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Abstract Given an integer ¢ > 2, we say that a positive integer is a g-Niven number
if it is divisible by the sum of its digits in base g. Given an arbitrary integer r € [2, 2q],
we say that (n,n+1,...,n+r — 1) is a g-Niven r-tuple if each number n + i, for
i=0,1,...,r —1,is ag-Niven number. We show that there exists a positive constant
¢ = c(q, r) such that the number of g-Niven r-tuples whose leading component is < x
is asymptotic to cx/(logx)” as x — oo.
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1 Introduction

A positive integer n is said to be a Niven number (or a Harshad number) if it is
divisible by the sum of its decimal digits. For instance, 24 is a Niven number, while
25 is not. More generally, given an integer ¢ > 2, we say that a positive integer is a

Research of J.M. De Koninck supported in part by a grant from NSERC.
Research of I. Katai supported by the Applied Number Theory Research Group of the Hungarian
Academy of Science and by a grant from OTKA.

J.M. De Koninck () - N. Doyon
Dép. de mathématiques, Université Laval, Québec G1K 7P4, Canada
e-mail: jmdk @mat.ulaval.ca

N. Doyon
e-mail: nicolas.doyon.1 @ulaval.ca

I. Katai

Computer Algebra Department, E6tvos Lordand University, Pizmdny Péter Sétany I/C,
1117 Budapest, Hungary

e-mail: katai @compalg.if.elte.hu

@ Springer


mailto:jmdk@mat.ulaval.ca
mailto:nicolas.doyon.1@ulaval.ca
mailto:katai@compalg.if.elte.hu

90 J.M. De Koninck et al.

g-Niven number if it is divisible by the sum of its digits in base ¢. Let NV, (x) stand
for the number of g-Niven numbers < x.
In [4], we established that, as x — o0,

X .
Ny () = (ng + o) o with 1, = I)ZZ( jrq—1.

Independently, Mauduit, Pomerance and Sarkozy [6] obtained the same result, but
with an error term.

We shall say that the positive integers n, n + 1 are twin Niven numbers in base g
if they are both g-Niven numbers. More generally, given an integer r > 2, we shall
say that (n,n + 1,...,n +r — 1) is a g-Niven r-tuple if each number n + i, for
i=0,1,...,r —1,is a g-Niven number.

In 1993, Cooper and Kennedy [2] showed that it is not possible to have a se-
quence of more than 20 consecutive Niven numbers. In 1994, Grundman [5] showed
that, given any integer ¢ > 2, no g-Niven r-tuple, with r > 2¢g, exists. Moreover, she
conjectured that, for each integer r, 2 < r < 2q, there exist infinitely many g-Niven
r-tuples. In 1996, Cai [1] proved that, if g = 2 or 3, this conjecture is true and in 1997,
Wilson [7] showed that the conjecture is true for any integer ¢ > 2. In this paper, we
prove a quantitative version of this.

Given fixed integers ¢ > 2 and 2 <r < 2gq, let ./\/q(r) (x) stand for the number of
q-Niven r-tuples whose leading component is < x. Recently, the first two authors [3]
proved that
x loglog x

9
og® x

where T (x) := N, 1((2)) (x) stands for the number of twin Niven numbers n,n + 1 such
that n < x. Here, we show not only that one may remove the “loglog x” factor, but
also that one can obtain an asymptotic expression for 7' (x). More generally, we prove
that, given ¢ > 2 and 2 < r < 2q, there exists a positive constant ¢ = c(q, r) such that

NP (x) is asymptotic to ex/(logx)” as x — oo,
2 Main result

Theorem Given fixed integers ¢ > 2 and 2 <r < 2q, then, as x — o0, there exists a
constant ¢ = ¢(q, r) such that

N (x) =

3 Notations and preliminary results

Let N and Ny stand for the set of positive integers and non negative integers, respec-
tively. Given r non negative integers x1, x2, ..., X, we denote by [x1, x2, ..., x,] the
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Counting the number of twin Niven numbers 91

least common multiple of those xlf s which are not zero, and for j € Ny, we set
ANj=Ajx1,x2,...,x)=[x1+j,x2+j,...., % + jl.

We let as usual 7(n) and w(n) stand for the number of positive divisors of n and the
number of distinct prime divisors of n, respectively.

