THE PRODUCT OF EXPONENTS IN THE
FACTORIZATION OF CONSECUTIVE INTEGERS

JEAN-MARIE DE KONINCK AND FLORIAN LUCA

Abstract. For each integer n > 2, let 8(n) stand for the product of the exponents
in the prime factorization of n. Given an arbitrary integer k > 2, let n; be the smallest
positive integer n such that B(n + 1) = B(n +2) =--- = B(n + k). We prove that
there exist positive constants ¢ and ¢ such that, for all integers k > 2,

3

log” k 3
expicl——— ¢ < ng <exp{cz k log” k loglog k}.
log log k
§1. Introduction. It has been proved by Heath-Brown [1] that there exist
infinitely many positive integers n such that t(n) = 7(n + 1), where 7 (n) stands

for the number of positive divisors of n. No one has yet proved whether
tmy=tn+1)=t(n+2)

for infinitely many positive integers n.

In this paper, we prove such a result for a similar but slightly smaller
arithmetic function. Writing an integer n > 2 as the product of its prime factors
in the usual form n = g ¢5” - - - ¢/, where the g; are the distinct prime factors
of n and the «; positive integers, let f(n) = oo - - - . Note that S(n) stands
for the number of divisors of n/y (n), where y (n) :=[] pln P- While the order
of 7(n) is log n, the function B(n) has an asymptotic mean value. Indeed, it can
easily be shown that

lim_ ! > By = L) | o436,
x = £(6)
where ¢ stands for the Riemann zeta function, a result which essentially follows
from the fact that

i Bn)  (s)5(25)¢(3s)
(s>1).
n=1

ns ¢(6s)

Given any arbitrary integer k > 2, let n; be the smallest positive integer n
such that

pn+1)=pn+2)=---=pn+k). ey
A computer search indicates that the first values of ny are as follows.
k 213| 4 5 6 7

ng || 2| 4| 843 | 74848 | 671345 | 8870024

We also believe that ng = 1770019 255 373 287 038 727 484 868 192 109
228 823.
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Here, not only do we prove that nj exists for each integer k > 2, but we also
find upper and lower bounds for the value of n;. More precisely, we prove the
following result.

THEOREM. There exist positive constants c| and ¢ such that, for all k > 2,

log3 k 3
expyc1—— ¢ < ng <exp{cy k log” k loglog k}.
log log k

§2. Preliminary lemmas. Throughout this paper, we assume that k > 2 is a
large integer. Given an integer n > 2, we let P(n) and p(n) stand for its largest
and smallest prime factor, respectively, and write w (n) for the number of distinct
prime factors of n and €2(n) for the total number of prime factors of n counting
their multiplicity, with w(1) = Q(1) =0. We write [m, ma, ..., my] for the
least common multiple of the integers m1, ma, ..., nmy.

Given a prime p and a non-zero integer £, we let v, (£) stand for the unique
non-negative integer « such that p“||£.

We use the Vinogradov symbols 3> and < as well as the Landau symbols O
and o with their regular meanings and c¢j, ¢z, ... for computable positive
constants which are labelled increasingly throughout the paper.

LEMMA 1. Ask — oo,

log k log log k
B, ..., B < exp{(l + 0(1))w}.

log 2
Proof. Let t(n) be the largest possible multiplicity of any prime factor of n.

Foreach j=1,2,...,1(n),letw;(n) be the number of distinct prime factors p
of n such that p/||n. Clearly,

t(n) t(n) t(n)
om=) ojn)., Q=) jojm ad pm=]]j"".
=1

j=1 j=1
Furthermore, if p is a prime and «, (n) := v, (B(n)), then

ap(n) = Z Z iwjn).

i1 j=1
plj

Since pi >ip forall i > 1, we obtain

Q(n) logn
ap(n) = — Plojm) <= jojn) = .
; ; ; p plog2

plj

The above argument shows that

log k

Ny < ‘
[max, vp(B(J)) < »log2
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Hence, using the prime number theorem,

1_[ pliogk/(plog2)]
p=<logk/log?2

(B, ..., k)]

and, therefore,

[BA).....BM1= ]  ploet/vle

p=<logk/log2
{ log k log p }
= *Pliog2
0g p<logk/log?2 P

1
= exp{ —— (1 + o(1))(log k) (log log k)}
log 2
as k — oo, thus completing the proof of Lemma 1. O

