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1 Introduction and notation

Given a fixed integer ¢ > 2, an irrational number « is said to be a normal number
in base ¢ (or a g-normal number) if any preassigned sequence of k digits (in base
q) appears in the g-ary expansion of a at the expected frequency, namely 1/q".

Normal numbers have been studied since Borel [1] in 1909. Hence the
vast literature concerning normal numbers (see for instance Champernowne
[3], Copeland and Erdés [4], Davenport and Erdés [5], and the recent book
of Bugeaud [2]). In a series of papers (see [6] through [11]), the first two au-
thors obtained new results concerning normal numbers, including various ways
of constructing new families of normal numbers.

In this paper, we will identify a very special family of normal numbers — that
we will call strongly normal numbers — which are connected with arithmetical
functions that have a local normal distribution, such as the function w(n) which
counts the number of distinct prime factors of n.

Let us first recall some definitions.



A sequence (x,,)nen of real numbers is said to be uniformly distributed mod-
ulo 1 (or mod 1) if for every interval [«, 5) C [0, 1),

A}i_r)noo %#{n <N :{z,} €[a,b)} =b—a.

In other words, a sequence of real numbers is said to be uniformly distributed
mod 1 if every subinterval of the unit interval gets its fair share of the fractional
parts of the elements of this sequence.

Recall also that, given a set of N real numbers x1,...,xyN, the discrepancy
of this set is defined as the quantity

1
D(xy,...,xN) = sup |— E 1—(b—a)l.
[aab)g[oal) N n<N
{zn}e€la,b)

It is known that a sequence (x,,),en of real numbers is uniformly distributed
mod 1if D(xy,...,zn) = 0as N — oo (see Theorem 1.1 in the book of Kuipers
and Niederreiter [15]).

Also, given an integer ¢ > 2, it can be shown (see Theorem 8.1 in the book
of Kuipers and Niederreiter [15]) that a real number « is normal in base ¢ if
and only if the sequence ({¢"a})nen is uniformly distributed mod 1.

We are now ready to introduce the concept of strong normality. For each
positive integer IV, let

M = My := |65V N], where 6y — 0 and dylog N — 0o as N — co.  (1.1)

We shall say that an infinite sequence of real numbers (z,),>1 is strongly uni-
formly distributed mod 1 if

D(IN+1,...,:EN+M)—>O as N — o0
for every choice of Jy satisfying (1.1).

Remark 1. Observe that if a sequence of real numbers (x,)nen s strongly
uniformly distributed mod 1, then it must be uniformly distributed mod 1 as
well. The proof goes as follows. Assume that (x,)nen 1S strongly uniformly
distributed mod 1 and define the sequence (€x)ren by

1 if k<e,
k= 1/logk if k>e.

Also, for each integer k > 1, let Uy, = k€| and Vi, = Upy1— U, —1. Moreover,
setting N = Uy and M = My = Vi, one can verify that (1.1) is satisfied as
k — oo. To see this, observe that

Vi = (k? + 1)25k+1 — k:zek + O(l) = 2]€6k+1 + k2(€k—|—1 — Ek) + O(l)



k

= 2kept1 + 0O <—2> = (14 o(1))2key, as k — oo. (1.2)
log” k

Now, for each k € N, define 6y, implicitly by Vi = |0y, v/Ux|. Using this in
(1.2), it follows that
2ker(1+ 0(1)) = Sy, kv/ex(1 4+ o(1)) (k — 00),
from which we obtain that
du, = (1+0(1))2\/ex (k — 00).
Hence, it follows that
dn =6y, = 0 and dxlog N = (140(1))2/€x log U, = (140(1))4+/logk — oo (k — 00),

implying that condition (1.1) is satisfied and also, using the fact that (x,)nen
s strongly uniformly distributed mod 1, that

D(xUka;xU,H_l—l):D(-TN7~~7-TN+M)_>O (]{7—>OO) (13)
We shall now use this result to prove that
D(z1,...,zn) — 0 (N — 00). (1.4)

To do so, for each N € N, let tn be the unique integer k for which U, < N <
Uk1, from which it follows that

N Uy _ Uy+1 = Uty

N . 1.
N < N -0 (N — o0) (1.5)
With this set up, we have
tn—1
ND('ID SRR ZIZ'N) < Z (Uf—i—l - U@)D(era e 7'77U1{+1—1) + (N - UtN)' (16)
=1

Applying (1.3) successively with k =€ for ¢ = 1,...,txy — 1, it follows, in light
of (1.5), that the right hand side of (1.6) is o(N) as N — oco. From this, (1.4)
follows immediately, thus proving our claim.