Throughout this paper, ¢ > 2 is a fixed integer. The g-ary expansion of a non
negative integer n is defined as the unique sequence €o(n), €1 (n), €2(n), ... for which

o0
n= Zej(n)qf, €j(n)ef0,1,2,...,q —1}.
j=0
Let a(n) = ay (n) be the sum of the digits of n in base ¢, that is

a(n) =eo(n) +€1(n) +-€e2(n) +---

Given a real number x > 1, we set Ny = Ny, := []ng] where as usual [y] stands

for the largest integer not exceeding y, and set also f, = tq, x := (g — 1) Ny, the maxi-
mum possible value of «(n) forn < x. Asin [4], given k € N, t € Ny and an integer ¢,
we set

Axlk,2,t):=#0<n<x:n=¢ (mod k) and a(n) =t}.
Now consider the positive integers ¢ satisfying
logx <t < logx

and, for such ¢’s, define

L(t)__l (t——Nx>
=N TN

2
where o2 := 1 Zj i]z (%)2 = —_ and ¢(y) 1= Te =3*/2 i3 the density
function of the Gaussian law.

Lemma 1 There exists a constant k depending only on q such that if { =
t (mod (k,q — 1))

A(xlk, €,1) — (q_kJA(xll,O,t) < %A(xll,O,t)(logx)_l/s,
and A(x|k, £,t) =0 otherwise.
Proof This is Theorem C of Mauduit, Pomerance and Sarkézy [6]. 0
Lemma 2 Consider the interval

I=1(x,q) = [%N (N8, q2 =1y 4+, )5/8}
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Then, for any fixed integer r > 2,

X

> X i=rro(5):

tel 0<n<x log "
a(n)=t

Proof This follows immediately from Lemma 4 of Mauduit, Pomerance and
Sarkozy [6]. O

Lemma 3 Let x be a positive real number and t € 1. Then
A@|1,0,1) = xLy (1) (1 +0 ((1ogx)—1/8)) .
Proof This is Lemma 5 of Mauduit, Pomerance and Sarkozy [6]. Il

Lemma 4 Given r distinct positive integers xi,x2,...,%x, and H € N such that
maxj<j<j<r |x; —Xj| < H, then

_X1 . xz e xr
[x1, x2, .o X1 2 ——F—
2
Proof We prove this result by induction on r. The result is certainly true for r = 2,
since
X1X X1X X1X
1%2 X2 X1%2

[x1,x2] = > > )
(x1,x2) ~ |x1 — x2] H

Hence, let us show that if it holds for a certain integer r > 2, then it will hold for
r + 1. Indeed,

L1, X2, ooy X Xpa1) = 161, X2, oo, X ], Xpa1]
[x1, X2, ., Xp %21
- ([x1,x2, -« oy Xp ), Xrg1)
_ [x1,x2, ..., X, ]Xr41
LG X 1)y (62, X 41D e Gy Xpg1)]
- [x1,x2, .o, X 1% 41 .
> I

By our induction hypothesis, the later is larger than

X|-Xp o Xp Xppl X1 X2-ccXrgl

re-D) Y = ctir ’
and the proof of Lemma 4 is thus complete. g
Lemma 5 Given r distinct positive integers x1,x2, ..., Xr, let Y ={y1,¥2, ..., Ym}
be the set of values of |x, — x,|, where 1 < p <v <r,and sety :=[y1,y2,..., Yml.
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Counting the number of twin Niven numbers 93

Then, ift = j (mod y),
Aj _ Ay
1L+ D+ 4+ j) G ED@ ) (1)

Proof Once again, we can carry the proof by induction on r. The result clearly holds
for r = 2. To carry the induction, we observe that

Aj it x ]
1+ Do+ )+ G+ D@+ )+ )
M+ x4 x4 L x4
(1 + D2+ ) (x4 )
i1+ jx2+j, ..o, x—1+ /]

= - - - - - - —. (D
1+ D2+ j) o+ D UAxs + jox2+Js oo Xm0+ L xe + )
By our induction hypothesis we have
xi+jx2+j . x+jl _ toxo+r. . x1+1] @)

L+ D@+ ) o+ ) @ DD @ D)
On the other hand, one can see that
([xl +j1x2+ja""xr—1+j]sxr+j)
=[(-x1+j7-xr+j)1(-x2+j7xr+j)""’(xr—l+j7-xr+j)]'

