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Abstract
a(¢(n))

Let H(n) = oo(n)’ where ¢(n) is Euler’s function and o(n)

stands for the sum of the positive divisors of n. We obtain the maxi-
mal and minimal orders of H(n) as well as its average order, and we
also prove two density theorems. In particular, we answer a question
raised by Golomb.
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81. Introduction

Let ¢ be Euler’s function and let o be the sum of the divisors function.
The composition of the functions ¢ and ¢ has been the object of several
studies; see for instance Makowski and Schinzel [9], Pomerance [11], Sandor
[12], Ford [2], Luca and Pomerance [8]. In 1993, Golomb [3] investigated the
difference o(¢(n)) — ¢(o(n)) showing that it is both positive and negative
infinitely often, and asked what is the proportion of each.

In this paper, we answer this question of Golomb and more, by studying
the behavior of the quotient

In particular, we obtain the maximal and minimal orders of H(n), its average
order, and we also prove two density theorems.

Given any positive real number x we write logx for the maximum be-
tween the natural logarithm of x and 1. If k£ is a positive integer, we write
log,. « for the k-th iteration of the function logx. Throughout this paper, p,

1



q and r stand for prime numbers, while v stands for Euler’s constant. We
also use 7(z) for the number of primes up to x and w(n) for the number of
distinct prime factors of n.
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82. Main results

Theorem 1. The maximal order of H(n) is 2" log; n, that is

H(n
lim sup (2 ) = e,
n— oo Og2 n

Theorem 2. There exists a positive constant § such that the minimal order
of H(n) is §/logy n, that is

lim inf H(n)logyn = 4.
Moreover § € [(1/40)e™7,2e77].

Theorem 3. As z — oo,

1
— Y " H(n) =cye logsz + O (logg/2 a:) :
T

n<x
where
1 9(n)
= 1 —_ _—
‘o o0 n;ﬁ o(n)

B R 1 p-1P3 1
_1;[<1 Pt D) D P -Z?,pi—l

1=

) ~ 0.4578.



Theorem 4. For each number u, 0 < u < 1, the asymptotic density of the
set of numbers n with
H(n) > ue® login

exists, and this density function is strictly decreasing, varies continuously
with u, and is 0 when u = 1.

In particular, Theorem 4 shows that o(¢(n)) — ¢(o(n)) is positive for
most n, thus providing an answer to Golomb’s question.

Theorem 5. The set {H (1), H(2), H(3),...} is dense in [0, +00).

83. Preliminary results

Theorem A (HEATH-BROWN). Let k and a be coprime positive integers.
Then there exists a prime number p = a (mod k) which satisfies p =

O(kfll/2).
Proof. See Heath-Brown [6].

Remark. It has been shown by Alford, Granville and Pomerance [1] that
for most values of k, one can replace the constant 11/2 by 12/5 + ¢ for any
fixed € > 0. It can also be shown that if GRH holds, then the constant 11/2
can be replaced by 2 + ¢ for any fixed € > 0.

Theorem B. (POMERANCE) There exists a constant x > 0 such that, for
all positive integers n,
a(9(n))

n

> K.

Proof. See Pomerance [11].

Remark. This statement relates to a long standing conjecture of Makowski

o(¢(n)) > ; Recently, Ford [2] has
n

and Schinzel [9], which asserts that

1
shown that kK > ——. Note also that the conjectured minimum % is attained

when n is a product of the first Fermat primes, such as n = 2, 6, 30, 510,
131070 and 8589934590.



Lemma 1. (MERTENS’ THEOREM) The estimate

1) =i (0 (i)

holds for large values of x.

Proof. This result is due to Mertens [10].

1
Lemma 2. lim inf M =e .
n—oo n
Proof. This result, which follows essentially from Mertens’ Theorem, was
first obtained by Landau [7].

Lemma 3. limsup o(n)

=e.
n—oo M 10g2 n

Proof. This result also follows from Mertens’ Theorem and was first ob-
tained by Gronwall [4].

Lemma 4. There exists a positive constant ¢, such that for large real
numbers x, both ¢(n) and o(n) are divisible by all prime powers p* <
c1log, 2/ logs x for all positive integers n < x with O(x/log; x) exceptions.