Remark 2. It follows from the above that if a is a strongly normal number, then
it must also be a normal number. Indeed, by definition, the sequence ({aq"})nen
1s strongly uniformly distributed mod 1 and therefore, in light of Remark 1, it
must then be uniformly distributed mod 1, which in turn (as we saw above) is
equivalent to the statement that a is a normal number.

Given a fixed integer ¢ > 2, we say that an irrational number « is a
strongly normal number in base q (or a strongly q-normal number) if the se-
quence (x,)nen, defined by x,, = {¢"a}, is strongly uniformly distributed mod



1. First, observe that there exist normal numbers which are not strongly normal.
For instance, consider the Champernowne number

¢:=0.11011100101110111100010011010101111001101 11101111 ...

that is the number made up of the concatenation of the positive integers written
in base 2. It is known since Champernowne [3] that € is normal. However, one
can show that 6 is not a strongly normal number. Indeed, given a positive
integer n, let S, = [2"/(yv/nlogn)| and consider the sequence

22m 4 1,22" 42,9220 43 ... 22"+ S, (1.7)

writing each of the above S,, integers in binary. Each of the resulting binary
integers contains 2n-+1 digits, implying that the total number of digits appearing
in the sequence (1.7) is equal to (2n + 1)S,.

Now, letting A(m) stand for the number of digits in the integer m, the total
number N of digits of the concatenated integers preceding the number 22" + 1
is, as n becomes large,

N=Y Am)=2n+1+ 3 Pogmw = (1+0(1)2n-22".  (L8)

mg22n m§22n

We can write the first digits of the Champernowne number as

0 = 0.€169...ex22n +122n 42 | . 22n 1 G .

= 0.€169...€xp ...,

say, where in fact, p = 227 + 1227 42 ... 22" +- S, = en41...€n42(p). (Here,
n1ng . ..n, stands for the concatenation of all the digits appearing successively
in the integers ny,n9,...,n,.) We will first show that the proportion of zeros
in the word p is too large. For this we shall first count the number of 1’s in p.
Setting S(m) as the number of 1’s in the integer m, the total number of 1’s in

p is equal to
15, log S,
> Blm) = 5% + O(Sh),
m<S, 0g

from which we can deduce that the total number of zeros in p is

on on 1S5, logsS
m:1n + mZ::l (n — B(m)) = 2n.S,, — 2 gz T O(S,). (1.9)

Since A(p) = (2n + 1)S,, and recalling that S, = [2"/(y/nlogn)], it follows
from (1.9) that the proportion of zeros in p is equal to, as n — oo,

2 1 log S
—— X the number of zeros in p = o 08 2n o(1)
A(p) 2n+1 2 (2n+1)log2
lnlogZ — %logn

2 (2n+1)log2

= 140()-—

o(1)



Then, since

1
E 1—=-2n+1)S,| >
N+1<v<N+M 2

1
{2vey<i

it follows that, setting x,, := {2"0} and choosing
M = My = (2n+1)S, ~ VN /loglog N

(where we used (1.8)), thereby complying with condition (1.1), the discrepancy
of the sequence of numbers zyxy1,..., TN+ 1S

D($N+17 e ,$N+M)

1
= sup —— E 1—(b—-a)((2n+1)S,)
[a,b)C[0,1) (27?, + 1)S” N{+1§1}/§[N+M
2¥6}€(a,b)

in+1)s, 1

(2n+1)S, 4
and therefore does not tend to 0, thereby implying that 6 is not strongly normal.

Remark 3. Observe that instead of choosing My = |dx VN | as we did in (1.1),
we could have set My = |0 N7 |, where v is fixed real number belonging to the
interval (0,1), and then introduce the corresponding concept of a y-strongly uni-
formly distributed sequence mod 1, with corresponding ~y-strong normal numbers.
In this case, one could easily show that if 0 < y1 < v2 < 1, then any v;-strong
normal number is also be a y2-strong normal number.

Remark 4. A further discussion on appropriate choices of My in the definition
of strong normality is exposed in Section 9.