Since for each integer v, | <v <r — 1, we have that (x, + j, x, + j) | |xy, — x| and
by hypothesis = j (mod |x, — x,|), it follows that (x, + j, x, + j) = (xy +1, x, + 1),
so that
(x1+Jj,x2+j, ..o xrm1tjlxr + ) =(x1 +t, x20+1, ..., x5 —1 +H2], x5 +1). (3)
Combining (1), (2), and (3), we obtain
Aj
(1 + )2+ j) - (xr + )
_ bt jxetj x4 ]
(1 + )2+ j) (e + )

i+ttt X +0] Ay
(1 +D02+0 G+ (r+D)G2+1) - (o +1)
thus completing the proof of Lemma 5. g

The following lemma guarantees the existence of infinitely many g-Niven r-tuples
for any integer 2 <r < 2gq.

Lemma 6 Given an integer q > 2, there exist infinitely many positive integers n such
thata(n+ j)n+jfor j=0,1,...,2q — 1.

Proof See Wilson [7]. Il
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94 J.M. De Koninck et al.

Given two integers r and a, with2 <r <g—1and 0 <a <q —r, let N, 40(x)
stand for the number of integers n < x suchn,n+1,...,n4+r — 1 are all g-Niven
numbers and such that n = a (mod ¢g). Observe that N, 4 o(x) counts those r-tuples
of consecutive g-Niven numbers n + i, with n < x, such that none ends with a zero,
with the possible exception of the first one which ends with the digit a (which can
possibly be 0).

Let 2 € N. Then, given two integers r and a, withg <r <2g and 0 <a <2q —r,
orwith2<r<g—landg—r+1<a<gq—1,let N, ,,(x) stand for the number
of positive integers n < x such n,n + 1,...,n +r — 1 are all Niven numbers and
such that ¢”||n + g — a. Observe that Ny.q.n(x) counts those r-tuples of consecutive
g-Niven numbers n + i, with n < x, such that the first one ends with the digit a while
one (and exactly one) of the other ones ends with & consecutive zeros.

Remark There exists no r-tuple of consecutive Niven numbers such that g <r <2q
and such that the first one begins with a, a > 2g — r + 1. If it were the case, two of
the Niven numbers would end with the digit 0. As in the proof of Wilson [7], we can
show that it leads to a contradiction.

With these notations, we have

N (x) = ZNrao(xHZ Z Nr.an(x),

h=1a=max(0,g—r+1)

where the first sum is taken as O whenever g — r < 0.

Lemma 7 There exist positive constants co(q,r,a) and cp(q,r,a) for h =1,2,...
such that

x
Nraox) =14+ 0())co(q,r, a)1 - (as x — 00),
og" x

Nran(x)=040))cn(q,r, a)lLr (uniformly for h < (loglogx)2 as x — 00).
og" x

Proof We begin with the study of N, , 0(x). Let n be counted by N, 4 0(x), so that

an)=t,am+1)=t+1l,an+2)=t+2,...,an+r—1)=t+r —1. Let

y:=[2,3,....,r—1]and A; ;== A0, 1,2,...,r =) =[t,t+1,t4+2,...,t+r—1].
First observe that, assuming that # = j (mod y), it follows from Lemma 5 that

D+t +r=1)
TG+ . (Fr—1

G- 1!
BT SR H(” )

t

Thus,

__G=D !
M=o <1+0<t)) (tel). )
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Counting the number of twin Niven numbers 95

In light of Lemma 2, we only need to consider those ¢ € I, so that in particular we
may assume that 7 > log x.
Now, by the definition of N, 4 ¢(x), we have

[v.q,9—1]
Nr,a,O(x): Z Z Z 8(q,t,r,a), (&)
j=l

1<t<t, 1<n<x
t=j (mod [y,q,q—1]) a(n)=t
n=b (mod [A;,q])

where 8(q,t,r,a) = 1 if there exists a (unique) positive solution b < [A;, q] to the
system of congruences

b=0 (modrt),
=—1 (modt+1),

b=—-—r+1 (modt+r—1),
b=a (modgq),

and é(q, t, r, a) = 0 if this system has no solution. Since the above system of congru-
ences is equivalent to the two congruences

b=t (mod][t,t+1,....t+r—1]),

b=a (modgq),
it follows that §(q,t,7,a) = 1 if and only if a =¢ (mod (A;, g)). Assuming that

j =t (mod q), we get (Ar,q) = (Aj,q) so that §(q,t,r,a) =8(q, j,r,a). Hence,
from Lemmas 1 and 2, it follows that