Proof. The above result for the case of the function ¢(n) is Lemma 2 in
[8]. To prove the result for the function o(n), let m be an arbitrary positive

integer and write
1
S(x,m)= > -

logg x<¢g<z q
m|(g+1)

From the Siegel-Walfisz Theorem (see Theorem 5, Chapter I1.8 in Tenen-

baum [13]) and partial summation, it follows that there exist positive num-
bers ¢; and x( such that the inequality

S(x,m) > clogy @

— ¢(m)

holds for x > zy and all m < logz. Let g(x) = c¢;logyx/logsz. Using
Brun’s sieve, it follows that the set A, of numbers n < z which have no



prime factor ¢ > log, x congruent to —1 modulo m satisfies

AN <or ] (1—1)SC2xexp<—s<x,m>>,

logg z<g<log = q
m|(g+1)

for some positive constant c¢,. Assuming now xq is chosen large enough so
that logz > g(x) for all z > xg, we get that if m = p® < g(x), then

Co < Co . Col
exp(S(z,p*))  exp(logzz)  logya

#Npe <

Summing up the above inequalities over all the O(g(x)/log g(z)) prime pow-
ers p® < g(x), we get that

Y H#Ne < z9(2) < —

p<g(z) log, xlog g(x) logg z

Finally, let M be the set of all positive integers n < x such that n is divisible
by the square of a prime ¢ > log, . Then
x x x
#M< Y S

g>logy x

< ;
log, zlogyx  logs

where we used the fact that
1 1

(1) > 5 <

p>z p

zlogz’

Note now that if n < z is such that p® does not divide o(n) for some
p* < g(z), then either n is in M or n is in

U N,

pa<g(z)

and by the above estimates both these sets are of cardinality O(z/logs ),
thereby completing the proof of Lemma 4.

Lemma 5. Let z be a positive real number. Setting

1 1
hg(n) = Z - and hy(n) = Z -,
plon) P plo(n) P

p>logg x p>logo x



then

(2) >_ hs(n)

and Y he(n) <

= logs = logg ©
Proof. Clearly we have
T mlo T zlog, x
Z 1 S s Z i el o < g9 )
n<z p gq<z p p
plé(n) plg—1

It now follows that

1 x
> hg(n)=> - E 1 < zlogyr — < ;
n<x p<3: T‘L;(w) p>log, 10g3 x
plo(n

where we used (1) with z := log, z, thus establishing the first assertion in
(2). We use a similar argument to establish the second assertion in (2).
First of all, note that since w(n) < logz holds for all n < z provided x is
large enough, it follows that

1
ho(n) < Y. — < logyz,

i<logx Di

where we used p; to denote the ¢-th prime number. Let N; be the set of
all positive integers n < x such that there exists a prime ¢ > logg x whose
square divides n. Then, using (1),

x
#N; < =L
q>%§ . ¢®  logixlog,
Hence,
3 he(n) < #M 1 L ———.
) ng\:[l (n) < N logy @ logs xlog,

Now let N be the set of those n < x which are not in A; and which are
divisible by a prime power ¢%, with a = |c3log, z| + 2, where ¢3 := 2/ log 2.
For a fixed prime number ¢, the number of such numbers n is < x/¢*, and

therefore
T
#HN; < 7_a+/n—<—<—?,
=24 2 logs x



which implies that

(4) 3 holn) < #M; logy 7 < ——.

neN, Og3 x

Finally, let N3 be the set of positive integers n < z which do not belong to
either NV or Ny, If n € N3 and ¢®||n with o, > 1, then ¢ < logz and
a, < log, z, so that ¢® < exp(O(log; x)). Hence o(q%) < exp(O(log} 7)).
In particular, for large x, we have that o(¢®) < log, z. Hence, if n € N3
and p > log, x is a prime dividing o(n), it follows that there exists a prime
factor ¢||n of n such that p|(¢ + 1). Now the same argument used for the
function hy tells us that if p > log, x is a fixed prime, then

plo(n) q<e p
neNs3 plg+1
Therefore
1 xlog, x
(5) Yohon)< D =Y 1k Y %2 €
neNs p>10g250p P\g}\*fl) p>logy p 083 T
n 3

The second estimate (2) then follows from estimates (3), (4) and (5), and
the proof of Lemma 5 is complete.

