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On the index of composition of integers from various sets

J. M. DE KoNINck!, I. KATAT? AND M. V. SUBBARAO?

Abstract. Given an integer n > 2, let A(n) := (logn)/(logy(n)), where y(n) =
l_[p‘np7 stand for the index of composition of n, with A(1) = 1. We study the
distribution function of (A(n) — 1)logn as n runs through particular sets of
integers, such as the shifted primes, the values of a given irreducible cubic
polynomial and the shifted powerful numbers.
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1. Introduction. Recently, De Koninck and Doyon [2] studied the global and

local behaviour of the index of composition of an integer, namely the function

An) logn
n)i= ———
logy(n)
n (for convenience, A\(1) = v(1) = 1). In a sense, A(n) measures the level of com-
positeness of n. More recently, De Koninck and Kétai [3] extended the study of
this function by establishing estimates for > An), > 1/A(n) and

z<n<z+/T z<n<z++/T
> Ap+1).

r<p<z+x2/3

, where y(n) stands for the product of the distinct primes dividing

In this paper, we study the distribution function of n(n) := (A(n) — 1) logn as
n runs through particular sets of integers, such as the shifted primes, the values
of a given irreducible cubic polynomial with positive leading coefficient and the
shifted powerful numbers.
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2. Notations and preliminary results. Let N and Z stand respectively for the set
of positive integers and the set of all integers. In what follows, the letters p and
g (with or without subscript) always stand for prime numbers, while ¢ and C
stand for absolute positive constants, not necessarily the same at each occurrence.
Moreover, given any integer n > 2, let P(n) stand for the largest prime factor of
n. As usual, ¢ stands for Euler’s function and p for the Mobius function. We let
A stand for the Liouville function defined by A, (n) = (—1)*("), where Q(n) is the
number of prime factors of n counted with their multiplicities. We shall also write
w(n) for the number of distinct prime factors of n, and the logarithmic integral of
. T odt
x as li(z) := Toni’
5 logt

A positive integer n is said to be powerful if p?|n whenever the prime number

p divides n. Let B be the set of powerful numbers. For each K € B, we set

Ag = {n=K-m:ged(K,m) =1, p*(m) =1} and
Ag(z) =#{n<z:ne€ Ax}.

One can prove that, given any K € B,

T

m Ax(o) = oK)z +0 (\[Zol8)) (@ o0)

a(K):WziKH <1+;>1 and  p(K)=1]] <1+\}ﬁ>

p|K p|K

and where the constant implicit in O(...) is absolute, that is does not depend on
K.

Indeed, in order to show (1), one may proceed as follows. First, it is well known
that

) A(w) = 3 uln)] = S+ O(a).

On the other hand, since

= fum)] _ () 1
2 S~ e Ui

n=1
(n,K)=1

it follows that

3) Aic(@) = 3 M)A (55)

Kv
vEDK
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where Dy is the set of all those positive integers all of whose prime factors divide
K. Now, using (2) in (3), we obtain that

6 [ x 1
qi)geg/}f vEDK
6 A« () x 1 x 1
= mr 2w tOlE X +0<\/Kzﬁ>
vEDK vz /K vEDK

x
— ) +0 (/o).
thereby establishing (1).

Now, for each powerful number K > 1, set

w(K) = log (fm) ,

letting k(1) = 0. Then, given any n € Ak, it is clear that

(1) i) = () = Dlogn = 0

logn
Lemma 1. If K, L € B and k(K) = x(L), then K = L.

Proof. By hypothesis, we have K/v(K) = L/~(L). Hence, given a prime power
p?|| K (with 8 > 2), we have p”~!||K/v(K), so that p®~!||L/v(L), which means
that p®||L. Since this is true for any prime power, it follows that K = L.

Let us now reorder the elements of B. We enumerate them as Ki, Ks,... in
such a way that x(K;) < k(Kz2) < .... In this manner, we clearly have that
k(K;) — 00 as i — oo.