[v.q.9-1]
Nrao@) =(+0(1) > 8. j.ra)

j=1

Z A(-x|150ﬂt)([Atvq]vq_l)+0< X )

A , 2r
1=j (mod [y.¢.q—11) [Ar, 4] log™ x
tel

[v.q.9-11
=(+o)) Y

j=1
j=a (mod (Aj,q))

5 A(xIl,O,t)([At’q]’q_l)_|_0< x ) ©)

A, 2r
1=j (mod [)I/’q’q_l]) [Ar,q] log”" x
te

Clearly, ([Af, ql,q — 1) = (A, g — 1). Moreover, because t = j (mod g(q — 1)),
we have that (A;,g —1)=(Aj,g—1)and [A,,q] = % Consequently, using (4)
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96 J.M. De Koninck et al.

and Lemma 3, it follows from (6) that

[v.q.9—-1] r
1 2 logg
Nra,0(x) = (1+o0(1)x ( )
na ; [v,q9,9 —1]1 \ g — 1 logx
j=a (mod (A,9))
(+r—=DI(Aj,q(q—1))

(J = D!A; q

which we shall write as

X
Nya,0(x) = (14 o0(1))co(q, 1, a)l —
og" x

say, thus establishing the first estimate of Lemma 7.

We now estimate N, , ,(x) for each 4 > 1. Let n be counted by N, , ,(x) and set
t=oam+q—a). Itfollowsthata(n) =t+h(g—1)—(g—a),an+1)=t+h(qg—
D—(@-a+Lan+2)=t+h(g-—1D—-(@q@—-a)+2,...,an+(@—-—a)—1)=
t+hig—-1)—lL,an+qg—a)=t,...,a(n+r—1)=t+r—1—(q —a). Then,
set

y:=[2,3,...,max(q, h(g — 1) — 1)]
and
Ari=N(h(g—1)—(q—a),....h(g—1)—1,0,1,...,r =1 — (g —a))
=[t+h(g—1)—(@—a),....t+h(g—1)—1,¢,t+1,...,
t+r—1—(q—a)l
As in the case h =0, if t = j (mod y), we have, because of Lemma 5,

(t+hg -1 -D! (t+r—1-(g—a)!

T Uthg—D—(q—a)— D! t— 1)
(j+hig—1)—(qg—a)—1) (- ,
(+hi@—1—1! G+r—1—-(@—-an’
q—a ; ( )r—l—(q—a) ;
— —_1))9—¢ _ r—(g—a -
= (t+h(g— 1) ]1(1 l+h(q_1)>t ]:([) <1+t)
(j+h@g—1)—(g—a)—1)! (- ,
(j+h@—1D—=1)! (+r—-1—(g—an! 7’
Thus,
At:,r<1+0<ﬁ>>,<j+hgq—1>—<q—a>—1)! G-
t (j+h@—1 -1 (+r—1-(g—a)!
(t € I, h < (loglogx)?). )
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Counting the number of twin Niven numbers 97

By the definition of N, 4 (x), we have

q=11y.q"".q-
Nm(x)—z Z > > 5(q.t.r.a.h.k),
j= 1=j (mod [y.g"*g=1D {070y =

n=b (mod [A;,q"*'])
(3

where 8(q, t, r,a, h, k) = 1 if there exists a (unique) positive solution b < [A;, qh+1]

to the system of congruences
b=0 (modt+h(g—1) —(q—a))),
b=—1 (modt+h(g—1)—(qg—a)+1),

b=—-g+a+1 (modt+h(g—1)—1),
=—g+a (modt),

=—r+1 (modt+r—1-(qg—a)),
=—g+a (modqg"),
=—g+a+kg" (modg"*h.