Identifying which real numbers are normal is not an easy task. For instance,
no one has been able to prove that any of the classical constants =, e, /2
and log 2 is normal, even though numerical evidence indicates that all of them
are. Even constructing normal numbers is not an easy task. Hence, one might
believe that constructing strongly normal numbers will even be more difficult.
So, here we first show how one can construct large families of strongly normal
numbers. On the other hand, it has been shown by Borel [1] that almost all real
numbers are normal. Although the set of strongly normal numbers is “much
smaller” than the whole set of normal numbers, in this paper, we will prove that
almost all numbers are strongly normal. After studying the multidimensional
case, we examine the relation between arithmetic functions with local normal
distribution and strong normality.



2 A simple criteria for strong normality

Our first two propositions provide a simple criteria for strong uniform distri-
bution mod 1 and for strong normality. They are direct consequences of the
definition of strong normality.

Proposition 1. Let D be the set of all continuous functions f :[0,1] — [0,1)
1

such that / f(z)dx =0. Then, the sequence (z,)n>1 is strongly uniformly
0
distributed mod 1 if and only if, for all f € D, letting M = My be as in (1.1),

| M
MZf({xNﬂ-})%O as N — oo.
j=1

Given a positive real number o < 1 whose g-ary expansion is written as
a = 0.€1€5. .., where each ¢; € A4, := {0,1,...,¢ — 1}. For an arbitrary word
B=01...0 € A’q", let Ry a(B) stand for the number of times that the word
appears as a subword of the word ex41...€x40-

Proposition 2. A positive real number o < 1 is strongly qg-normal if and only
if, given an arbitrary word 8 =01 ...0 € A’; and M = My as in (1.1),

lim —RMM(B)

1
N —o00 M _q_k

3 The construction of strongly normal numbers

We first show how one can go about constructing strongly normal numbers.
One way is as follows. First, we start with a normal number in base ¢ >

2, say a = 0.€1€5..., and then for each positive integer T, we consider the
corresponding word ap = €1€5...€p. One can show that, if the sequences of
integers T < T5 < --- and my; < mg < --- are chosen appropriately, and if,

for short, we write ™ for the concatenation of m times the word =, that is
™ =~...7, then the number
——

m times
_ my . ma
p=0.ap'ap’...

is a strongly normal number in base q.
We first show that the choice Ty = ¢ and m, = ¢ is an appropriate one and
in fact we state this as a proposition.

Proposition 3. Let a be a g-normal number. Then, using the above notation,
the number
B=0.aja30a; ...

s a strongly normal number in base q.



Proof. Given a word v = ¢;...¢, € Ay and an arbitrary word d; ...0, € AZ,
let E,(6;...0p) be the number of occurrences of 7 as a subword in 07 ... ), and
let

A7(51...(5h) = E7(51...6h) - —.

On the other hand, let k1, k2,... stand for the ¢-ary digits of 5, so that g =
0.K1K2 ..., and let M = My be as in (1.1). Finally set

MU= KN+1KEN+2 .- - KN4+ M-

We will count how many times the word v occurs as a subword of pu.
Denoting by A(7) the length of the word ~, observe that

R
R(R+1)2R+1
Majaz...aft) = Zfz = ( 23( ) (R eN).
=1

Setting
R(R+1)(2R+1)

6

it is easily seen that no more than one K, is located in the interval [N+1, N+M].
Indeed, let us show that

Kgr = (RGN),

if N<K,<N+M, then K, 1 >N+ M. (3.1)
Indeed, it is clear that
Koy =K, +w+1)2>N+@w+1)?*  (v>1) (3.2)

and that, since v® > K, > N, it follows that v > N'/3, so that (v+1)% > N2/3,
which combined with (3.2) implies that

K,1>N+N?3> N4 [6yVN| =N+ M,

thus proving our claim (3.1).
Now, assume that NV is large and let R be the largest integer such that
Kr < N+ M. We then have two distinct possibilities:

e Casel: N < Kg;
e Casell: Kr < N.
If Case II holds, then

from which it follows that

800 < g Ayfanin) +0 (R4 ). (33)



A, (ar)

Because « is normal, we have that —~—= — 0 as R — oo, while on the other

M 1
hand, (R + E) v 0 as M — co. Using this in (3.3), it follows that

1 M
M‘E’Y(’u)_? —0 as M — oo,

so that in light of Proposition 2, the number § is strongly normal in base q.
Since Case I can be handled in a similar way, the proposition is proved. [