Let £ be the random variable taking the values x(K;) with probability «(K;),
that is P(§ = k(K;)) = a(K;). Let F(y) be the distribution function of . Then
it is clear that F(u) = F(v) if kK(K;) < u < v < k(K;3+1) and also that F' is
continuous for all real y & {k(K1), k(K2),...}. O

3. The distribution function of 7(n) as n runs through the set positive integers.

Theorem 1. For each point of continuity y of F,

. 1
lim —#{n <x:n(n) <y} =F(y).
xr—o0 I
Proof. Let i be a fixed positive integer and let y € (k(K;), k(K;y1)). Our goal is
to estimate the size of the set of positive integers n < z such that n(n) < y. It
follows from (4) that there exists an absolute constant ¢ such that, if n € Ak,
K*(K)

K(K) <n(n) < k(K)+c ogn
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Hence, if n(n) < y, its powerful part K must satisfy x(K) € {x(K1),...,x(K;)},
so that we may write that

{n:n(n) <y} C | Ax,-

Jj=1

Now, for a fixed Kj, let us consider the integers n € Ag;. Since x(K;) < y and

2
K.
M — 0 provided n € Af,; and n — oo, it follows that for every n € A, with

logn
the exception of at most finitely many of them, we have that n(n) < y, thereby
completing the proof of Theorem 1. O

4. The case of shifted primes. We now consider the case of the shifted primes
p—1.
Before we go any further, let us mention two important results concerning the

counting function for the number of primes in an arithmetic progression, namely
the function

m(x; D, 0) :=#{p<z:p={¢ (mod D)}.

First, we shall be using the fact that it follows from the Siegel-Walfisz Theorem
(see Walfisz [8]) that, for some positive constant ¢y,

(5) m(r; K6%,1) = ¢iif(§5)2) (1 ) (e—cl\/@)>

uniformly for all § for which §2K < (logz)¢, where the constant implicit in the
error term is absolute. Also, we will be using the Brun-Titchmarsh inequality (see
for instance Crandall and Pomerance [1, Theorem 1.4.7]), that is

(6) m(x; D, 0) < C

Now, for a fixed K € B, let

SK = {p:p_lsza ng(K7m):17 M2(m):1} and
Sk(z)=#{p<x:peSk}.

We shall now estimate the size of Sk (x). To do so, we first observe that

#{p < z : there exists a prime g > (log x)l/?’

li(x)

2 — S —
(7) such that ¢“|p — 1} < Tog2) 15"
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To see that (7) holds, observe that, using (6), we obtain that

1 .
Z 1 < Z m(z;¢%,1) < Z mh(x)
p=1 p(i;id q2) g>(log)*/® g>(log)*/?

g>(logz)1/3

<li(z) Y %

q

=l > q(q—1)

q>(log x)1/3 g>(log x)1/3

< li(z) /(00 dt < i)

logay/s 12 (loga)1/3’
which clearly establishes (7).

Let Py :=[],., p. Choose y = lm% and consider K € B with P(K) < y and
K < (logz)¢ for some constant ¢ > 0. Then, in view of (7), we have

(8) Sk(x) =Y p(d)m(x; K5, 1)+ O (h(“””)) .

£ (log 2)17*

But for 6|P, and since by Chebychev’s inequality, P, < e'0% = z035 it
follows that K6% < K Py2 < Cz%7™ for some constant C' > 0. Therefore, combining
estimates (8), (5) and (6), we get that

. () o 1
(9)Sk(x) = li(z) a 5 + O [ li(z)e c1Vlogw 3
" ;32 ¢(K5?) % P(K6?)

1
+0 | 1i(2) -
2 G
5> (log )€

= li(z)E,(K)+ O (li(x)e’cl‘/@UK(xD + 0 (li(z) Vi (2))

say. Now, since

1 1 1 1
< : and = 0(1),
SED) = 5(K) 9) > 57 =00
it follows that
1
Moreover, since
1 1 loglog § log loglog

Z 2y~ Z s K 5 < -
6>(logz)e $(9%) 0>(logz)°© 6¢(9) 5> (log z)e 0 (log z)
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we have

(11) Vi (z) =0 <W> .

