Distribution of consecutive digits in the ¢g-ary expansions
of some subsequences of integers 11

JEAN-MARIE DE KoNINCK! and IMRE KATAI?
Dedicated to Professor Jonas Kubilius on the occasion of his 90" anniversary

Edition du 31 mars 2012

Abstract

We study the normality of the distribution of consecutive digits in the g¢-
ary expansion of integers belonging to particular subsequences of the positive
integers.

1 Introduction

For each integer ¢ > 2, let A, = {0,1,...,¢ — 1}. The g-ary expansion of a positive
integer n is the representation

(1.1) n= Zaj(n)qj, where each a;(n) € A,

j=0

observing that the above sum is clearly finite, since a;(n) = 0 as soon as ¢’ > n.
Let P € Z[z] be an arbitrary polynomial of degree r with a positive leading
coefficient.

Let k£ be a positive integer. We write A’; to denote the set A, x ---x A,. A

—_———
k

typical element of A'; will be denoted by b = (b, by, . .., bx—1) with each b, € A,.
Let F = F}, : A’; — R be such that F(0,0,...,0) =0.
Moreover, for positive integers n represented as in (1.1), we consider the functions

PE(n), ¢ (n), ... given by
¢§“(n) = (aj(n),...,aj1r-1(n)).

With these notations, we further introduce the sequences {a, },,>1 and {5, },>1 defined
by

= ZFk(cb?(P(n))), fBn = ZFk(cb?(n))-
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1
Let also M = m Z Fi(b) and, for each h =0,...,k — 1,

be Ak
1
U?L:W Z (Fk<b07"'7bk—1)_M) (Fk<bh""’bh+k_1>_M)'
(b0ywsbrpn—1)EAET?

Also, set
k—1

(1.2) o’ =03 +2) o
h=1

Finally, for convenience, from here on, assume that x is a large number and let
log x

logq |
In 1996, Bassily and Katai [2] proved the following two theorems.

Theorem A. Assume that o # 0. Then, for every real number y,

(1.3) Q}L%oi#{ns:z . F <y} =2(y)
(14) lim oy <o P <) = ()

where ® stands for the Gaussian Law.

Moreover, let [, 5) C [0,1], x : [0,1) — R be the periodic modulo 1 function
defined by

[ 1-(B—a) iftelnp),
x(t)=><[a,ﬂ>(t)-—{_(5_a) itte0,1)\[a, ).

Theorem B. Assume that

/ dt+22/ (¢"t) dt # 0.

Then, for every real number vy,

lim {0 <o > (?) < yoV/Nr} = 0(y),

lim —#{p<x ZX< .>)<yam}:¢(y).

e ()



The proof of Theorem A is based essentially on Lemmas 1 and 2 below. By using

— MN — MN
Theorems A and B, we can estimate the moments of ! and of Tand

0\/_ 0\/_

compare them with the moments of P(n) = n. Since estimate (4.1) is known to hold
in the particular case P(n) = n, the Frechet-Shohat Theorem implies the more general
estimates (4.1) and (4.2).

In this paper we will show that Theorems A and B are still true when the sums
run over some subsets of integers defined in Section 4.

2 Notations

As usual, N, Z and R will stand for the set of positive integers, of integers and real
numbers, respectively. As is customary, p will always denote a prime number.

Throughout this paper, we let A stand for the Lebesgue measure.

We denote by M the set of all complex valued multiplicative functions g satisfying
lg(n)| <1 for all n € N.

For each y € R, let e(y) := exp{2nyi}.

Given a set B = {z1,...,x)} of real numbers, the discrepancy of B modulo 1,
noted discr(B) is defined by

1 M

discr(B) = sup |— 1—(f—a).
achoy | M 2

n=1

{zn}€le,B)

Throughout this paper, the letters ¢ and C' always denote positive constants, but
not necessarily the same at each occurrence.

