Some new methods for constructing normal numbers

JEAN-MARIE DE KoNINCK! and IMRE KATAI?
Edition du 18 décembre 2011

Abstract

Given an integer ¢ > 2, a g-normal number, or simply a normal number,
is a real number whose g-ary expansion is such that any preassigned sequence,
of length k£ > 1, of base g digits from this expansion, occurs at the expected
frequency, namely 1 /qk. We expose two new methods which allow for the
construction of large families of normal numbers.
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1 Introduction

Given an integer q¢ > 2, a g-normal number, or simply a normal number, is a real

number whose g-ary expansion is such that any preassigned sequence, of length & > 1,

of base ¢ digits from this expansion, occurs at the expected frequency, namely 1/¢*.

Equivalently, given a positive real number n < 1 whose expansion is n = 0, a1as . ..
o0

with each a; € {0,1,...,¢— 1}, that is, n = Z %, we say that 7 is a normal number
j=1
if the sequence {¢"n}, m = 1,2,... (here {y} stands for the fractional part of y), is
uniformly distributed in the interval [0, 1].
It is easily seen that n is a ¢g-normal number if and only if
1 . 1
]\}E%ON#{] <N:iajir...a04=01...b} = ?
for every by ...by € {0,1,...,q — 1}

The problem of determining if a given number is normal is unresolved. For in-
stance, fundamental constants such as 7, e, v/2, log2 as well as the famous Apéry
constant ((3), have not yet been proven to be normal numbers, although numerical
evidence tends to indicate that they are. Interestingly, Borel [2] has shown that al-
most all real numbers are normal, that is that the set of those real numbers which
are not normal has Lebesgue measure 0.

In this paper, we expose two new methods which allow the construction of large
families of normal numbers.
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2 Notations

Given an integer ¢ > 1, an expression of the form 4,7, . . .4, where each 7; is one of the
numbers 0,1,...,qg — 1, is called a word of length t. Given a word «, we shall write
A(a) =t to indicate that « is a word of length . We shall also use the symbol A to
denote the empty word.

Let ¢ > 2 be a fixed integer and let A = A, ={0,1,2,...,q —1}. Then, A" = A}
will stand for the set of words of length ¢ over A, while A* = A} will stand for the
set of words over A, including the empty word A, that is

A =A;=[JA",  where A’ = {A}.
t=0

Moreover, the concatenation of two words «, f € A*, written a3, also belongs to A*.
It is clear that A(af) = A(a) + A\(B).
Given a fixed integer ¢ > 2, we will write positive integers n as

(2.1) n= Zéj(n)qj, with each ¢;(n) € A,

=0
where the above sum is clearly finite, and use the notation
(2.2) n=c¢o(n)er(n)...en),

where g,(n) # 0.

Let k be a fixed positive integer. For each word 8 = by ...by € A*, we let vg(m)
stand for the number of occurrences of 5 in the representation (2.2) of the positive
integer n, that is, the number of times that €;(n)...cj44_1(n) = B as j varies from 0
tot—(k—1).

Let 7o = €1€263 ..., where each ¢; is an element of A,. Let ny =¢e1e2...en.
Moreover, for each 8 = d; ..., € A} and integer N > 2, let M (N, 3) stand for the
number of occurrences of 5 as a subsequence of the consecutive digits of ny, that is

M(N, 8) = #{(a,7) :qv = afBy, ay € AJ}.
We will say that 1. is a normal sequence if

- M(N,pB)
(2:3) P

for all 8 € A7.

Let p stand for the set of all prime numbers and let @ stand for an infinite subset
of p. We shall denote by N ({) the multiplicative semigroup generated by .
Let £ be the real number belonging to the interval [0, 1] whose g-ary expansion is

5 = 0.815283 ce



and, for each integer N > 1, set

§N = 0.8162 ...EN.

With 8 and M (N, ) as above, we will say that £ is normal if (2.3) holds.

We shall let w(n) stand for the number of distinct prime factors of n. Throughout
this paper, the letter p, with or without subscripts, always denotes a prime number.
Finally, the letters ¢ and C' always denote positive constants, but not necessarily the
same at each occurrence.

3 First method

Let B be an infinite set of positive integers and let B(x) = #{b < z : b € B}.
Further, let F' : B — N be a function for which, for some positive integer r and
constants 0 < ¢; < ¢y < 400,

F(b)

€1 < b

< ¢y for all b € B.