On the other hand,

szl (7)1 ()

p<(logz)1/3

so that setting

w15 = g 11 (135

it is clear that

(12) E,(K) = (1+o(1)E(K) asy=y(x) — ox.

(»,

Gathering estimates (10), (11) and (12) in (9), we obtain

Sk (z)
li(z)

= E(K)+o(1) (z — 00).

We may thus conclude that (A(p—1) —1)log(p— 1) has a distribution function.
Hence, letting G(y) be the distribution function of the random variable £ defined
by P(¢ = k(K)) = E(K), we have thus established

Theorem 2. For each point of continuity y of G,

Jim %#{p <z:(Ap—-1)—1log(p—1) <y} =G(y).

Remark. Repeating the argument used for F', one easily obtains that G is contin-
uous at each real number y if and only if y ¢ {xk(K) : K € B}.

5. The case of an irreducible cubic polynomial. Let f(n) be an irreducible cubic
polynomial with coefficients in Z with a positive leading coefficient. C. Hooley [5,
Chapter 4] proved that

x
Viegz'

Let p(¢) be the number of (incongruent) roots of the congruence f(v) = 0
(mod £). Now, given an arbitrary constant ¢ > 0, let

1
(13)  #{n < x: there exists a prime g > 8 logz with ¢°|f(n)} <

1
glzélogxa KEBa K<£§’ P(K)<€l

Moreover, let
Vi(z) == #{n <z: f(n) = Km, ged(K,m) =1, p*(m) =1}.
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By using the Eratosthenian sieve (see for instance Halberstam and Richert
[4, Chapter 1]), we have

Vi (x) = Z w0 (o) #{n <z : f(n) =0 (mod K6,63)}.

511\)1{
Therefore,
z p(p?)
VK(J?) = — (1 — ) .
w 0T
(p,K)=1
p@““)) ( x )

14 1-— +0 + O(Tk(x)),
a4 ps ( P oty )+ OTx(@)
say, where in view of (13),

x
15 T < .

K<(logx)°

In what follows, we shall use a classical result of T. Nagell [7, Chapter III],
from which it follows that p(f) < c-2¢¥(). In particular, this allows us to write
that

1> ] (1—p(pz2)> >expl 2y pg) Zexp{—gl}—l—0<§11>.

) p P>t

2
Thus, setting D = H (1 — p(p2 )>, we have that
p
P

N 1— p(p”l))
VT (1 40) (10 ( 1)) (1- )
(pp,lfg% ( v PHK e “ PI|[K (1 B %"‘2))

so that in light of (15), (14) may be written as

Vielo) = a6(K) + 0 2=,

where
(x+1) )

b o (-
= ¢ 11 (s

Letting F'(y) be the distribution function of the random variable ¢ defined by
P(&; = k(K)) = £(K), we can deduce, using the same approach as in the earlier
two theorems, the following result.
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Theorem 3. Given an irreducible cubic polynomial f with positive leading coeffi-
cient, then, prom'ded y # k(K) for all K € B,

lim <40 < o (A(F(n)) — 1)log f(n) <y} = Fy(y).

r—00

Remark. Letting f be as in the statement of Theorem 3, one can show that

YA = et Y Y > Zlogf

log f
n<z K powerful n<x K powerful n<x

x x
o —__
log x + <log3/2x> ’

for some computable constant cs.

= x+cCo

6. The case of shifted powerful numbers. Given a powerful number K, consider
the set
T ={neB:n+1=Kv, gced(K,v) =1, p*(v) = 1}.

It is well known that each powerful number n can be written uniquely in the
form n = r®m?, where m € N and 7 is a squarefree number. Setting B(") := {n €
N:n=7r*m? m=1,23,...}, we have

o0

B= U B,

r=1
u2(r)=1

Now, let TI((T) =T N B, so that
T]((T) ={neN:n=r’m?and n+1=Kv, ged(K,v) =1, py*(v) =1}.

Furthermore, we introduce the counting functions

Ti(z) ={n<x:neTk} and T () :={n<az:neT}.

