0.004 for j € {24,25,26}, 6 = 0.0035 for j €
{27,28,29} and § = 0.003 for 7 € {30,...,39}. Again, to speed up the
process, we consider the unions term-by-term the same way, so that we
have 81 = Je,(2)+0.0055(2, 1) U -+ - U Jeg(2)+0.0055(2,6) X ... and the same for
S5, ..., 8§ These sets have respectively 98304, 73728, 49152, 49152, 32768,
32768, 32768 and 24576 elements. For each vector v, we do the exact same
process as for the type 1.

At the end of these verifications, we know that there are at least three
entries in the exponent vector that produce a large error and this occurs in
both type 1 and 2.

9.4. Reducing the upper bound for ¢’. Our strategy begins with a lower
bound for w) and ). For each j, there are four cases to consider depending
on the position of the z; (4.1) compared to p (4.2). Indeed, we have seen
in the previous section, with the type 1 verification, that there are at least
three z; that are far from p but this does not tell us where they are. So any
lower bound for @} and @ will come in pair (w?}, w})) with the total number
m of x; that are less than or equal to ;1 and with a position signature s in
{0,1,2,3} that tells us that the number of z; that are less than u in these
three we assume to have. This number m can be shown to take the values
we recorded in Table 9.

je | {1,...6} {7y {8, 12} {13} {14}
me | {11,...,33} | {12,....33} [ {12,...,32} | {13,... .32} | {13,...,31}

TABLE 9
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To do so, we use Table 7 and verify that z, ;) < 10639.8 4 j (see section
9.2) for all the values of m not listed in Table 9.

Also, the definition of w] and w) in (4.3) and (4.4) includes the ex-
act value of w’, something that we cannot know precisely. So we assume
an interval containing the value of @w’, and look for a contradiction. More
precisely, we will assume, for j € {1,...,14}, that @’ belongs to W(j) :=
[w(j) - 0.01, w(j)].

To get these lower bounds, we fix j, m and a signature s. Then, we split
the interval I; in 30 subintervals [;,, (11 = 1,...,30) of equal length and
we split the interval W(j) in 80 subintervals W (j,r3) (12 = 1,...,80) of
equal length.

We fix I;,, and W (j,72) and begin with w}. At first, we focus on the s
points z; that are less than . We will show that in this case the minimum
of

1)441 —1 !
(a+1)4dlogp —lognuy | @'

(9.4) . o

(1—-6)(10639.8+47)+log nas
44 logp

is attained with o := { W —2 and, as in Lemma 4.7 (ii), at

the extremity of the intervals I;,, and W (j,72). In fact, from the definition

of Js, it is enough to show that (a+1)441°§p_1°g"44 -1+ % < 0 and this

follows from

("(176)(10639.8+j)+10g na4 W _1>44 log p—log n4s )

(a+1)44 logp—logn44_1+£’ _ 44Togp !

T 2m - T 2m
(1—6)(10639.84j)+log n.

B ( ZiTogp 44 +£—1 )44 logp—logngy =

x 2m

(1-6)(10639.845) (1—€&)44logp /
s

< —+E<0

since 2md > 0.22 > @’ from our choices, where 0 < £ < 1 and both @’ and
x are seen as fixed. We keep the s smallest such values among the 44 prime
numbers.

Then, we compute the minimum value of (9.4), without any constraint
on «, using Lemma 4.7 (i). We keep the m — s smallest ones among the 44
prime numbers. We sum the m values we have kept so far and we take the
minimum among the 30-80 = 2400 possible values of (11, 72) and this is the
wanted lower bound for @/ in I(j) with this value of m and s. We do the

same for w) with 3 — s values of x; greater than p along with the choice
o= L(1+5)(10640.8+j)+10gn44

A J instead and the function
gp

(o +1)441ogp — lognyy w
x 2(44 —m)

(9.5)
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as in the definition of @), in (4.4). The proof is similar. We obtain the value
for w4 in I; with parameters 3 — s and 44 — m instead. We keep the pair
(w], wy) (= (wi(7,m,s), @wh(j,m,s))). For example, here is the output we

get as lower bound with j =1 and m = 11:

(0.010296421544, 0.093154520284), (0.010296421544, 0.089438737225),

(0.011179764497,0.087104430865), (0.012637967643, 0.085223479629)

for (w], w)) when s = 0,1, 2,3 respectively. Note that these values are just
stated as an example, they are sensitive to the way the program is done.