Lemma 6. As x — o0,

ST

n)
n)

where ¢ is the constant appearing in the statement of Theorem 3.

= cor + O(2/),
o

(
2 o

Proof. Given any number s with ®(s) > 1 and letting ((s) stand for the
Riemann Zeta Function, we have

p=1  pl=1) p*(p—1)
¢wgm>_110+ﬁlpmw+ﬁwﬂﬂ+m>

n=1 n p

+
ps p25 p3s

1 p—1 p2(p—1) 3112(12)—1)
_ <(S)H<1_S>H 1+ p+1 + p2+p+1 +p+p+p+1 T

D ps p25 p38

p p
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p=1 _ p(p=1) _ p-1 (=1 _ pl=1)
_ C(S)H (1+ p+1 + p2+p+l  p+l + p3+pi4p+l  p?4pl +)

" ps p2s p3s
= ((s)R(s),
say. Expanding the product R(s) into a Dirichlet series, say
[e'S) a,
R(‘S) = Z )
n:ln

then it converges absolutely in the half-plane R(s) > %. Setting b, =
¢(n)/o(n), we have b, = ) _ aq, and therefore

din
Sh = £ Sa- Salt] <%0 (L)
n<z n<z dn n<lz d<z d<zx
= R(1 :c+0( Z' d') +0 (Z|ad|)
d>z d<z
Since
Z |a ’ _ Z ‘ad| d3/4 ( 3/4)
d d3/4
d<zx d<zx
and

|adl laq| 1 ~1/4 |adl ~1/4
< = _ 0 /
g d Z d3/4 d1/4 ST (; d3/4 ($ ) ’
it follows that

> 2 _ Ry + 0@,

which completes the proof of Lemma 6, since R(1) = ¢o.

Lemma 7. There exists a constant c, such that the set of positive integers
n < x such that w(¢(n)) > c4logs x contains at most O(x/ logs x) elements.
The same holds when the ¢ function is replaced by the o function.

Proof. First let D be the set of all n < x such that k = w(n) > 3elog, .
A well-known result of Hardy and Ramanujan (see [5]) asserts that

1 1

#n<z : wn )—k’}<<log$-(k_l)!-(logszrO(l))k’ :

8



an inequality which together with Stirling’s formula implies that

x elogy, v+ O(1) ko . @ 1
log

#{n<z :wh) =k < -

since k — 1 > 3eloglogx — 1 and x is assumed to be large. Thus,

1
#D) =#{n<z : w ()>3610g23:}<<10g 22k<<

T T

<
logz  logsx

Assume now that D, is the set of all n < x which are divisible by the square
of a prime p > logs z. Then

#Dy <

p>log§ T

T
2 S oa2a
p logy @

Let D3 be the set of those n < x which are divisible by a prime number p
such that w(p — 1) > b:= [e*log, z|. Then

ip < X Ty ) (21)

p<w P i M\ gz ¢
w(p—1)=b
elog, z + O(1 x x
< xZ( 52 ()> <<xZ—<<—<< < —
= k k>b log logs x

where we used the facts that e > 2 and 2¢° > e. Let D, be the set of those
n < z which are divisible by a prime number p such that w(p+1) > b. The
same argument as above shows that

x
log3
Let D5 be the set of those n < x which do not belong to D; U Dy U D3 U Dy
and such that there exists a prime power p®|n, where a = |c3logs x|, where

c3 = 10 5. By an argument similar to the one used in the proof of Lemma
5, we get that

#Dy <

oo dt x x
4Dy <z —<<—+a:/ — K=
p§>:2 2 to 20 logix

Thus, D = U?_, D; contains O(x/ logj x) elements, as claimed.



§4. The maximal order of H(n)
We will show that for n sufficiently large,
(6) H(n) < (14 0(1))e* logsn.

Then clearly the proof of Theorem 1 will follow if we can also show the
following result.