With good estimates of 7k (z) and TI((T)(LU), at least in the range K < (logx)®©
(for an arbitrary constant ¢ > 0), P(K) < /logz, r < (logz)'/4, we shall be able
to establish that

lim B(l) #{n<z:neB,(An+1)—1logn <y}

exists, where B(z) := #{n <z :n € B}.

To do so, let 1 < a < (logz)¢, where ¢ > 0 is a given constant. Set f,(m) :=
am?® + 1 and let p,(v) be the number of solutions of f,(m) = 0 (mod v). It is
known that p, is a multiplicative function and that, for each a € N,

o 1+ (=2) if (p,2a) =1,
Pa(p”) = P
0 if pla,



532 J. M. DE KONINCK, I. KATAT AND M. V. SUBBARAO Arch. Math.

and that if a is odd,

(1) pa(2) =1,
2 ifdla+1,
) 2y ={2 1
0 if4d fa+1,
(3) if > 3, then pa(2%) =4 - €4(v), where

(@) 1 ify?=—a (mod 2%) is solvable,
o) =
0 otherwise.

If ro = ro(x) a function slowly tending to +oo with z, then

1 =m?r’<z:r> =0.
ml»noloB()#{n m?rd <z r>rop=0

Let K € Bbefixed. Let 1 <a < rg’, 24 < 2 < 2% and Sk o(2) be the number
of positive integers m < z for which f,(m) = Kv, where (K,v) = 1 and where
either v is squarefree or if p?|v, then p > logz. By using the Eratosthenian sieve
(see Halberstam and Richert [4, Chapter 1]), one can obtain that

Sk.a(z) =Y p(01)u(82)#{m < z: fo(m) =0 (mod K6,63)},
01,02

where, in this sum, ¢; runs over the squarefree divisors of K, while do runs over
those squarefree numbers which are coprime to Ka, and for which the inequality
P(d2) < logx holds. Therefore

Pa(K8103) (1) p(d2) 2
(16) Ska(z)=2z Y 5,2 +0 > pa(K563)
K6162<z Ké162<az?

The error term in (16) can easily be seen to be O(y/z), due essentially to the
fact that P(d2) < logx. On the other hand, the summation in the main term on
the right hand side of (16) may also be taken to run over those K¢&;d35 > z since

a(F0165)1(61) a( K1) pa (6 1
ZP 12(1 ZP 1P(2)<<

K§152 K51 21/47
K5152>z K§152>z

say. Hence, writing K = 2°K; with K; odd, we have

SK,Z(Z) 1 +K01(1) 11 (1 _ pa(M)

P || Ky p
(p,a)=1

(17) I1 (1 - pa(p)) S(K,a) (2 — o0),

(p,2K1a)=1
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where
0 if ged(K,a) > 1,
1 if a is even and K is odd,
6(K,a) =1 4 § 1 5+1 e i
35 (Pa(2°) — £pa(2°T1))  if ais odd and K is even,
1 - e if @ is odd and K is odd,
It is clear that
(18) Ti(x)= Y w7 (@) +o(B(x))
r<rg
(K,r)=1

and furthermore that

(19) T() = S (475 ) + O,

where A, stands for the number of positive integers n < x, n € ’TI(;) such that
p?In + 1 for some prime p > logx. The main difficulty in obtaining a “closed
formula” for 7k (z) is to estimate the size of > . O(A;).
If we set
D(z,Y) :=#{n <z :n € K for which there exists p?|n +1, p > Y},
it is clear that

(20) Z O(A,) < D(z,logx).

r<rop

We shall actually prove that, for some constant C' > 0,
VT
(21) D(z,/logz) < OW = o(B(z)),
which together with (18), (19) and (20) will clearly be enough to show that

(22) Tel)= Y w008 (55 + 0B,

in light of the well known estimate

_ 1 oo C(3/2)
(23) B(x) = dyz +O(z/?)  with d= ) ~ 217

(see for instance Ivi¢ and Shiu [6]).