Remark 5. Other choices of Ty and my can also lead to the construction of
strongly normal numbers. For instance, let R > 0 be a fized integer and, for
each real number x > 0, define

ry := log, v = max(1,log x), To41 = log @y (=1,2,...).
Given a real number
oa=0.6163... E AI(?,
set
F(a; B) = #{(71,72) : @ = 11572},
that is the number of occurrences of the word 8 in the digits of the word . One

can construct a real number o such that, for every integer k > 1,

1 1
—F i8)——|—0 N — o0. 3.4
g)relié My (€N+1 EN+My B) qk as o0 ( )
ot
Indeed, for each integer £ > 1, let us choose Ty = ¢ and my, = 22" ,
that is ¢ = log,log, ...log, my. Now, starting with a q-ary normal number

R-’-Irtimes
v = 0.€1€5..., and, for each positive integer T, set vp = 0.€1€5...ep. Then,
one can show that the number

=047

does indeed satisfy condition (3.4) and is therefore a strongly q-normal number.

4 Preliminary lemmas

The classical Borel-Cantelli lemma can be stated as follows.

Lemma 1. Let (2, F, P) be a probability space and let Ay, A, ... be a list of
the elements of F. Let E = {x : x belongs to infinitely many A;’s}. Assuming
that

Z P(AJ) < 00,
=1

then P(E) = 0.



Given a probability space (2, F,P), we say that Aj, As,... is a list of
completely independent elements of F if, given any finite increasing sequence
of integers, say i3 < ip < --- < i, we have P(A4;, N A4;, N...NA; ) =

The second Borel-Cantelli lemma can be considered as the converse of the
classical Borel-Cantelli lemma. It can be stated as follows.

Lemma 2. Let (Q,F,P) be a probability space and let Ay, As,... be a list
of completely independent elements of F. Letting E be as in Lemma 1 and

assuming that
oo

ZP(AJ) = 00,

then P(E) = 1.

A real number is simply normal in base ¢ if in its base ¢ expansion, every
digit 0,1,...,¢ — 1 occurs with the same frequency 1/q. The following lemma
offers a simple way of establishing if a given real number is a normal number.

Lemma 3. Let ¢ > 2 be an integer. If a real number o is simply normal in
base q" for each r € N, then « is normal in base q.

Proof. A proof of this result can be found in the book of Kuipers and Nieder-
reiter [15]. O

In the spirit of Proposition 2, we will say that a real number o < 1 is a
simply strong normal number in base q if for every digit d € A,
R d 1
lim —N’M( ) = —.
N—o00 M q
Lemma 4. Let ¢ > 2 be an integer. If a real number o is a simply strong
normal in base q" for each r € N, then « is strongly normal in base q.

Proof. This result can be proved along the same lines as one would use to prove
Lemma 3. U

Lemma 5. For each integer k > 1, let

(x) :=#{n < x:w(n) =k}
Then, the relation
r (loglogz)h~1

me(@) = (4 o)) =11

(x — 00)

holds uniformly for
1
|k —loglog x| < 5 v/loglog x, (4.1)

where 0, is some function of x chosen appropriately and which tends to 0 as
T — 00.



Proof. This follows from Theorem 10.4 stated in the book of De Koninck and
Luca [12]. O

Lemma 6. Letting 6, be as in the statement of Lemma 5,

Tg+e(2)
ﬂ'k(l’)

—1'—)0 as T — 00.

k satisfying (4.1)
Lelo, ]—52/2\/10g Tog =]

Proof. Given k satisfying (4.1), let 05 be defined implicitly by k& = loglog x + 0y,
and let £ € [0, (5i/2\/10g log z]]. Then, in light of Lemma 5, we have, as © — oo,

7Tk+Z(x) _ (1 —|—O(1)) (10g10gl‘)£
@) FIT (14 2)
v=0 k
B loglog 2\ o —1) (3
1 ¢
= (1+0l1) (l—I—Qk/loglogx) (14o(1))
B 00y, 067
N (1+0(1))exp{ log log x +0 ((loglogx)Q)}
— 1+40(1),
thereby completing the proof of Lemma 6. O

For any particular set of primes P, we introduce the expressions

1
Qp(n) = E a and E(x) := 5 —. (4.2)
Pan p<z P
pPEP PEP

The following two results, which we also state as lemmas, are due respectively
to Haldsz [13] and Katai [14].