CLAIM. There exists an infinite sequence of integers n for which

H(n) is bounded below by (1 + o(1)) €2 logj n.

To prove (6), first observe that it follows from Lemma 2 that
(1) a(d(n)) < (14 o(1)e"d(n)logy (n) < (1 + o(1))e” n log, n.
On the other hand, it follows from Lemma 1 that

e 'n

¢(n) = (1+o(1))

log,n’
so that

e Yo(n) o(1e—7 "
Tog, o(n) = (1+0(1))

Combining (7) and (8), we obtain (6).

(8) ¢(a(n)) = (1+0o(1))

logyn’

Hence, in order to complete the proof of Theorem 1, it remains to prove
our Claim. So let x be a large integer, and let P and ) be the smallest
primes such that

P=1 (mod M(x)) and Q=-1 (mod M(x)),
where M (x) = LCM[1,2,..., ], and set
n=PQ.
From the Prime Number Theorem, it is clear that

M(.fl?) _ 6(1—|—o(1))ac < 62:107

10



say. Hence, from Theorem A, it follows that

P < e Q< e’ sothat n = PQ < *2.

Thus, n < €23 holds for large x. For this particular integer n, we have,
since ¢p(n) = (P —1)(Q — 1),
o(o(n 1 1 1
(o(n)) _ II <1++2+...+ a)
() priP-ne-n \ PP P
1 1 1
> ]I <1++2+...+ ~ )
7 |[(P-1) pp P
1 1 1
> 1 (1 o+ S+t ﬁ>
Pr<e p p pov

where each exponent (3, is the unique positive integer satisfying p” < z <
pP*1. Therefore,

9) ¢( ) p];[m <1 + 1) pﬁp]L <1 +0 <p5:+1>>

However,

pﬁgm (1 +0 (pﬁiH)) — exp {0 (pﬁzépﬁl“)} — exp {0 <7Tf)>}
o)

Using this in (9), we obtain that, by Lemma 1,

(6(m) P
) Z(l—i—o(l))pgx]fl—(l—i- (1))e” log .

On the other hand, o(n) = (P + 1)(Q + 1), so that

o e ) (o)

(10)

pl(P+1)(Q+1) P/ p(pt1) p
< 1 (1 1) I 1 1) (1 + o)
= - - - = o )
p|M () P} p<a p logz

11



where we used Lemma 1.
Gathering (10) and (11), we get that

(12) H(n) - ——= > (1+0(1))e* log® z.

Since by our choice of n, we have exp{(1+o(1))x} < n < exp{23z}, it follows
that (1 4+ o(1))x < logn < 23z and therefore that log,n = logx + O(1),
which means that (12) can be replaced by

(13) H(n) - ——= > (1+0(1))e* logsn.

Observing now that, for large z (that is, large P and @),

on)  (P+1)(Q+1)
¢n)  (P-1)(Q—-1)
we conclude that our Claim follows immediately from (13), since then by

varying x one obtains infinitely many such integers n. The proof of Theorem
1 is thus complete.

=1+o0(1),

§5. The minimal order of H(n)

It follows from Theorem B and Lemma 3 that, for n sufficiently large,

o(6(n)) (o)
n - and a(n) = logon

Combining these with the trivial inequality

get that

> 1, we immediately

o(o(n))
o(¢(n) oln)  n
(o) o)

To complete the proof of Theorem 2, we shall use an argument developed
by Makowski and Schinzel in [9].

(14) H(n)logyn = logan > e k.

12



Let  be large and let N(z) = [],, p. Moreover let ¢ be the smallest
prime number exceeding xlogz, and choose n = N(x)?7!, so that

¢(n) = N(z)"*¢(N(z)) = [[ p™,

p<x

where o, = ¢ — 2+, and v, > 0 is such that p||¢(N(x)). We then have

otom) = [ o) = 117
. (6(n)) bl
o)) _yr "~ _ o(1Ne” log =
) o) by oo
by Lemma 1.