3 Preliminary results

Lemma 1. (Erdds-Turdn) If Dy stands for the discrepancy of the real numbers
x1,...,Ty modulo 1, then, there exists a positive constant ¢ such that

K
v M
DMéc(z'—,:'w)

M
for any positive integer K, where W Z e(mxy) for each positive integer m.
Proof. This result is due to Erdés and Turan [3]. O

Now, given a real number £ € (0,1), let



Lemma 2. Given P € Z[x]|. Assume that P(z) has positive degree and that its leading
coefficient is positive. For each j € N, set

B =#{p<o: {8 v} wd B =#{n<a (TR v

Further let € > 0 be fived, N < j < rN —N¢, n an arbitrary positive constant. Then,
uniformly in j, we have

x x

Ej(z) < &n(z) + g 2 and  Fj(z) < x + g’z
Proof. This is Lemma 4 in Bassily and Kétai [1]. O
For an arbitrary sequence of positive integers ¢; < --- < £, and given by, ...,b, €

Ay, let

A

(3.1) ¥ = N(x b b ):#{ngx:agj(P(n)):bj,jzl,...,h},
17...7 h

... 0 .
(32) %, — n(x‘bi_“ b:):#{ps:c:amp(p)):bj,jzl,...,h}.
Lemma 3. Assume that
(3.3) N3 <ty <tly<-- <l <rN— N3

and let n be an arbitrary positive constant. Then,

x x m(x) x
T (log"a:) " 2T e (lognx) (oo

hold uniformly for all choices of {4, .., ¢y satisfying (3.8) and b; € A,. The implicit
constants in the o(...) terms may depend on P, h and 7.

Proof. This is Lemma 1 in Bassily and Kétai [2]. O

Lemma 4. Let ¢ and n be arbitrary constants. Let x be large. Then, for every choice
of h < clogloga, of {1, ..., 4y satisfying condition (3.3) and of (by,...,by) € Al, we

have
x xh m(x) xh
¥ = 7 +o (10g”x> and g = 7 +o (log”x) (x — 00),

where the implicit constants in the o(...) terms may depend on P, ¢ and n.

Proof. This is Lemma 2 in Bassily and Kétai [2]. O

Remark. The proofs of Lemmas 2, 3 and 4 depend mainly on results of .M. Vino-
gradov [6] and L.K. Hua [4].



4 Main results

Let Ji,...,Jix € [0,1) be a finite number of intervals. Let Pi(x),..., Py(x) be real
valued polynomials each of positive degree. Consider the linear combinations

Qma.oomi () = myP(z) + - -+ + mgp P (),

where my, ..., my € Z, and assume that Q. m, (2) — Qmy...m, (0) has an irrational
coefficient for every my,...,my € Z except when my; = --- = m; = 0. Moreover, let

S={neN:{Pn)}eJfort=1,... k}.
Then, the second author [5] proved the following result.

Theorem C. With S, Ji,...,J, and Py, ..., P, as above,

gsetjl\g éZg(n) _ A x AUw) Zg(n) —0 asx — o0.

n<z n<z
nes -

As a corollary to this result, the second author showed that, if u(n) is an additive
function for which there exist two functions A(z) and B(x) such that

1 ~u(n) — A(z)
F(y) = lim ~#{n<z: T Ba) <y}
exists for all y € R and represents a distribution function, then, with S, Ji, ..., Ji
and P, ..., P, as above,
, 1 1 u(n) — A(z)
1 - <x:nel, ———=< =F
S AR OAL {” =T E TR ) Y )

for every continuity point y of F'.

Theorem 1. As x — oo,

Hs(z) = #{p <7 p € S} = (1 4+ o(1)A) - - A(J)m(@).

Let R € Rz] be a polynomial of degree > 0 be such that R(x) — oo as x — o0.
Write the g-ary expansion of each integer n as

t
n = Zsy(n)q”, with each ¢,(n) € A,, e(n) # 0.
v=0

Consider the word in AZ“ defined as
n=c¢co(n)e1(n)...e(n).

b}



Now, define
N, S (.’I?
HS (.’I?

