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Abstract

Let Fy(n) be the number of digits needed to write the factorization of n in base
q. Several authors have studied the cardinality of the set of economical numbers, that
is those integers n for which Fy(n) < “‘;2 ZJ + 1. The fact that the set of economical
numbers is of zero density in the set of integers reveals nothing about the normal
behavior of F;(n). In this note, we study the central distribution of the function Fj(n)

and show that it is Gaussian.

§1. Introduction and notations

Let F,(n) be the number of digits needed to write the factorization of n in base ¢. For
example, F10(125) = F10(53) = 2 and Flo(?)O) = F10(2 -3 5) =3. In ].995, Santos [7]
introduced the notion of economical numbers in base q, ¢ > 2, namely those integers n for
which F,(n) < “fé ZJ +1, meaning that the number of digits needed to write the factorization
of n is smaller or equal to the number of digits appearing in its digital expansion in base
q. Since then, several authors have studied the counting function of economical numbers, in
particular De Koninck and Luca [3], [4], and more recently De Koninck, Doyon and Luca [5].
Here, for a fixed ¢ > 2, we study the distribution function H,(z,y) := #{n <z : F,(n) <y}

and more precisely the case where y = y(z,¢) = lﬁiz -+ % log log x4 c+/loglog x. We show that

in this case, the expression G(c) = lim,_.., 2 Hy(,y) is well defined and that G(c) = ®(v/3¢)

)
where ®(y) := \/% [¥ ez dt is the distribution function of the standard normal law.

For real number y > 0, we let |y] stand for the largest integer smaller or equal to y and
we write {y} := y — |y] for its fractional part. As usual, the letter p will always denote a
prime number, while 7(z) will stand for the number of prime numbers p < z. On the other

*”/2 . .
hand, ¢(y) := \/%e? stands for the density function of the standard normal law. Moreover,

we let w(n) stand for the number of distinct prime factors of n and we let y(n) := [, p be
the kernel of n. Finally, by loglogz we mean max(1,loglog ).

§2. The main results

L (= R ()

n
Pl pilin

It is clear that

The first sum counts the number of digits needed to write the prime factors of n while the
second counts the number of digits needed to write the exponents > 2. Using the identities



{MJ = logp _ {bﬂ} and Y2, 082 — 1083 ¢ iq oagily seen that

logq| — logg log q pln logq log q
Fy(n) = +3 (1- + +1),
o) log q pE;‘ log q 2 log q
p%||n

which can also be written as

(1) Fy(n) = ll‘c’)iz — ha(n) + ha(n) + hs(n),
where
ha(n): = log(lzgz(n))

o - £(-{iz2))

Let H,(z,y) be the distribution function of F,, that is,
Hy(z,y) =#{n <z :F,(n) <y}

and consider the function

1 1 1
G(c) == :):lgglo ;Hq <x, 122; + 5 log log x + c¢y/log log x) :

Theorem 1. For each real number c,

G(c) = (\/gc) :

REMARK. The fact that the function G(c) is well defined is in itself an interesting result.

The following theorem reveals the interval in which the function F,(n) takes its values.

Theorem 2. For each integer ¢ > 2 and each integer n > 2,

log log (nl/“’(”))
{ log g

logn
log q

+w(n) < Fy(n) < { J + 2w(n).



§3. Preliminary results

The first lemma contains classical estimates on powerful numbers. Recall that a positive
integer is said to be a powerful number if p|n implies that p*ln. But first, some notation.
Given a positive integer n, we shall write n = uv where

u=u(n):=[]p
plin

and

so that u is the square free part of n and v its powerful part.

Lemma 1. As y — oo,

. 1 1
(i) ;y o< 7

pln=p2|n

(i) #{n<z:v(n) >y} < j_, where the implicit constant does not depend on .
Y

Proof of Lemma 1. For (i), see De Koninck and Katai [2].

To establish (ii), we simply observe that it follows from (i) that

#{n<z:vn) >y < D j;<<\;c§

plo=>p2|v

Lemma 2. There exist two positive constants c¢; and ¢y such that, as x — 00,

1
> —=loglogz + ¢ + O (exp{—cg(log x)3/5}) :

p<z

Proof of Lemma 2. It is known (see Vinogradov [8]) that

1 e 7

I1(1- 1) = 22 (14 0 fespl-natioss)).

p<z p

where 7 is Euler’s constant. Taking logarithms on both sides, we easily see that

1 1
Z - = loglogx + v — Z — + log (1 +0 (eXp{—Cg(log :13)3/5}))
p<zx p p<z, v>2 vp
= loglogz+~v— > —+0 (i) + O (eXP{—C2(1Og $)3/5})
p, v>2

= loglogz +c1+ 0O (exp{—c2(log x)3/5}) :

as required.



Lemma 3. (Central Limit Theorem) Let X, Xy, ... be independent random variables
and let

o} = B[(X;—m)?,
7"? = E[(Xi- Mi)g]-
If 13
noe3
hm ( =1 rz ) _ 07
e 107
then

n— 00 n 2

i=103

n Xz -5 i
lim P ( SR PV VIR y) = d(y).