On the other hand, again by Lemma 1,

on) _ DY g oy
(16) = ,Ez <1 p) (1+ (1))1ogx'
Combining (15) and (16), we obtain that
- ooln) _ alon) o) _ | o

n  ¢n) n

We now examine the expression

(18) o(n) = [T 2=

Fix a prime p < x and set

@1
P rflrgQ L

p—1
where, for each i = 1,2,...,t, 7, = r;(p) is a prime and (3; = (;(p) a positive
integer. We then have p? = 1 (mod r;) for each positive integer i < ¢,
and by Fermat’s Little Theorem it follows easily that r; =1 (mod q) (for
if not, then from p? =1 (mod r;) it would follow that p =1 (mod 7;),
which would lead to the conclusion that (p? — 1)/(p — 1) and p — 1 have

13



a common factor r; > 1, which is impossible because (p? — 1)/(p — 1) is
congruent modulo p — 1 to the prime ¢ > p — 1). Hence

@1

x4 > p? > b T q,
which, since ¢ > xlog z, implies that
qlogx
19 <
(19) ogg = ¢

From this it follows that

o(E5) 1 L1
(20) 12111 _g<1—n>2exp{—2;ri},

where we used the fact that the inequality 1 — z > e~%* holds for all z in
the interval (0,1/4). Since it follows from (19) that there are at most ¢ such
primes r; in the arithmetic progression 1 mod ¢, we have that

1 1 21o
7+—|—7< gq,

r

> ¢(a(n)) > I (1 _ 1) > exp{_47r(‘”)qbgq} — 1+ 0(1),

pd—
p—1
for some p<z

il

since we have chosen ¢ > xlogx and since w(z) < x/logz. We have thus
established that

=1+o0(1).

14



It now follows by Lemma 1 that

dﬁ(a(ﬂ)) _ 9(o(n) an) _ (11 o) II (1 IR 1)
n n p
_l’_

= (1+0(1))H{<1+11

p<x

)
= (1+o(1))e"(log z) exp (O (;;e plq))
(o(s%2)

= (1+o0(1))e"(logx)exp

Combining (17) and (21), we get
olom)  n
n o ¢lo(n))

It remains to estimate the size of n. Recall that, by our choice of n and ¢,
we have

(22) H(n) =

n— (H p) — exp{(1 + o(1))zq} = exp{(1 + o(1))a? log 7},

p<z

so that (1 + o(1))z?logz = logn, from which we easily obtain that
2logn
=(1 1
v = (1 o),

1
logz = 5(1 + 0(1)) logy n.

which yields

Substituting this in (22), we obtain that

6_'7
H(n) = (1+ o(1)) 1—,
5 logyn
from which we may conclude that there exist infinitely many integers n such
that
H(n)logyn = (1+0(1))2e .

15



Combining this last result with (14) and taking into account the remark
following the statement of Theorem B concerning the improved lower bound
for k, the proof of Theorem 2 is complete.

§6. The mean value of H(n)

We use the method developed in [8]. Let My(z) be the least common
multiple of all prime powers p® < g(x), where g(z) = ¢, log, x/log, x and
1 is the constant mentioned in Lemma 4. Moreover, let A = A(x) = {n :

Vo <n <z and My(n)|ged(p(n),o(n))}. Then
o) 1 )
o e (ieo()) e

(This follows from inequality (37) in [8].) Using the same method and then
applying Lemma 1, we get

) S (1) <2 (r0(i) e

p<g(z)
(24)
Combining (23) and (24) yields

Hn) > A _logs @ <1+O< ! ))zqﬁ(n)ehlog:ﬁx <1+0< !

o(n)e=7/logyx log = o(n) log
(25)

for n € A.
It follows from this that

(26) >_H(n)> > H(n)>e* logix (1 + O (10;333)) > qsgg

n<x n<z
- neA neA

Now using Lemma 4 to estimate the size of [1, 2]\ A and using the fact that
¢(n) < o(n) holds for all n, we get by Lemma 6

o) L o) g o), o f
o0 > Do r= Z oo (o)

n<w U(n) n<x n<lz logg Z

neA
= cox+0< x2 )
logs x

16




Combining this with (26), it follows that

(27) > H(n) > coe*x logix + O (zlogy x) .