LEMMA 2. Ifqi, ..., q: are distinct prime factors of B(n), then
n> pnyitota

Proof. There exists a partition [; U L, U---U Iy of {1, ..., t} and s distinct

;4

. jel; 4j . ..
prime numbers py, ..., ps such that p; /€ is a divisor of n. Hence,

N
n> 1_[ lejEIi i > p(n)ZfZI Hjeli 41"
i=1

and the conclusion of the lemma now follows from the inequality

¢ ¢
[[az) a
i=1 i=1

which is valid forall £ > 1 and a; > 2 fori =1, ..., £, applied to each one of
the products [ ] ;¢ g;- O

§3. Proof of the upper bound. Set

wk = [B(1), B(2), ..., k)],

and let ay, . . ., a; be positive integers such that:

(i) fori=1,2,...,k,all prime factors of a; belong to (K2, 2k2];

(i) (a;, aj) =1fori # j;

(i) B(aj) =pur/B@E) foralli =1,2,..., k.

We now justify that it is possible to choose such integers ¢; if & is large. Indeed,
leti < k and write

=4j9p -+ 4je;>

Ik
B()
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where the g, are primes which are not necessarily distinct. Note that

log ,u2 < log k loglog k, 2)

€ < Q(ug) <

by Lemma 1. Since the interval [k%, 2k?] contains > k?/log k primes,

it follows that it is possible to choose a; = ]_[S | plq’s‘, with the set P; :=
{pi,1, Pi2, ..., pig} consisting of ¢; distinct primes p all contained in the

interval [k2, 2k2] and such that P; N P; =0 for all i # j. (This is because,
by (2), we only need O(k log k loglog k) elements in Ufle P;, and we have

> k%) log k admissible elements in [k2, 2k?] to choose from.)
Furthermore, note that

a; < (K*)OEH 1225 < exples(log k)’ (log log k), (3)
for some appropriate positive constant c3. Let
Ne=1[1,2,...,2k]

and choose a positive integer ng such that ng =0 (mod Nkz) and no+i =aq;

(mod al.z) fori=1,2,...,k, whose existence is guaranteed by the Chinese
remainder theorem, after observing that (N, a;) = 1 foreachi € {1, 2, ..., k}.
Put

k
n=nyg+mM whereM:Nkzl_[aiz,m >0,
i=1

where ng is the smallest positive integer satisfying the above system of
congruences.

Note that

n+i=i-a;-(co+mM,;),

where ¢; o = (no +i)/(ia;) and M; = M/(ia;). Note also that c¢; o + mM; is
coprime to ig; for each i = 1,2, ..., k. In fact, this number is congruent to
one modulo every prime factor of ia;. Therefore, if m is such that ¢; o + mM;
is square-free for alli =1, 2, ..., k, then B(n + i) = B(ia;) = B(i)B(a;) = uk
forall i =1, 2,...,k, which shows that, for such an m, the corresponding n
satisfies n > ny. To complete the proof of the upper bound, we show that there
exists m < M such that the above k numbers ¢; o +mM; (i =1,2,...,k) are
all square-free.

Assume that, for some i, we have ¢; o + mM; =0 (mod pz) for some prime
p <2M. Note that p > 2k. For every such prime p, the number of positive
integers m < M satisfying the above congruence is at most M/p? + 1. Thus,
the total number of such possibilities over all such primes p < 2M and indices
ief{l,2,...,k}is at most

Z > ( +1>—kMZp—+k7r(2M)

i=12k<p<2M p>2k

M
< kr@M)+ 0 (_> 4)
log k
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Observing that Ny = exp{yr (2k)}, where ¥ (x) := Zpa <, log p, by applying the
prime number theorem, we obtain B
M > N? = exp{2y (2k)} = exp{4(1 + o(1))k},

from which it follows that log M > 4(1 + o(1))k as k — oco. Hence, using this
inequality and the prime number theorem again, we deduce that

2M 1 M
T(2M)=(1+ 0(1))10g i < <§ + 0(1))? as k — oo.