Now this system of congruences is equivalent to the three congruences
b=t+h(g—1)—(q—a) (mod[r+h(qg—1)—(q—a),

t+hig—1D—(q@—a)+1,....t +hig—1)— 1),

b=t—qg+a (@modl[t,t+1,....t4+r—1—-(q—a)]),

=—qg+a+kq" (modqg"t),
a solution of which exists if and only if the following three congruences are true:

hig—1)=0 (mod ([t+h(g—1)—(g—a),....t+h(g—1)—1],

[t,t+1,....t+7r—1—(q —a)]),
t=kg" (mod ([t,t+1,....t4r—1—(g—a)l.¢"t"), (9
t+hig—1)=kq" (mod ([t +hig—1)—(qg—a),...,

t4+h(g—1)—11,4").
One can easily show that, given any positive integers a1, a2, ..., a,, b1, ba, ..., by,
([al, ar, ..., a,], [bl, bz, ey bs])
= [(als bl)a (alv bz)s L] (alv bs)v (a29 bl)a (612, bz)s R ] (a27 bs)v sy
(ar’ b1)9 (ar’ b2)7 sy (ars bx)]’
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98 J.M. De Koninck et al.

so that assuming that # = j (mod [y, ¢"*', g — 1]), we obtain that

(t+h@—D—(@—a),....t +h(g—D) —11,[t,t+1,....t +7 — 1 — (g — a)])

=[t+hlg—1D—(@q—a),t),t+h(@g—1)—(g—a)t+]),...,
(t+hig—1)—(qg—a),t+r—1—(qg—a)),...,
(t+h@g—D—1,0),@t+h(g—1)—1Lt+1),...,
(t+hi@-=D—-1Lt+r—1-(qg—a)l

=[(+hg-D—-(@g—-a).)).(G+h(@-1)—=(g—a),j+D,...,
(J+hg—D—-@—-a),j+r—1-(g—a),...,
(G+hg=1)—=1,7),(+h(g=1D)—=1,j+1),...,
(J+hg-D—-1j+r—1-(—a)l

=(j+hg=D—(@—a),....,j+hig—1)—1],
. j+1.j+r—1=(q—a)),

e+ 1, t+g—a—11,¢""Y=(lj,j+1,....j +q—a—11,¢""")

and

(It +hig—1)—(g—a),....t +hig—1) —1],¢"™)
=(lj+h@g—1)—(q—a),....j+hig—1) —11,¢4"*"),
so that under this hypothesis, §(¢q,t,r,a, h,k) =68(q, j,r,a, h, k).

Now by Lemma 6, for ¢ > 2 and r € [2, 2¢], there exist j, a, h, and k such that
8(q, j,r,a,h,k)=1. Hence, using Lemmas 1 and 2, (8) becomes

1
Nr,a,h()C) = (1 + 0 <—10g1/8x>)

q—1ly.q"*" q-1]
A(x|1,0,1)
) > iy (A g" g = D)
- — [Ar,g" ]
= j= tel
j satisfies (9) r=j (mod [y,q"t!,q—1])
X
+0 ( S ) . (10)
log™ x

Observing that

(Mg .g—1  (Ag—1  (Ang—1-(Ang"™h (A, 4" (g —1)
[Ar,g"*1] [Ar, g™ Ay ght! Ay - ght!
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Counting the number of twin Niven numbers 99

and using (7) to estimate A; and Lemma 3 to estimate A(x|1,O0,t), relation (10)
becomes

q—1ly.q" q-1]
Nr,a,h<x>=(1+o< S ))x > YRR
k=1 j=1 tel
j sa tisfies (9) r=j (mod [y,¢"*!,q—1])
+0< * ) (an
log¥ x )’
where
= L@@ +hlg-—D—(@-apt! L«
(t+hl@=D=DIt+r—1-(g-a)! rd+0%)
, i+h(@g—1D—DIG+r—1—(g—a)! (A;,q"T(g—-1)
R2=R2(J)=(] (g—1D-Dy (g—a)! (Aj, 9" (q

(J+hlg—1D—-(@—-a)—-DI(j—-D! g"tIA,

We may therefore write (11) as

ly.q"*1q—1]
h 2 logg\" R>
N =(1+40|—+— - -
ra.h(X) ( + <10g1/8x))x<q—llogx) ;:1: [y, q" 1, g —1]

Jj satisfies (9)
X
+o<—2 )
log” x
Bl
(loglog x)? 2 logg rlvg a1l R>
(140 (Ueeloe?)) (2 Yok
log!/8 x q — 1logx ; [y, q"*, g —1]

]—_1
log X ’

J satisfies (9)
an estimate which holds uniformly for 1 < 7 < (loglog x)? and which we shall write
as

(loglog x)? x
Nran()=\14+0 | — 55— ) )eanlg,r.a) ——, (12)
log!/3 x log" x
say, which clearly proves the second estimate of Lemma 7. g

Lemma 8 Givenr > 2,
g—1

N
lim lim 3 3> Nrahx) log" x = 0. (13)
X

T—00X—>00
T <h<(loglogx)? a=max(0,qg—r+1)
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100 J.M. De Koninck et al.