n<x

It remains to obtain the corresponding upper bound for >, H(n).
To do so, we first observe that we only need to consider those integers
n € [v/z,z], since it follows from Theorem 1 that

(28) > H(n)=0 (x/i log; x) :
n<ya

Consider now the set

1 1
B—B(x)—{n.ﬁ<n§x, h¢(n)<\/@, ho(n)<\/@},

and given a positive integer n € B, write ¢(n) = ny - ng, where

m= I prandna= [] »,

PP ¢(n) PP ll¢(n)
p<logo x p>logo x

so that, using Lemma 1,

(20) 2O H<1+1+...+ 1)-H<1+1+...+ 1)

p(n) ol p %) s
(e7logz @ + O(1)) - exp(O(hy(n)))

= (e”log3x+0(1))~exp{0 (\/lolgix)}
= e”loggx—l-O(\/loggaz) (n € B).

On the other hand, given n € B and writing o(n) = my - mq, where

my = H p**  and mg = H P,

pP|lo(n) pPllo(n)
p<logo x p>logo x

IN

17



we get, by a similar argument,

o) P _ glm) g(mo)

o(n) my Mo

2 (o(5l)) (o ()
_ l(if;;x (1 +0 (\/lolgj)) (n € B).

Gathering (29) and (30), we obtain

v

(31) H(n) < ng; e loga x (1 +0 (\/lolgix)> (n € B),

from which it follows that

2 logs x L o
s (”O(@));W

neB neB

< eYeyx logz x + O(x log/? ).

It remains to consider the contribution of those integers n € [\/x, x] which
do not belong to the set B. The set of these numbers is contained in C,UC,,
where, given f € {¢, 0}, we write C; for the set of those numbers n € [\/z, z]

such that hy(n) > 1//logs x. Lemma 5 shows that

T #Cf

> hf(n) > ,
logs x ngc:*f d \/1ogs x

so that
(33) #Cr < x/y/logs x for f =¢ and f =o0.

We now call upon Lemma 7. Let D be the set mentioned in the proof of
that lemma. Since by Theorem 1, H(n) < logs n, it follows that

(34) S H(n) = O(a).

neD

18



We now let £ be the set of those n < x which are not in D. It is easy to
see that if n € £, then both inequalities w(¢(n)) < c4logs z and w(o(n)) <
c4logs = hold for large , where ¢4 can be chosen to be any constant > 4e.
Indeed, since w(n) < 3elog, z, it follows that if w(p(n)) > 4e’log, x, then
there must exist a prime p|n such that w(p — 1) > e?log, x, for if not, that
is, if w(p — 1) < e*log, x holds for all prime factors p of n, then

w(B(n)) <wn)(1+> wlp—1)) < 3e(1+ e*log, x)log, z < 4e’ log .

pln

However, the inequality w(p — 1) > e?log, z cannot hold for some prime
divisor p of n because n is not in D3. Write n = n' - n”, where

n'= J[ p* and n"=]]p.

PpPlIn pl|n
ap>1

Since n € D, the same argument as above shows that w(o(n”)) < logs z.
Finally, note that

n' < exp(O((logs )7 (logy ) = exp(O(log; x)),

so that

o(n') < exp(O(log; z)),
which shows that w(o(n’)) = o(logs ). Thus, if n € £, then w(é(n)) and
w(o(n)) are both O(log% x). In particular, for large x, we have that

max{hy(n), hy(n)} < > ]19 < 1

log, :c<p<logg T

Hence, writing ¢(n) = ny-ny and o(m) = my - my as previously, we get that
forn € €&,

Jijzg;)) - I <1+;+...+i> I1 <1+1+...+ 1)

D Ap
o7l PP ) v |ing p p

< ]I <1 + i1> exp(O(hy(n)) < logg

p<log, x p
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and

o) _ (1_1> 10 (1_1)

pllma P/ plims p

> ] (1—1)exp<—ha<n>>>>1og3x,

p<log, x p

from which we may conclude that H(n) < log3 z holds for all n € £. Finally,
recall that by (33), the set of those n € C, UC, is of cardinality at most

O(z/+/logs x), and therefore that

Z H(n) <max,ee{H(n)} - #(Cs UC,y) K Jvlogg/2 x,
nE(CyUCs)NE

which together with (28), (32) and (34) shows that

(35) > H(n) < e¥eorlogiz + O(x logy/? z).

n<x

Combining (27) and (35) completes the proof of Theorem 3.