1
Let x be a large number and set N = Ong :

log q
Let 0 < ¢ < --- < 4y, (< rN) be integers and let ay,...,a, € A, Using the

notation given in (2.1) and (2.2), we further let

by, ool ):{bS.IbEB, &TZj(F(b)):aj?j:l’"”h}
ar,...,ap

TN Oy, ... 0y,
BF(x‘al,...,ah>_#BF(x ay,...,ap )
We say that F(B) is a g-ary smooth sequence if there exists a positive constant

a < 1 and a function £(x), which tends to 0 as = tends to infinity, such that for every
fixed integer h > 1,

and

. (x A )
(3.1) sup Moo )| < eh)e(x)
' Na<ly <<l <rN—N« B(z) -

X

(where c(h) is a positive constant depending only on i) and also such that B(z) > oo
ogw

Now, let F'(B) be a g-ary smooth sequence. Let b; < by < --- stand for the list of
all elements of B. Let also




log1
T 08 08 On 08 bn + O(1).
log q

Let n € I := [z,2z], B € A}, v3(&) be the number of occurrences of § as a
subword in &,. Let us write

vs(&n) = v (&) + v (&) + v (€,

where Vél)(ﬁn) is the number of those occurrences of § in &, as &, = 0087, with

A(0) < N©, while l/ég) (&) is the number of those occurrences of 8 in &, for which
A(y) < N
Now, from (3.1), we obtain that

S o= Y vP(E) = Z () + O(N))

nel nel

(3.2) = qikr]\% + O(z(log x)“).

Since ¢1b], < F(by,) < ¢ob], it follows that ¢ =

Similarly, one can estimate the expression

Yy i= Y (v (&)

nel
Indeed, ( (§n)) stands for the number of solutions of
En = 01871, & = 02872 such that A(d;) > N, A(y;) < N* (j =1,2).
Observe that the number of those occurrences of S which are not disjoint, say
n = 01 | g | ™
€n = 02 | g 72

is less than (2k + 1)Vé2) (&n).
Thus,
1
(3.3) Y9 = —-(rN)?z 4+ O(xN).
q

It follows from (3.2) and (3.3) that
S (v LY

vy (€n) — TN | <aN
nel q

so that

1 2
Z (yﬁ(gn) — —krN) < aN + O (zN*) .
nel q

We have thus established the following result.
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Theorem 1. Let F(B) be a g-ary smooth sequence. Let by < by < --- stand for the
list of all elements of B. Let also

and set

77:O§1§2
Consider n as the real number whose q-ary expansion is the concatenation of the
numbers &1,&,.... Then n is a g-normal number.

Since one can easily construct plenty of g-ary smooth sequences, Theorem 1 allows
for the construction of many g-ary normal numbers. In this context, we formulate
the following two remarks.

Remark 1. Assume that P € Z|x] withr = deg(P) > 1 and that lim,_,, P(x) = +oc.
Bassily and Kdtai [1] proved, using theorems of I.M. Vinogradov [8] and of L.K. Hua
[5] concerning the estimation of trigonometric sums, that P(N) and P(p) are both
smooth sequences. Nakai and Shiokawa [6] explicitly proved that, in this case, n is a
normal number. They even estimated the discrepancy of the sequence {q™n}m>1-

Remark 2. Recently, German and Kdtai [4] showed the following:

Let ny < ng < --- stand for the list of all elements of N' (). Moreover, let
N(z):=#{n <z:neN(p)} and let P € Z[x]. Assume also that P(n)
takes only non negative values. Then n = 0.P(ny) P(ng) ... is a normal
number.

Much more is true. Indeed, we can also obtain the following result.

Theorem 2. Let ny < ny < --- be a sequence of integers such that #{n; < x} > px

provided x > xq, for some positive constant p. Then, using the notations of Theorem
1, let

w=0.8,6n, -
Then 1 is a q-normal number.
4 Second method
Theorem 3. Let ¢ > 2 be a fixed integer. Given a positive integer n = p5* - - -pZ’ff
with primes py < --- < pry1 and positive exponents ey, ..., exr1, we introduce the

numbers c1(n), ..., cx(n) defined by

qlog p; .
; = A =1,...
C](n) LOngHJ € q (] 9 7k)



and define the arithmetic function

ci(n)...cx(n)  ifw(n) > 2,
<1

Hn) = { A if w(n)

Consider the number
E=0.H(1)H(2)H(3)...

Then & is a g-normal number.