Proof of Lemma 3. This is Lyapunov’s condition in the Central Limit Theorem. For a
proof of this classical result, see Bernstein [1].

Lemma 4. For each fixed integer ¢ > 2 and each fixed integer r > 1, we have, as © — 00,

Z1{logp} _ loglzogx+0<1)7

p<:p]; 1qu
Zl{logp}r _ loglogx+0 llog log x |
=D Llogq r+1 r

Proof of Lemma 4. We first establish the second relation. To do so, we call upon the
following inequality which is valid for all positive integers k£ and r:

2) R S S R

o<z P (logq = Py p |logg
Jflogp) j+1
k—=1loggq k

The sum on the right hand side can be written as

. long r
1 logp} &l 1 {logp}
3 > - = S - _
) p<z p {k)gq =0 i j

j lo. +1 k< 1 kl
2 g P J <min i L
k<{1 2- < % q sp q

On the other hand, observe that

(4) > {logp}r
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for some real ¢ such that |¢| < 1. Using Lemma 2 (replacing the error term by O(1/log? z),
say), we obtain

(5) | > -~ = loglog (q”%) — loglog (q”%) + O ( ! 5 )

2log”q

j—|—1> < j) 1
- ] ST J -
og <€+ A og (¢ + A +0 Plog g

1 1
B ﬁ+o (M?) O <€210g2q> '

Combining relations (3), (4) and (5), we obtain that

log =

o 5 e -G S ool o)

< logp J+1
= Lloggq

J
k

Observe also that

e |
™) (

(=1

1 1 1
— —— | | = - logl 1).
<k:€2> +0 <€210g2q>> ko8 ogz+0(1)

Combining relations (2), (6) and (7) with the identity

I 8\ LI o (rut
(k: - k) P ( )
we obtain

8y 1 {logp} z_: <k7“+1 loglog z + O (U;jl)_l loglogx) +0 (k)) + O(1).

p<e P logq i=0

The right hand side member of (8) is equal to

1 (k+1) k
N loglogx—l—0< s loglogaz> +0 (7") +0(1).

(9)

Choosing k = [\/7’ log log xJ, the proof of the second relation of Lemma 4 then follows from
relations (8) and (9).
In order to prove the first relation of Lemma 4, we first observe that, using the Prime

1
Number Theorem in the form » 08P _ log z 4+ O(1), we have

p<x

E:]_{bgp} _ oyl g1 {bng

=D logqg sxplogq  s=p |logg

:]%x+W”‘Zv%q'

log q =D logg
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Moreover,

lo,
O,

ZlvongJliﬁj s 1

p<zx p ]'Og q ]:0 qj <p§min(;p’qj+1) p

Using Lemma 2 (replacing the error term by O(1/log® r), say) we obtain

1 , , 1
> = = loglogg’*! —loglogg’ + O ( 3 )
gi<p<grtt P J°log”q
1 1 1
= -—-——+0|—= > 1).
i (f’) G=21)
We may therefore conclude that
logz |4
111 e 1 1
s P [logq e 2j J

log x B log log x

log ¢ 5 + O(loglog q) + O(1),

which proves the first equation of Lemma 4 and thus completes the proof of the lemma.

Let x be a large fixed positive integer and set

R::me.

p<x

We consider the set U = {n < R} with the probability measure

_#3

P(S) =22,

for each S C U.

For each prime number p < z, we introduce the random variables

&(n) = {(1)— {loael if i,

otherwise.

Lemma 5. For each prime number p < x, the following equalities hold:

Hos = E[@]zi(u{iiz})’
i = Ble-m=(3- ) (1_{@})2,
tle-ml = (e 5) (- (i)




Proof of Lemma 5. Since for each prime number p < z, we have p| R, the random variables
&p are independent. Moreover, one can easily verify the following equalities:

P fp: 1 - logp = 17
log ¢ D
P

P(&p:()) = —

From these, it follows immediately that

(10) Elg] = ; (1 - {E?;D ’
(11) Blg] = 119 (1 - {}Ziz}f’
(12) Bl = ;19 (1 - {iiz}f'

All three equalities of Lemma 5 then easily follow from (10), (11) and (12).

Lemma 6. For each real number v,

— LYool
lim P (Z’”ép 2 08798 y) = d(y).

e \/ % loglog

Proof of Lemma 6. This result follows from Lemmas 4, 5 and 3 (Central Limit Theorem).

On the same probability space {n < R}, we define the random variables

_ Jlogp .
- 1= (e} i

otherwise,

where a is the smallest positive integer such that a =n (mod z).

d

Proof of Lemma 7. We only need to observe that

_ logp|) _ 1 ooy LRz 1
P(Xp—l—{logq}>—R#{n<R.p|a}—RxLDJ—]:L)J.

Indeed, it then follows that

o= (2) 2 -3 - ()

7

Lemma 7. As x — oo,

(x) _ 1+o(1)

T
<
log

ng_ZXp

p




for some |£] < 1. Hence

d
which completes the proof of Lemma 7.

g

Proof of Lemma 8. This result is an immediate consequence of Lemma 7 and the Markov
inequality (see for instance Galambos [6], p. 150).