Then, we have the following.

o > = #{n<wz:nebs e(Rn)=a; j=1,... 1}

Ay ...,0¢

€17...,€t > — #{prPESJ E:ZJ(R(p)):a“JJJI]“”t}

Ay ...,0¢

1
Theorem 2. Let N = Long. Let t € N be fized and let also 0 < 7 < % be fized.
0gq
Then, given any as,...,a € Ay,
qtNS (I’ 1, 7€t )
A1,y ...,0¢ 1 <5(x)
su —
NT§z1<~--<£<7«N—NT Ns() N
and
. (x ) )
A1y ...,0¢ 1 <5(x)
su — )
NT§€1<~~~<£<7~N—NT Is() B

where §(z) — 0 as x — oo and where Ng(z) = #{n < x : n € S} and Ilg(x) =
#{p<az:pesS}

Let f be a g-additive function and set

1 1
mi ==Y f(bg") and of == f*(bg") —m}
9 pen, 1 pen,
Let also
N N
M(z) = ka and D?*(z) = Z o
k=0 k=0

Assume that R € Z[z]|, R(z) — oo as © — oo and that r is the degree of R.

Theorem 3. Let [ be a q-additive function and assume that |f(bg’)| < C for all

be A, and all integers j > 0. Assume also that ID% — 00 as x — oo. Then,
og '’ x
) 1 f(R(n)) — M(z")
lim n<x:necls, < = ®(y),
. f(R(p)) — M(a")
1 < = ¢
Jim (x)#{p <z:p€S’, D) <y} ()



Theorem 4. Let o be as in (1.2) and assume that o # 0. Then, for every real number

Y,
1 a, — MNr
41 lim ——#{n<a:nes ——" <y} =0d(y),
(41) Jim s tn < ()
1 a, — MNr
4.2 lim <wz:peS, L—n0— =
(4.2) lim Hs(x)#{p_ p N y} = @(y)

Theorem 5. Assume that

/ dt+22/ (¢"t) dt # 0.

Then, for every real number y,

P(n)
a:h—>I§oN5( )#{n r:n€s, Zx< )<ya\/_} d(y),
Q}LI&T#{p<x pES, ZX( q(.))<y0\/_} O (y).

7j=1

5 Proof of Theorem 1

Let
1 ifx e Jy,

Tulz) = { 0 ifzel0,1)\J,
and extend fj, to the whole set of real numbers by setting f,(x + v) = fi(z) for all
v e L.
Let A be a fixed positive small number. Then, for each z € R, let

A
gn(x) = i/A fulz +y)dy

Then, we write the Fourier series associated with f,(z) and g,(z) as

Z cMe(mz)  and  gu(z) = Z dMe(max)

m=—0Q m=—0oQ

where the constants ¢y and d\" satisfy

K
!cﬁf)‘ < ﬁ for m £ 0, and céh) = AJp)
m
and

1 1

|d(h ‘ <Khm1n<| " Am

) for m # 0, and déh) = A(Jn),

7



where K, is some positive constant depending only on h.
With these notations and conditions, define the two arithmetic functions

so that

0 otherwise,

o(n) = { 1 1fn€'S,

while 0 < k(n) < 1.
Now if k(n) # o(n), then for some j € {1,...,k}, we have

(5.1) g;(Pj(n)) # f;(Pi(n)).

In such a case, write J; = Uy U - - - U U,,, namely the union of finite disjoint intervals
Un = [an, Br), with a1 < /1 < ag < By < -+ < ayy < P Now, if (5.1) does indeed
hold, then

(5.2)

{Pj(n)} € [an = A, an +AJU[B1 = A, B +AJU- - Uy, — A, iy + AJU B — A, B+ A

But the number of positive integers n < x satisfying (5.2) is less than
2ma A + 2ma - discr({ Pj(n) }r<n<|a))-
But, in light of Lemma 1, we have that
discr({Pj(n) }1<n<|z)) — 0 as xr — 00.