Thus, 7 (2M) < 2M /3k if k is sufficiently large, which shows that the right-hand
side of inequality (4) is at most 3M /4 if k is sufficiently large.

Therefore, if k is large, there exist at least M /4 positive integers m < M (in
particular, at least one of them), such that ¢; o + mM; is free of squares of primes
p <2Mforalli =1, 2, ..., k. However, note that such integers are necessarily
square-free as, if not, there must exist a prime p > 2M such that p? | ¢; o + mM,;
for somei € {1, 2, ..., k}, leading to

QM)? < p* <cio+mM; <M + M?,

which is impossible for any M > 1.
This shows that, in light of (3),

k
ni <ng+ M*> <2M> =2N; [ [ 4} <expldcsk log’ k loglogk + O(k)}.
i=l1

which completes the proof of the upper bound.

§4. Proof of the lower bound. By the results from §3, we know that ny
exists. We now let

ty = L%J —1 and r;:= 1_[ p.
P=lk
We start with the following lemma.
LEMMA 3. For each integer k > 2, py is a multiple of ry.
Proof. First we prove that, for any positive integer « such that 2¢ < k/2,
a — 1 divides p. 5)

Since 2% < k/2, there exists i € {0, 1, 2, ..., |k/2]} such that 2% | n + i, so that
29~ in 4 (i +2%71). Now

P a—1 k a—1 k k
ji=i+2 §L2J+2 §2+4<k,
implying that j <k — 1, and since 2%~ !||n + j and j <k — 1, we deduce that
o — 1| B(ng + j), thus establishing (5).
It follows that, if p < |log(k/2)/log2] — 1, then p | pr. Indeed, since
optl <k/2, we see that, by (5), (p+1—1)|pr, from which Lemma 3
follows. O
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Observe that, by Lemma 3 and the prime number theorem, we have
pk = e = exp{(l + o(1)n} = exp{ca(l +o(1)) logk} (k — 00), (6)

where ¢4 = 1/ log 2.

We are now ready to prove the lower bound. Let n = nj. For each integer
ie{l,2,...,k}, write n +i = a;b;, where P(a;) <k and p(b;) >k + 1. We
first use a classical argument of Erdds to show that one of the a; is “small”.
For each prime p <k, select some j = j(p) €{1,2, ..., k} suchthatv,(a;) =
max{v,(ag) : 1 < £ <k}, and consider the sets

S:={j(p)|p<k} and T:={1,2,...,k}N\S.
Note that #T =k — #S =k — (k) > k/2 for k > 8.
Step 1. If k is large, then
[Ta<k* (7)
ieT
Proof. This follows by observing that

ieT p<k

<k! l_[ plogk/logp < k!en(k) log k < k3k
p=<k

if k is large. O
Let ip be some element of T such that a;, = min{a; | i € T'}. Note that
k/2
1_[ a; > af:)T > aio/ . 8)
ieT
From (7) and (8), we obtain
ai, < k°. 9)

Step 2. There exists a positive constant ¢5 such that

. log k
60(,3(6110)) <5 w (10)

Proof. Indeed, write B(a;,) = qf”l e q?“‘, where the ¢; are distinct primes
and the A ; are positive integers. From Lemma 2,

forall k > 2.

ajy = 225:1 i,

Using (9), we obtain, by taking logarithms, that

6loghk »
> . 1 ,
log 2 _qu»S 08 s
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where we have used the prime number theorem. This last inequality implies that

< log k
s 1 1. 7
log log k

which proves Step 2. O

We are now ready to complete the proof of the lower bound.
Note that 8(b;,) = px/B(ai,). Therefore, using (10) and Lemma 3,

= w(B(bi) = w(pr) — w(B(ai))

log k log k
> m(tk) —c¢s > 6 , 1D
loglog k loglog k

where we can take c¢ = 1/(2 log 2) provided that & is large enough.
Letqy, ..., ge¢ be all of the distinct prime factors of 8(b;,). By Lemma 2,

n+k > by > (k+ DZi=1% > exp{er6? log ¢ log(k + 1))
log3 k
>expies——
loglog k
where one can take c; = 1/3 and cg = C7Cé, provided that k is sufficiently large,
thus completing the proof of the lower bound and of the theorem.
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