Proof Assume h < (log logx)2 and that n is counted by N, , j(x). Then there exists
m € Ny such that n = mq" — q + a, q { m, and we also have a(n + j)|n + j for
j=0,1,...,r — 1. Setting t = o (m), we get

am+j)=am—-1)+"h-1)@G-1)+a+j
(j=0,1,....g —a—1),
am+(@g—a)+f)=am)y+¢ £=0,1,....,r—q+a-—1)
and
mg" —qg+a+j=0 (modt—1+(h—1)(g—1)+a+j)
(Gj=0,1,...,g —a—1), (14)
mg"+£=0 (modr+40) (£=0,1,....r—g+a—1).
If we fix t, the solutions m of (14) form a residue class mg mod Kt(h), where
t4+4¢
Kl(h):z[m%eb’],
with

B={0,1,....r—g+a—-1,(h—1(@g—1+a—-1,....,(h—1)(g—1)+qg —2}.

Hence
&
where
v =1 +e:0eB]
and

M =TT (e+0.4").

teB
But it follows from Lemma 4 that
v (15)
(hg) 2
Lett el =[N —NS/8 N, —|—N5/8 ]. Using Lemma 1, we may write
e = Nty = Ny gny Nxsghy T Ny jgny]- Using ’ Y
that
X
# {m < ih a(m)=t, m=mgy (mod Kt(h))} =A <—h|K,(h), my, t>
q q
and

()
-1,K
‘A (%|K,(h),m0,t) _ %A (ih”’(),t)
q K; q
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Counting the number of twin Niven numbers 101

<X A(Z11,0.1) dogx)~/8
= —m 11,0, gx) 7,
k™" \q

so that in particular

)
2 —1,K
A(ihu(}h),mo,t) < (7(,1)) ( 11,0, t)
q K

Therefore, summing over all #, we obtain that

(h)
Nyan(x) < Z% ( 1,0, t) + #{m <x/qh ca(m) €1}, (16)
t

tel
Moreover, using (15) we get

M
27(‘1 ki) <h|10z>

(h)
tel Kt

S

tel

X
—|1,0,t>
(q”‘

Zs,(’”A( 1,0, r) (17)

(N(X/q”) - N( x/q h)) tel

Using the fact that E,(h) depends only on the congruence class of r mod ¢”, we can
write

h h X
> g )A< 11,0, t) >ogy Y A(—h|l,0,t>. (18)
tel 1505(1 tel 4
t=D (mod g")
We also have
3 < 11,0, r) A < 11,0, N ) (19)
h 2n h /q
tel q q

t=D (mod qh)

and for a constant k> depending only on g

by K2X
Al —I1,0,N h><7. (20)
<qh ) ghlog(x /)
From (18), (19) and (20), it follows that

(h

)
0 n_ kox

D & A< h|10’> Z —t 2 @

rel 1<D<gh a* 1epzqr  4"V1og(e/g")
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102 J.M. De Koninck et al.

Writing the standard factorization of g as

N
g=[]p
i=1

and defining
I h i .
Ez(,}),. = (&( ), pf ) (i=1,...,s),
we then have

N

Y o= Y [ =TI & o] @

1<D=<q" 1<D<qh i=1 i=1\ j<p<,fit
- —

Moreover, since #8 = r and the difference of two elements in B is at most g#, it is
clear that

W <max(D+¢, pf"yqhy " i=1,...,5),
Pi teB

from which it follows that, fori =1, ..., s,
(h) F -1
Yo s D > pi (qh)"
lSDipf;ih 0<F<Bih D<p:3’

maxees (D+€.p)"")=p"

< > > Z pi (ghy™!