Proof. As we will see, this theorem is an easy consequence of a variant of the Turan-
Kubilius inequality.

Let by,...,b; be fixed elements of A,. Then, for each sequence of k£ + 1 primes
p1 < -+ < pga1, define the function
1 if {%J =b; for each j € {1,... k},

logpj+1
0 otherwise.

f(pla v 7pk+1) = {

From this, we define the arithmetic function F as follows. If n = ¢{" - - - ¢u", where
¢ < --- < q, are prime numbers and ay,...,q, € N, let

pn—k—1

F(n) = F(n|b1, .. ,bk) = Z f(Qj+1, ce 7Qj+k+1)'

J]=

1
We will now show that F'(n) is close to —-w(n) for almost all positive integers n.
q

Let Y, = expexp{y/loglogz} and Z, = z/Y, and further set

Fo(n) = Y f(@e1r- s Giann),

Qj+1§Yz
Fi(n) = Z (@1, Gins),
Yz<qj+1§Zz
F2(n> = Z f(qj+17 s 7Qj+/€+1)7
qj+1>Zz
so that
(4.1) F(n) = Fy(n) + Fi(n) + Fa(n).

Now, it is clear that

FQ(TL) S (JJYI(n) = Z 1

pln
p<Yg

pln
p>Zy

and that



Therefore,

1
(4.2) Z Fo(n) <z — < czy/loglog x
n<z p<Yy p
and
1 log eVicglogz
n<x Z,<plx

We now move on to estimate Z (Fy(n) — A)® for a suitable expression A, which shall
n<x
be given explicitly later.
We first write this sum as follows:

Y (Filn) = A = > Fi(n)’—24) Fi(n)+ A*[z]

n<x n<x n<x
(4.4) = S —2AS, + A%|z],
say.
Let Y, <p;y <--- < pry1. Wesay that p1,...,prs1 is a chain of prime divisors of

n
P1Pk+1

in the interval [p, pr+1] with the possible exception of the primes p belonging to the
set {p1, .-, D1}

Observe that the contribution to the sums S; and Sy of those positive integers
n < z for which p?|n for some prime p is small, since the contribution of those
particular integers n < z is less than

n, which we note as p; — ps — ...+ prya|n, if gcd( ,p> =1 for all primes p

Hence we can assume that the sums S; and S, run only over squarefree integers n.
We now introduce the function

)= [] (1—%)

pPEYP
u<p<v

and observe that it follows from Theorem 5.3 of Prachar [7] that

(4.5) [(u,v) = log u (1 +0 (exp{—@})) :

log v

Now, using Lemma 2.1 from Elliott [3], one can establish that

# ynggcd v, H pl=1

1o 1
p Pre+ P1<p<pr+1



X

(4.6) =———T(p1,prs1) (1+0 (log_cpl)) ;
pl .. .pk+1

where C' is an arbitrary but fixed positive constant.
It follows from (4.6) using (4.5) that

f(ph s 7pk+1)
S = E ['(py,
2 D1 DErt (Pl pk+1)

P1<-<Pg41 <z
Ye<p1<Zzx

+O Z f(p17"'7pk+l) F(plapk—l-l)
P1 - Pr+1 10g0 P1

p1<-<ppp1<w
Ye<p1<Zz

= Z f(p17~~;pk+1) logp1
P Per1 108 Drya

P1<-<Pg41 <z
Ye<p1<Zzx

f(p17"'7pk+1) 1
4.7 +0
(4.7) Z p1--Prr log®py

P1<-<Pg41 <z
Ye<p1<Zz

In order to estimate the main term on the right hand side of (4.7), we let

)= 3 f(prs-- - pry1) logpy
1 Pey1 108 Pria

p1 < <pgy1<zT
Ye<p1<Zz

and we also consider the sum Ly(x), that is essentially the same sum as the sum L(x)
but where we drop the condition Y, < p; < Z, in the summation.
Note that, in light of (4.2), the error Lo(x) — L(x) satisfies

(4.8) 0< Lo(z) — L(z) < ci Zsz (n) < +/loglog x.

n<x

Now, since, for each j € {1,2,...,k}, we have
DR
Dj
qlogp;
\‘logpgjle:bj

it follows that, after iteration, we easily obtain that

1
= glogpjﬂ +O(1),

1 1 1
4.9 Lo(x) = — +O(1) = —loglogz + O(1).
(4.9) o(7) 7 p;;x o~ (1) 7 (1)

Now, because of (4.8), we have that L(z) — Lo(z) = o(loglogx), so that it follows
from (4.9) that

1
(4.10) L(z) = i loglogz + O(1).