Bl - B[ < -

and therefore
m(z)
< —,
T

<2

p<z

E[Xp] - E[gp]

ng_zxp

p

Lemma 8. As x — oo,

pr_zxp

p<z p<x

log =

>1)<1+0(1).

Lemma 9. Given a fixed integer N > 2, let a; >t > NYVWN=Y fori=1,...,N. Then

oo <

N 1
i=1 ¢

N
H Qy,
i=1

tN*l
b=
Proof of Lemma 9. Assume that a; >t > NY®-1 for i =1,..., N and that

where ¢ =

N 1 N
ZO[Z' > — HO&L'.
i=1 €i=1

We then have

N N sz\i (673 .
;ai><tN1 =1 )aj (j=1,...,N).

Qi

Observe that, using the fact that a; > t,

We therefore obtain that for each integer j =1,... N,

N
ZO[Z' >NOJJ‘,

i=1
which contradicts the fact that
Z a; < N max q;,
7

=1

thus completing the proof of Lemma 9.



84. The proofs of the main results
Proof of Theorem 1. Assume that n < x satisfies the inequality

v(n) < loglogn.

T

.. . . < ..
By Lemma 1(ii), we thus omit at most N integers n < x. By the definition of the

function hi(n), we then obtain
(13) hi(n) = O(logloglogn).

Moreover, by definition, we have

o (528"
log g

ha(n) < w(v(n)) ([

+1).

loglog v(n) < logloglogn.

It follows from this that

(14) ho(n) < blgoi%

Hence, combining (13) and (14), we have

(15) hi(n) 4+ he(n) = O (logloglogn) .

Assume also that —>~— <n <z, so that
oglogx

logn  logx
logg  logq

Combining (1), (13), (15) and (16), we obtain

(16) + O(log log log ).

(17) # {n <z :Fy(n) < igiz —|—w}

T

Calling upon the identity

(18) ha(n) = 3_ xp(n),

p<x

it follows from (17) and (18) that

(19) # {n <xz:Fy(n)< igiz +w}

Xz
= : loglog1 —_— .
#{n<x I;cxp(n)<w+0(og ogogm)}JrO( loglog:c>



By the definition of the x,(n), we have that

(20) # {n <z:Y xp(n) <w+ O (logloglog x)}

p<x

= 24 {n <R:Y ) < w+0<1ogloglogx>}-

<z

On the other hand, by Lemma 8, we have that

(21) #{n <R:> xp(n) <w—|—0(10gloglogx)}

p<x

:#{n<R: > &(n) <w+0(loglogloga:)}+0< a >

o<z log z

From (21) and Lemma 7, it then follows that

p<zx

1
(22) # {n <R:> xp(n) < Eloglogx + cy/loglogx + O (logloglogx)}

= R(1+ 0(1)) ®(V/3c).
Combining (19), (20) and (22), we finally obtain

log x

1
# {n <x:Fyn)< g ¢ -+ iloglogx - c\/loglogx} =z (14 o0(1)) CI)(\/gc),

thus completing the proof of Theorem 1.

Proof of Theorem 2. We first proof the upper bound. We have

o - () 5 (8]

pln

log (HpaHn ap)
log g

a>2

+ 2w(n).

Since a1 < 2 for each a > 2, we have that ap < p® for each prime p > 2. Hence,

logn
F, <
q(n) — 10gq

+ 2w(n),

thus establishing the upper bound.
We now prove the lower bound. As before, we write n = u(n)v(n). Since (u(n),v(n)) =1,
we have

1 logl @
Fn) > Y max (1,10gp)+ S max @W)
O

) logq

10



1
= ( > max(logg,logp) + > max (loqu,loglogp“)>
logq .
plu(n) p*lv(n)
1
> Z max (log ¢, log log p®)
log q pa”n
" log [ [T max (g. log )
= 0 max (g, lo .
1qu g paHn q? gp
Using Lemma 9, we then have
P 1 | qw(n)—l |
> a
o(n) 2 loe o) paZn max(q, log p*)
1 w(n)—1
> log a logn
log g w(n)
log 1 1
_ loglogn | iy -1 loew®)
log q log q
log log n@m
Moreover, since Ogl& is not an integer for n,q > 2, it follows that
0gq
Fn) > _loglognﬁ b)) —1
n ———— +w(n) —
! - log q
_ |-
log log n«®
log q
1
log log n«™
= | BB ),
log q

thus establishing the lower bound and completing the proof of Theorem 2.

§5. Final remarks

The study of the behavior of the function Hy(x,y) is still very much uncharted. For
instance, for any fixed value of y, Theorem 2 only reveals that H,(oco,y) < oo. Hence,
obtaining a general fairly good estimate for H,(z,y) is certainly an interesting challenge. On
the other hand, we believe that the result for economical numbers could be generalized to
yield

H log @ +clogl x ( <c< 1)
Xr, — cloglogxr | = r — o0, —O0 C — .
d ’ log q 5108 (log x)R(qyc)ﬁ-O(l) ’ 2

To prove or disprove this claim and moreover to describe the behavior of the function R(q, c)
in the eventuality that the claim is true would also be very interesting.
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