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ON THE ASYMPTOTIC VALUE
OF THE IRRATIONAL FACTOR
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Dedicated to Professor Paolo Ribenboim on the occasionso8@ih birthday.

RESUME. Les fonctions
I(n) := H pY/* et R(n):= H pt
p>[ln pe|n
ont été introduites par Atanassov. Nous montrons gu'iltexisie constante positive
telle qued}",, ., I(n) = cz? + O (z*/2A(x)), oUA(x) = o(z), améliorant ainsi un
résultat récent de Alkan, Ledoan et Zaharescu.

ABSTRACT. The functions
I(n) = H pY/* and R(n):= H pt
p>ln pe[In
were introduced by Atanassov. We show that there exists iiygosonstant: such
thaty>, ., I(n) = ca® + O (2*/2A(z)), whereA(z) = o(z), thereby improving a
recent result of Alkan, Ledoan and Zaharescu.

1 1. Introduction
2 In 1996 and 2002, Atanassov [2], [3] studied the followinigremetic functions
3 I(n) := H p/* and R(n):= H pot

pa”n pa”n

4 wheren = p{* .- pi" stands for the usual factorization of These functions satisfy
5 simple properties such as
6 I(n)R(n)*>n.
7 Some properties are less trivial such as the following, gddwy Panaitopol [4]:

[ee]

1

s (1.1) e < €,

; I(n)R(n)p(n)
9 whereyp stands for the Euler function. In the same paper, Panaitpol proved that
10 the arithmetic function

n

11 G(n) = HI(V)I/"

v=1

Recu le 24 novembre 2009 et, sous forme définitive, le 5 fé26&0.
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satisfies the inequalities
e 'n < G(n) <n,
and further asked if there exists an absolute congtant 0 such that

(1.2) G(n) =cin+ O(y/n).

Recently, Alkan, Ledoan and Zaharescu [1] proved (1.2) aockover established
that there exists a positive constaptsuch that, as — oo,

(1.3) Z I(n) = cpz* + O (x?’/z(log x)9/4) .
n<x
In this paper, we improve estimate (1.3) by proving the feilg result.
Theorem 1.1. There exists a positive constaitsuch that, as — oo,

(1.4) Y I(n) = cpa® + 0 (x3/2A(w)) ,

n<x
where
A(x) = exp {—c;;(log 2)3/%(log log w)_l/S} .

2. Proof of the Theorem

Clearly it is enough to prove that

(2.1) Z@ =+ 0 (Va A(x)) .

n<x

I(n)

Definef(n) := 0 in which case one easily checks that

— f(n)
2.2) Y=
2w

) 1(s).

¢(s
(2s)

where

and

1 1 1 1 1 1
— 2\ _ 3\ 4N\
9(p) =0, gp°) = i gp°) = 2T i g(p") = ey AT R e

and so on, so that in general, one easily sees that

(2.3) l9(p™)| < (@ >2).

Sl-

First observe that

2.4) yolotl L

k 1,3/4
k>x
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that
k
(2.5) gl _ o(1),
k>x k

and also that

(2.6) ZM<<951 0<a<1).

To prove (2.4), we use (2.3), thus allowing us to write

g(k) 1 > —2-1/2
ZT < Z W < . u du

k>x n>\/x Ve
—1-1/2| 1 ,
< n oz < £1/2+1/4

which proves (2.4). One can then prove (2.5) and (2.6) in daimmanner.

Now setS(z) := » _ f(n). Inlight of (2.2), of the fact that
n<x

¢(s) _ 1)
¢(2s) 2 n

n=1

and of the well-known estimate

3 1 (n) = %w +0 (ﬁexp {—03(10g z)*/? (loglog “)_1/5}>

n<x

(see Walfisz [5]), we get that, for any fixéd o < 1,

S() = Y wi(m)g(k) =) g(k) Y u(m)

mk<x k<x m<x/k
x
= Y Y 2mro| X ekl T
k<z> m<x/k re<k<xz
L6 gb) 9(k)| 2\ 2\ -1/
= 52 k;a & +0 (ﬁ k;y WTER exp 4 —C3 (log %> (log log E)

2.7) +O( > g(k)-i).

re<k<z

Calling upon (2.4), (2.5) and (2.6), we see that (2.7) yi€Ri&) and therefore (1.4),
thus completing the proof of the Theorem.
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3. Final remarks

Observe that the upper bound in (1.1) can be improved. Indaetcan easily show
that the indicated serigs satisfies the following interesting inequalities:

(3.2) H(1+#})_1)><0<1}<1+ﬁ>,

p
implying in particular tha2.0482 < C' < 2.8264, which improves (1.1).
To prove the first inequality in (3.1), first observe that

I(n)R(n)e(n) = H ple Tt (p—1)

p*[In

» H pl/a+a—2 p- pa—l . (p o 1)

p*[In

> [[p -1

pe(n
= 7(n)e(n),
wherevy(n) := Hp|np with (1) = 1, from which it follows that

ZI i 500+ 5=m):

p

The second inequality in (3.1) follows using the trivial guelity 7(n) < n and the
fact thatR(n) = n/v(n), so that

— 1 = 7(n)
2 TR S 2n

P
which completes the proof of (3.1).
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