Substituting (4.10) in (4.7), we get
1
(4.11) Sy = q—kxlog logz + O(x).

In order to estimate Sy, we proceed as follows. We have

Si = Y Fi(n)

n<x

(4.12) = 22 Z f1, - pee) flans - o) + E(2),

n<zT p1— - —PEyqin
q1 gy In
Pr+1<41

where the error term F(z) arises from those k41 tuples {p1, ..., prs1} and {q1, ..., qxs1}
which have common elements. One can see that the sum of f(p1, ..., pe+1)f(q1,- -, Qrs1)
on such k + 1 tuples is less than kw(n), implying that

(4.13) E(z) < zloglogz.
Using the fact that

# v < a :I/,HpXHp=1

15 Pre1q1*** Qral
p Pr+14 -+ P1<p<Pr+41 q1<p<qk+1

_ wT(pl,pkH)F(QthH) (1 +0 ( ! ))
logcpl ’

P1- - Pr+14G1 -0 - Gk

for some positive constant C. It follows from (4.12) and (4.13), while arguing as we
did for the estimation of Sy, that

2

(4.14) Si=z % F(pr, - - prrd)U(P1, Pre)

+ O(xloglogx).
P1- P+

p1<--<pPpy1<@
Yr<p1<Zz
Hence, in light of (4.11) and (4.14), we get that

log1 ? loglog )’
Si=x ( ogq(k)gx + O(l)) =2z ( ogqggm) + O(xloglog z).

Hence, choosing A = qik loglog x, it follows that the left hand side of (4.4) satisfies

1 S|
4.15 Fi(n ——10g10gx> < —uxloglogx.
(4.15) Z( ) - ;



Recall that F(n), as well as F'(n), depends on by, . . ., b, while A does not. Hence,
setting

Gin)= > Fnlb,....b),
a sum containing ¢* terms, we get that

2
Z (F(n‘bb...,bk) — G(:)) < zloglog x,
q

n<x

G(n)

so that o

does not depend on the choice of (by,...,b) € A';.

Now, by using the Cauchy-Schwarz inequality along with (4.2) and (4.3), we ob-
tain, in light of (4.1), that

S |Fn) = el < 0 |Falm) = aa| + 30 1Folm) + 3 1Falm)
<z n<w nS:UQ o n<w
(4.16) < Vr (Z Fi(n) — q—lka:Q > + O(z+/loglog ).

Hence, it follows from (4.15) and (4.16) that

(4.17) Z < Cz+/loglog x.

n<z

1
F(n)— ﬁl’g

Hence, given any two k-tuples (by,...,bx) and (b},...,b},) both belonging to A’;, it
follows from (4.17) that

Z |F(n|by,. .., bk) — F(n|b), ..., b,)| < 2Cxy/loglogz,
n<x

thus implying that the probability of the occurrence of by, . .., by in the chain of prime
divisors p; — ...+ pry1|n is almost the same as that of the occurrence of b}, ..., 0
for any (b},...,b),) € AF. This final remark proves that £ is a normal number and
thus completes the proof of Theorem 3.

O

5 Final remarks

This last method can easily be applied to prove the following more general theorem.
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Theorem 4. Let R[x] € Z[z], the leading coefficient of which is positive. Let mq be
a positive integer such that R(m) > 0 for all m > mg. Moreover, let H(n) be defined
as in Theorem 3 and set

£ = 0.H(R(mg))H(R(mo + 1))H(R(mo + 2)) . ..

Also, let mg < p1 < pa < --- be the sequence of all primes no smaller than mgy and
set

n=0.H(R(p1))H(R(p2))H(R(p3)) - - -

Then & and n are g-normal numbers.
Even more is true, namely the following.

Theorem 5. Let (mg <)ny < ny < --- be a sequence of integers for which #{n; <

x} > px provided x > xqg, for some positive constant p. Then, using the notations of
Theorem 4, let

7=0.H(R(n1))H(R(ng)) ...

Then T is a g-normal number.
Moreover, let (mg <)m < my < --- be a sequence of primes for which #{m; <
x} > dm(x) provided x > xy, for some positive constant 0. Let

K = 0.H(R(m))H(R(m)) . ..

Then k s a g-normal number.
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