Lemma 7. (HALASz) Let 0 < 6 < 1 and let P be a set of primes with corre-
sponding functions Qp(n) and E(x) given in (4.2). Then, the estimate

_2E@" g [k — E(@)| 1
; 1= {1+O( ) )+O< E(@)}

Qp (n)=k

holds uniformly for all integers k and real numbers x > 3 satisfying

8 k
FE > — <
(z) > 53 and 0 < E@)

Lemma 8. (KATAI) For 1 < h <z, let

Ag(z,h) = Z 1,

z<n<z+h
w(n)=k

10



Op(x,h) = Ak(;’h)—ka(x)7

E(x,h) = Y &(x,h).
k=1

Letting € > 0 be an arbitrarily small number and x7/12te < h < z, then

1

E(r, h) < .
(@, h) log? z - \/loglog ©

5 Main results

Theorem 1. The Lebesgue measure of the set of all those real numbers « € [0, 1]
which are not strongly q-normal is equal to 0.

Let r be a fixed positive integer and set E := [0,1)". Consider an r dimen-
sional sequence (z,,)nen = (mgn), e ,xin))neN in R". This sequence is said to

be uniformly distributed mod E if, for all intervals [a;,b;) € [0,1),7=1,...,r,
we have

1 n . -
A}gnoo N#{n <N: {xg )} € laj,bj) forj=1,...,r} = H(bj —aj).
j=1

Accordingly, the discrepancy of the finite sequence z,, ...,z in R" is defined
as

1 T
D(zqy,...,xy) = sup N Z 1_H(bj_aj) :

i=1,..., r {zg»n)}e[aj,bj) J=1
j=1,...,r

Then, we shall say that an infinite sequence (z,,)nen is strongly uniformly
distributed mod E if

D(zy,...,zN40) =0 as N — oo

for every choice of éy satisfying (1.1).

In what follows, we let ¢q,...,q. be fixed integers > 2.
Theorem 2. The Lebesque measure of the set of all those r-tuples (aq, ..., q,) €
[0,1)" for which the sequence (z,)nen, where z, = ({a1q}}, ..., {arq}), is not

strongly uniformly distributed in [0,1)" is equal to 0.

Theorem 3. Assume that for each i = 1,2,...,r, the number «; is strongly
gi-normal. Let E = [0,1)" and assume that f is a continuous periodic function

1 1
mod E and that it satisfies / . / f(z1,...,2p)dxy - -dx, = 0. Further set
0 0
yn:f(alq(iu(n)a--'yarqyﬁf(n)) (n:1,27)

11



Then,
1
—Zyn—>0 as r — 00. (5.1)
x

n<x

Moreover, further defining z, := ({alq;‘)(n)}, el {arq;"(n)}) forn =1,2,...,

we have that (2, )nen is uniformly distributed in E.

The following result is a direct consequence of Theorem 3 and is related to
the result stated in Lemma 7.

Theorem 4. Let g be any one of the arithmetic functions

wn) := Z 1, Q(n) = Z a, Qp(n) = Z a

a p%n
pln pe|n L

and let z, = ({alqi’(n)}, e {arq?(n)}). Then, for almost all (aq,...,a;) €
[0,1)", the sequence (x,,)n>1 s uniformly distributed in [0,1)".

The following result is a consequence of Lemma 8 and we shall omit its proof
since it is essentially along the same lines as that of Theorem 3.

Theorem 5. For each integert =1,...,r, assume that o is strongly q;-normal
and set

z, = ({argy ™, g ™).
Then, with M = My as in (1.1),

D(xnyrs--sZnip) =0 as N — oo.

6 Proof of Theorem 1

Theorem 1 will follow immediately from the following lemma.

Lemma 9. Let (2,A, P) be a probability space, where Q@ = [0,1), let A be
the ring of Borel sets and let P be the Lebesque measure. Let ¢ > 2 be a fized
integer and set A, :=={0,1,...,q—1}. Lete, € A;, n=1,2,..., be independent
random variables such that P(e, = a) = 1/q for each a € A,. For each w € (Q,
let

a(w) == 0.€1(w)ea(w) - ..