0<F</S,h LeB D<p
l

(D+e,pli"=pF

> 2w ol

0<F<pBihteB

i h -
< rpihp" qhy ", (23)

From (22), (23) and the fact that 8; <logg/log?2 for 1 <i <s, we obtain that

s w(q)

h _ logg -
o oey <[1rBirol" @y =" <q" (—rh) (qh)"=De@.
. log2
1<D<g" i=1

Using this, it follows from (21) that

(q)
(h)A< 1,0,1 ) <1 289, ) pihew (2, BT )
Yoal Al = (gh) 7 s

tel
(24)

=
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Counting the number of twin Niven numbers 103

On the other hand, under the hypothesis /# < (loglog x)? for x sufficiently large, we
have that

(q)
K2X <logf1hr> (qh)(r—l)w(q) - 25)

Vlog(x /g™y \log2

Finally, observing that for x sufficiently large we have for any & < (loglogx)?

log'/4x

s;g \ . 4—1
(N(x/h) — N(x//h)) > —410gq logrx

and combining (16), (17), (24) and (25), we obtain

Z Nr,a,h

T <h<(loglogx)2

logg ®(q) _1
rr=1) (&h’) (gh)"— D@

=y (@-veg

=i
0og X
g T <h<(loglogx)2

1
+ — 11 9
10g1/4x>

where «3 is a constant depending only on ¢. Since the sum

qh

1 w(q) _
(%m) (gh)r—De@

> @D T

T <h<(loglogx)?2

qh

tends to 0 as T — oo, the proof of Lemma 8 is complete. 0

Lemma 9 The sum of the constants appearing in the second estimate of Lemma 7
converges, that is

oo g—1

Y canlg.r.a) < oo. (26)

h=1a=0
Proof Let ¢ > 0. By Lemma 8 there exists a number W such that

g—1

. Ny.a.n(x)
1 E E ——""log"x <e. 27
m P og x =& 27

X—>00
W <h<(loglogx)? a=max(0,q—r+1)

Now assume that the left hand side of (26) diverges, implying that there exists W; >
W such that

g—1
Z Zch(q,r, a) > 2e.
W<h<W;a=0
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Then it would follow from Lemma 7 that

g—1
. Nr,a,h(x) r
lim ———log" x
xX—00 X
W<h<Wja=max(0,g—r+1)

qg—1

N,
=YY i M,
xX—>00 X

W<h<Wj a=max(0,g—r+1)

g—1
= Z Z cn(g,r,a) > 2e,

W<h<Wja=max(0,q—r+1)

contradicting (27) and thus completing the proof of Lemma 9. u

4 The proof of the theorem

To prove the theorem, we only need to show that for any ¢ > O there exists a real
number x¢ such that for any x > xo,

‘Nq(’)(x) B lozrcx = Elog’ x’
By Lemma 8, there exists a number Tp such that
lim Z qil Nr.an(x) log" x < ¢
xX—>00 X -8

To<h<(loglog x)2 a=max(0,g—r+1)

By Lemma 9, there exists a number 77 such that

g—1
Z Z ch(q,r,a)<2.

h>T; a=max(0,g—r+1)
Let 7> := max(Ty, T1) and choose x¢ so that for any x > xo we have

qg—1

Z Z Nr,a),ch (x) IOgr x < Z

T, <h<(loglog x)2 a=max(0,qg—r+1)

By Lemma 7, there exists a number x; such that for any 4 < 7> and any x > x| we
have

q—1 q—1
X & X
> Nran(x) — > cn(g,ra)——| < ———.
a=max(0,q—r+1) a=max(0,g—r+1) log X 4T2 log x

@ Springer



Counting the number of twin Niven numbers 105

. X £ _x
< £
MOI‘COV@I‘, ChOOSC X2 1n SuCh a Way that fOI‘ any X > X2, a glogx}z 4 Too” and set

x3 :=max(xg, x1, x). We thus obtain, for x > x3,

NI () Zco(qra>+2 Z enlq.roa) | =

log" x
h=1a=max(0,q—r+1) g

<Z+ X+ X, (28)
where

[(loglog x)*] g-1

¥ = Z Z rah(x)_410 X
h=T, a=max(0,qg—r+1) g
ad =1 X £ X

= Z Z Nran(x) = g loglogx)? = 4log" x’

h=[(loglog x)2]+1 a=max(0,g —r+1)

T2 a-! x X £ X
Y3 = N, x)—cp(g,r,a <THh— = - .

3 ZZ( rah(X) = cnlq )log’x> 24T2 log"x 4log x
h=0a=0
Thus we finally obtain
% 4-! 3¢ x ® 4=
NP (x) - D enlg.ra)| == > en(g.ra)
q
log o 4 log" x logxh i
ex
e
~ log" x

Setting ¢(g,r) ==Y ;2 Zz;é cn(q, r, a), which is possible by Lemma 9, the proof
of the theorem is complete.
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