Now, using the same reasoning as we did to get to (9.1), we are led to

consider
1 logngy  w w41
Um,mq,my (Z,w,w1,we) = B(ngq) 34 log44(1+T44—%—2m}1)
m—mj
()
mo
(1 e 52 )
1-mtm
'<1+logzn44+2(44uim)+2(44fum{m2)) “
(96) 7441(;g44

for fixed values of my € {1,...,m — 1} and my € {1,...,43 — m}. We also
define 2 m m, mo,s implicitly by

Uj,m,m1,mg,s(zj,m,m1,m2,s7 w(]) - 0017 wll (]7 m, S)a w;(ja m, S)) =L
and verify that

max max max max Zjmmima,s < 10639.8 + 7,
m  s€{0,...,.3} m1€{l,...m—1} ma€e{1,...,43—m}

where the maximum is taken over the values of m appearing in Table 9. We
justify that 2 m, m.,s is the appropriate choice by using Lemma 4.6 part
(i), (ii) and (iv) (there is a condition to verify in part (ii)). We find that
Um,my,m, Would be smaller with larger values of the variables. This is the
contradiction we were looking for. So we have in fact that @’ ¢ W (j) and
a new upper bound for ¢ recorded in Table 10.

j 1 2 3 1 5 6 7
5" 0.02422 [ 0.02353 | 0.02283 | 0.02203 | 0.02142 | 0.02083 | 0.02005
j 8 9 10 11 12 13 14

5" | 0.01936 | 0.01848 | 0.01753 | 0.01633 | 0.01536 | 0.01436 | 0.01340

TABLE 10
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9.5. The last verification. Our strategy of verification begins with a pre-
liminary computation. We use the type 2 computations that we did previ-
ously to prove that at least three points x; defined in (4.1) are far from p
defined in (4.2). We first want to show that, among the 13244 possibilities
of triplets of primes, at most a few hundreds can produce these three values
of ;.

To do so, we fix j and split the interval [; into 25 subintervals I;, of
equal length. We also fix a triplet (q1, g2, ¢3). Now, the type 2 computations
reveal that the exponent of a prime p € {q1, g2, g3} that divide exactly n’ is
not in Js;(p)(p, j) where d = 4(j) can be found in section 9.3. We are thus
in the exact situation of Lemma 4.7 (ii). So that we compute and sum the

three minimal errors, we take the minimum over » = 1,...,25 and call this

minimum ((= ((q1, g2, g3)). If
C—e€i(q) —€j(q2) —€(qs) > 8'(4)

then the triplet (¢, g2, g3) is rejected. Otherwise, we keep

(q1, 42,93, ¢(q1, G2, G3) — ej(%) - €j<Q2) - €j<Q3))

to the last verification in a set 7'(j), say. The value of ¢ is picked from in
Table 10 if j < 14 and from Table 8 if 15 < 5 < 39.

Now, for the very last verification, after all the T'(j) have been computed,
we use a new idea. We assume that j is fixed. For a prime p in a fixed vector
(41,42, 43,p) € T(j), we observe that it is enough to check the integers n
with the exponent in Js (jy4c,p)(p, 7). Then, for the remaining 41 primes p,

it is enough to verify with the exponent in the set

Js'(5)/2-p/2+¢; ) (D5 T)
for all but one prime p for which it can be in Js(j)—pte; () (D J)-

With these observations in mind, we design an algorithm. We compute
the largest fourth component in any of the vectors in 7'(j) and call it t.
Then we consider only the vectors such that the fourth component is in
[t —u/1000,t — (u—1)/1000] for a fixed u € {1,..., 7}, which we denote by
T.(j). With u fixed, we store in memory all the vectors in

J51(5) /2= (t—u/1000) j24¢;2) (2, 7) X =+ X Js1(5) J2— (t—u/1000) /2+¢; (193) (193, 7)

to which we add two dimensions: one of which is the value of 7(n)Y/4* of
the integer n with this exponent vector whereas the other is its logarithm.
Then, for all such vectors, only four exponents have to be modified at each
verification and thus the last two informations need only a small adjustment

to be used to compute the value of A in each case. So, for each vector of
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46 dimensions, for each exponent in Js () ic;(p) (p, j) of each prime p in each
triplet (in a vector) in T,(j) and for each exponent in Js (j)—pte,p) (P, J) of
each other 41 prime p we compute the corresponding value of A\. We try
each value of v and then all the values of j.

After all these verifications, no value of n’ has been found. This is the
contradiction we were searching for and thus n, is the largest number n
such that A\(n) > 1 and w(n) > 44. The proof is complete.

10. FINAL REMARKS

One can show that

> [Am)

n<x

log log = log log log x 2 < r log log z(log log log )*
log log® x

)

from which we may conclude that for almost all n < z,

A(n) = (14 o(1))

On the other hand, we can show that there are infinitely many n for which

log log x log log log x

Tog 2 (x — 0).

A(n) > 1. Indeed, to any set S of primes satisfying

1
I1 08K 1 and #S =k

we can associate a sequence of integers [y, lp, ... such that their exponent
at each prime factor, and then the associated 6; as defined in Corollary
4.5, is as close as possible to the optimal value as defined in Lemma 4.4.
Precisely, for each p € S, we can choose [; to be an integer for which the
exponent of p, a,, is the closest integer to ]io%gz; for a fixed large z;. One

verifies that

Finally, we can also show that the set of limit points of A(n) is the interval
[0, 8(6)'/61og 6] = [0,1.145206 . ..] and that there exists a positive constant
7 such that

#{n < z| A(n) > 1} = nlog® x4+ O(log® z) (z — o).
Moreover, we have

_loglogk—1+(loglogk‘)2—3loglogk O( 1
log? k

sup A(n) =1

k — o0).
w(n)=k log k 10g2 k ) ( OO)
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