For an arbitrary 6 > 0, let

N+M

1 1
Es .= w € Q: limsup max |— Z 1——=]>06,,
N—oo dEAg n=N+1 q
en=d
where M satisfies (1.1). Then,
P(Es)=0 for every 6 > 0. (6.1)

12



Moreover, setting

1

n=N-+1
en=d

1
E*:=dw e Q: limsup max |—
N—oo d€Ag M

we have P(E*) = 0.

Proof of Lemma 9. Let U € N and given any d € A, let

aq(€r, ... ey) = Z 1.

e;=d
It is clear that
, 1 /U .
Plaater,. o) =) = o () la =17,
q J
For each 0 < § < 1/¢, set
S =5(9) €N ( ) v > 0U (6.2)
= = :m CEy) — — ) )
w dei\f Qg(€1y. .-, €U P
If w e S, then clearly the inequality
U
aq(€r,....ep) < — —90—
q q

holds for at least one d € A,, in which case we have

o< 2 (o)) 2 Ot

0<j<(1-9)U/q

(6.3)
where V = [(1 —0)U/q].
Now let U .
ti=1 . A 1 =0,1,...,V).
! (J) G-y Y )
Then, for each integer j > 1, we have
i ' —1)(1 - —1)(1 -
bt g1y (g-D)I-9U/g _(qa=DA=9) 4
t; U—j+1 U+1-(1-68U/q qg—(1-9)

so that ¢;_1 < (1 — 0)t;, thus implying that

> tjgtv(1+(1—5)+(1—6)2+...):t—V.

0<j<V

13



Using the Stirling formula in the form

1
logn! = nlog(n/e) + 3 log(2mn) + 0, with 6,, — 0

. 122U 1-5 1
and setting V' = kU, where k = = + O | = |, we then have
U q U
logty = UlogU — kU log(kU) — (1 — k)Ulog((1 — k)U) — kU log(q — 1)
1 1 1
+-log —— — = log(2m) + O(by)

2 "k(l—k) 2
= (—klogk — (1 —k)log(l — k) —klog(q—1))U
1 1

— —log(27) — %logU + O(by).

+1
_0—
2 % u_r) 2

Letting h(k) = klog

1 1
+ (1 —k)log | , it follows that
K

(¢—1)
1

1 1 1
log ty = S log ——— — log(21) — =1 .
ogty = Uh(k) + 5 log Sl 2 og(2m) 5 ogU + O(0y)

Observe that h(1/q) = log

q ] and that

h(k) < (1 —¢(6))log

g—1’

where ¢(6) > 0 provided 6 > 0.
Using this in (6.3), we obtain that

P(S) < gexp {Ulog(l —1/q) +1logV +U(1 — ¢(0)) log ¢ 1} < exp{—c1(0)U},

(6.4)
where ¢1(d) > 0 is some constant depending only on § and q.
For each integer r > 1, let N,, = ¢" and consider the interval £, = [N,., Ny41—

1]. Let us cover a given interval £, by the union of K, := 1+ [(q;#j consec-
utive intervals 7‘1(”,7‘2(”, ce I(<:)+17 each of length U, := 2. Now, we define
the sets Si(r), fori=1,...,K,+1, as we did for the set S in (6.2), but this time
with the independent variables

EN+(i—1)Up+¢ (f =12,..., UT')

For these new independent variables, if we proceed as we did to obtain (6.4),
we then have

P(S) < ¢ exp{—c1(6)r?}  (i=1,...,K, +1),
so that

2r+1

exp{—c1(6)r}

K,+1
P( U Sﬁ”) < K.q"exp{—c1(6)r?} <
=1

r2

14



1
= exp{—c1(8)r? + (2r +1)logq — 2logr} < et

provided r is sufficiently large.
Since the series Y 1/r® converges, we may apply Lemma 1 and conclude
that the set

K41
Es =#{w:we U SZ-(T) for infinitely many r}
i=1

is such that P(Es) = 0, thus establishing (6.1). From this result, it then follows
also that P(E*) = 0.
U

7 Proof of Theorem 2

The proof is quite straightforward. Indeed, first set Q := ¢1q2---¢q, and let
a = 0.aiaz ... be a strongly Q-normal number, where each a; satisfies

a; € Ag, a; = bgz) (mod q¢) with bgz) € Ay, (t=1,...,r).

Writing
ar =060 . (e=1,...r),

then each ay is a strongly gs,-normal number. This means that the sequence
(T )nen defined by

n = ({1t} . {arql}) (n=1,2...)

is strongly uniformly distributed mod [0, 1)", thus completing the proof of The-
orem 2.