Similarly,
discr({ Pj(p) }1<n<|z)) = 0 as & — 00.

Combining these results, we get that
#{n<z:0(n)#rn)} < cAx+o(z) (x — 00),
#{p<z:0(p)#rp)} < (cAt+o(l)n(z)  (z—o0)

Now using the same argument as the one used in [5] to prove the theorem in that
paper, but proceeding only with g(n) = 1, we get that

Ms(x) = Y k(p)+O(Ax(x))

p<lzx
= Z dgi e dgf,)c 6(Qm1 ..... mg (p)) + O(A?T(.CL’)),
M1,.nny mi p<1’

where d - d® = A(J) -+ M(Ji) and

> ) dR)| < o



Then, the proof of Theorem 1 is complete by observing that

— Z e(P(p)) — 0 as r — 00,

which is a well-known result of .M. Vinogradov.

6 Proof of Theorem 2

For x € [0,1), let
1 ifo<a <1/qg,
%@»‘{o if1/g <z <1.

and extend the definition of ¢y(x) to all non negative real numbers z using the relation
odo(x +n) = ¢o(x) for all n € N. Moreover, set

on(x) = ¢o(x —b/q) for b € A,

and, given a fixed positive small number A, let

o0

hy(x) = i/A op(z+2)dz = Z uPe(mz).

m=—0oQ

By a simple computation, we easily obtain that u(()b) = 1/q and that ug;) =0ifm=0
(mod ¢) and m # 0, while

. 1 1
"LLS;)’ S min (%, W) .

Now, let

pn) = qu (f“”)
= I, (5).

Jj=1

With this definition, it is clear that p(n) =1 or 0, depending on wether &;,(n) = a
for j =1,...,t or not. Moreover, 0 < 7(n) <1 and

#{n<wz:pn)#71(n)} < cAz+axdiscr({R(1),...,R(|z])}).

Hence, it follows from this that

J

lim sup é#{n <xz:p(n)#71(n)} <cA.

T—00

9



Similarly, using Lemmas 1 and 2, we get that

lim sup — #{p <wz:p(p) #7(p)} < A

T—r00

Hence, we obtain that

NS (I

We now repeat the argument used in [1], namely letting

1 1
()

and letting M be the whole set of vectors M = (my,...,m;), so that

fij . jf;i ) = Z o(n)p(n) = Z (n)7(n) + O(Ax) +o(z) (2 — 00).

my my Anr

VM:qflJrl—}_'”_’_qftJrl:H_M Wlth(AM,HM):]_
Then, we get that
(6.1) T(n)= > Tye (A—MR(n))
MeM

where

3 (- d)] < .

MeMma,...,
Let us sum the above over the positive integers n < x. If (mq,...,m;) # (0,...,0),
then the polynomial
Anm
7 BWY) + Qi (9)
M

has an irrational coefficient other than the constant term. Thus by Weyl’s Theorem,
we have that



while by using the theorem of I.M. Vinogradov, we get

Am
> ( FERG) + Qo (0) | = o(w(a)).
p<lz HM

It remains to estimate, in the sum ) _ x(n)7(n) and in »_ _ x(p)7(p), those
terms for which (my,...,m;) = (0,...,0).
Since d((f) = A(Jy), we conclude that

Y wln)r(n) = A - A() Y 7(n) + ofx),

D k)T) = A M) DY T(p) + o(n(x)).

Then, by applying Lemma 5 of Bassily and Katai [1], the proof of Theorem 2
follows immediately.

7 The proofs of the other theorems

The proof of Theorem 3 can be obtained by using the Frechet-Shohat Theorem stated
in Section 4 of Katai [5]. On the other hand, the proofs of Theorems 4 and 5 go
essentially along the same lines as those of Theorems 1 and 2 proved in Bassily and
Katai [2] and will therefore be omitted.
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