To prove (21), for a given constant c¢g > 0, we let r < (log ) and count those
positive integers n = r3m? < x for which p?|r®m? + 1. If p?> < 2/r3, then no more
than 2% such m’s exist. So, assume that mg is the smallest positive integer m
for which p|r3m?2+1. Then, all the other m’s can be written as m = mg-+tp for some
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positive integer ¢. Let us search for those integers t for which 73(mg +tp)?+1=0
(mod p?). In this case, we have
(r3m3 + 1) 4 2motr’p + t2p*r® =0 (mod p?),
3,2
1
L +2motr® =0 (mod p).

But since (mg,p) = 1 and (273, p) = 1, one obtains the value of ¢ (mod p).

Since my + tp < %, no more than one such ¢ may occur. Consequently,

for r < (logz)® and p > %, at most one such m exists under the conditions
r®m? +1 < x and p?|r®m? + 1.

Therefore, given a large number W,

D(z,\/logz) < Y 1+Zw(ﬁ)+22£ > ]%

“mwe W W Vieg<p<
1 JT 1
< VI Y s Wr(Va) 22— Y —
3/2 3/2
ST / Viog il /
w
< o VE o VI, VB
W log x Vlog
o VT
* (log )1/’
by choosing W = (log )%/3, which completes the proof of (21).
Now, set
U(K,T) = i H (1_pr@> H (1_ pr(p>> '5(K,T3).
K D B p?
p|K1 (p2Kir)=1
Using (17), we obtain that
vz v
(24) SK,’I"S (7.'3/2 = mU(K, 'r.) + 0(\/5).
It follows from (23) and (24) that
1 NG 1
(25) %SK,ﬁ (W) = WU(K7 r) +o(1) (z — o0).
Therefore, setting
_ 2 U(K7 T)
A(K) - Z 14 (T) r3/2 9
(K,r)=1

it follows from (22) and (25) that
Tk (z) = (1 + o(1)A(K)Vz (x — 0).
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Hence, letting H(y) be the distribution function of the random variable &
defined by P({ = k(K)) = A(K)/d, we can deduce using the same approach
as in the earlier theorems the following result.

Theorem 4. For each point of continuity y of H,

1
lim ——

7. Further remarks.

#{n<z:neB, nn+1l) <y}=H(y).

Lemma 2. Let F' € Z[z], F(x) = fi(x)--- fr(x) be a product of irreducible polyno-
mials such that ged(fi(x), fj(x)) =1 for every i # j.

(a) If degf; <3 (j =1,...,1), then for every & > 0 there exists & > 0 such
that
cx

{n < x: % F(n) for some prime q¢ > (logx)**} < (oga)&

(b) If degf; <2 (j=1,...,r), then

i
#{p < x: ¢*|F(p) for some prime q¢ > (logz)5'} < (f()gZ(;))&z'
Proof. In the case r = 1, this can be proved by essentially repeating the argument
found in Chapter 4 of Hooley [5]. Indeed, let D; ; be the resultant of (f;(x), f;(x)).
It is known that ¢?|fi(n) f;(n) with ¢ /D; ; implies that either ¢?|fi(n) or ¢*|f;(n).
By this observation, Lemma 2 is proved.

Given a function F satisfying the conditions of Lemma 2, then using Lemma 2

and a routine application of the Eratosthenian sieve (see Halberstam and Richert
[4, Chapter 1]), one can show that

lim é#{n <z:F(n)eAx} = Ag,
1
wllngom#{p <z:F(p) € Ak} = Bk,

for some constants Ax and Bg such that

ZAK:]. and ZBK:].

KeB KeB
Letting 6 and 1 be random variables such that
PO =r(K) = Ak,  P( = n(K)) = Bk

and letting Hg and H,, be their corresponding distribution functions, then we have
the following result.
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Theorem 5. Under the conditions of Lemma 2,

lim %#{n <z:n(F(n)) <y} = He(y),
lim i#{p <x:n(F({p) <y} = Hyy),

z—oo 77(x)

provided y # k(K) for all K € B.
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