8 Proof of Theorem 3

Let x be a large number and let us set S := L5§/2\/10g log x|, where J, is as in

Lemma 5. Moreover, for each positive integer m < 1/ 52/ 2, let us consider the
interval

Up, :=[|loglog x| +mS, [loglog x| + (m + 1)S — 1] = [ty, tms1 — 1],

say.
For each integer k > 1, let uy, := f(auqf, ..., a,qF) . Observe that

dyn = D wpmi(z)

n<x k>1

= Z ukwk(a:) + Z ukﬂ—k(x)

|k—loglog z|<+/loglog z/d |k—loglog z|>+/loglog x/d4

15



= Si(z)+ Sa(x), (8.1)

say.
It follows from the Turan-Kubilius inequality that

l52(90) — 0 as r — 00. (8.2)
x

For the evaluation of S;(x), we proceed as follows. Let = be a large number.
Then, for each positive integer m < 1/ (52/ 2, let us consider the interval

Un = [|loglog x| +mS, |loglogz| + (m + 1)S — 1] = [tm, tmt1 — 1],
say. We then have
sie = Y Y wm@ = S s, (8.3)
m|<1/83/2 KEUm |m|<1/63/2

say.
Using Lemma 6, it follows that, as x becomes large,

S (x) —m, (x) Z Uk

keUp,

<o(l)m,, (x) > L (8.4)

keUn,

Since

(@) Y 1=(1+0(1) > m(x),

kcU,, keU,,
it follows that

ron (@) 3 e = (1+0(1)){ 3 Wk(x)} ﬁ S ue (85)
k€U, keU,, k€Unm = keu,,

Now the fact that each «; is strongly ¢g;-normal for ¢ = 1,...,r implies that
1

Combining this with (8.4) and (8.5), it follows that

S0 ()| < o(1) B mila),

keUn

ug = o(1) for each m < 1/6°/2.

which substituted in (8.3) yields

Si(m)<o(l) Y > m(x) =o(x). (8.6)

Im|<1/65/2 KE€Um

Using (8.2) and (8.6) in (8.1) completes the proof of (5.1). The second part of
Theorem 3 then follows immediately from (5.1).
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9 Final remarks

When we introduced the notion of strongly normal number in base q, we chose
for simplicity to consider intervals [N +1, N4+ M] with M = |55+ N|. However,
it is interesting to observe that we could have chosen much smaller intervals,
namely with M = Uog2 N |, and nevertheless still preserve the property that
almost all real numbers are strongly normal. Indeed, following the proof used
in Lemma 9, as we consider an arbitrary sequence of digits exy1€n+t2 ... €N+,
with M = |log® N|, and examine the occurrence of an arbitrary digit d € A, in
this sequence, we could define r as the unique integer such that ¢" <n < ¢" 1!,
in which case we would have

In the end, we would see that

1 n+|log? n| 1
1——|>96
o 2

ep=d

holds only for finitely many n’s and that this is true for each § > 0. We can
conclude from this that, for almost all «,

1 n+[log® n | 1
lim max|—— »  1--|=0,
n—o0 deA, log L —— q

ep=d

thus also establishing that we could have defined the notion of strongly normal
numbers with M = |log® N | instead of with M = [6xVN].

Now, could we have chosen M even smaller, say M = |log N|? Not really!
Indeed, assume that (e, ),>1 are independent random variables such that P(e, =

gVt — N
a) =1/q for each a € A;. For N e N, let H = Hy = {—J and set

N
B = {w:eppngy =0, v=0,1,....N—=1}  (£=0,1,...,H—1),

The events BéN) (¢=0,1,...,H — 1) are independent and P (BéN)> =1/q¢".

Hence, with Dy = 25:)1 BéN), we have

On the other hand D;, D,, ... are independent and Z P(Dy) = oo. Hence,
N=1
by the second Borel-Cantelli lemma (see Lemma 2), we may conclude that for

17



almost all events w, there exists an infinite sequence of N’s, say ni,ns, ... such
that

Eny+1 = 0, 6n,,+2 = 0, ey fny+my = O,
logn,

log q
number a with sequences of digits covering intervals of the form [N 41, N + M],

with M =~ log N, made up only of zeros.

. We have thus shown that one could encounter a normal

where m, > ¢
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