§7. The first density theorem for H(n)

Here, we follow essentially an argument used in [8]. In view of (25) and
(31), it follows that both inequalities

H(n) > (1+0(1))Z5(Z§e2710g§n
H(n) < (1+0(1))ﬁ(:§; e*' log2n

hold on a set of density 1. Therefore, it follows that on a set of density 1,
¢(n)

H(n) = (1+0(1))e* log3 na(n)'

Since ¢(n)/o(n) has a continuous distribution function (see Exercices 2 and
3 of Chapter II1.2 in Tenenbaum [13]), the proof of Theorem 4 is complete.
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§8. The second density theorem for H(n)

Fix § € (0,00) and let x be a very large positive real number. We shall
now construct a finite set of primes R such that each of its element is larger
than than z*° and with the property that

1 761 761
10 (1+) . (W_Le%vul)‘
R T 2 2

To construct this set R, let 1 < ry < ... be all the primes > 2%° and let k
be the largest positive integer such that

k 1 e’dlogx
[ (14 1)< 70hse

i=1 ri/ 2
Observe that by the maximality of k& and the fact that

2 elogx
Tk+127“1>1'$ >Tg

holds for all x sufficiently large, we get that

kt1 1 751 51
II(1+)e (e 5 g “) |

i=1 i

Hence, we can take R = {r; : i=1,...,k+ 1}. Note that since

k+1

II (1 + r) = exp(logy 41 — logy 1 + 0(1)) > exp(logy rer1 — 3log ),
i=1 i

it follows that the inequality rpi1 < ¢*" holds for large x, for if not, then
. > e*' /2, in which case

k 1
11 (1 + ) > exp(log, ry —logy 1 +0(1)) > exp(logz) = x >

=1 ?

e’0logx

1
5 +

which contradicts the definition of &.
We now let y be a parameter that depends on x and such that z :=
log, y > 7i41. This inequality is fulfilled if we choose log, y > em4, which in
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turn holds if logzy > z*. Then let P be the set of all primes p < y such
that p =13 (mod 72), p=1+r; (modr?) foralli=1,...,k+ 1, and
both p — 1 and p + 1 are coprime to all primes r < z which are > 5 and
which do not belong to R. Observe that the above conditions certainly put
p in an arithmetic progression a (mod b), where

k+1

b="12]]r7,
i=1
and a=13 (mod 72) anda=1+7; (modr?)fori=1,...,k+1.

Now let
T := H T,

5<r<z
ré€R

and, for each d|T', let
A(d) == {ag (mod bd) : dla —1and ag=a (mod b)},

so that #A(d) = 2¢@.
By the principle of inclusion and exclusion, the cardinality of the set of
primes P is none other than

doud) Y 7w(y;aq,bd),

d|T aqg€A(d)

where, as usual, 7(y; s,t) stands for the number of primes p < y satisfying
p=s (modt). Observing that b7 < [[,o,r* < 2oz < 32 < y1/3,
we get, by the Bombieri-Vinogradov Theorem, that

_ 7(y) 2 27y
P_%Sgllz (1_ r—l) +O<1og10y>‘

rZ€R

Since
27%) = exp(O(log, y/ logs y)) = (log y)°™",
while
o(b) < [ r* < exp(3log, y) = log’y,

r<z
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and since

2 2 1 1
H(l_)>>exp{—z}>>exp{—210glogz}: > ;
< r—1 r—1

= log®z ~ logy

it follows that

m(y) ( 2 > Y m(y) y
p="7 1— o) ,
¢(b) sygz r=1) "% \logy ) 7 log'y ~ log®y

rZ€R

Finally, let P’ be the subset of those primes p € P such that neither of
w(p — 1) or w(p + 1) is larger than e?log,y. From the estimates due to
Hardy and Ramanujan (see [5] and the proof of Theorem 3), we know that

Hn<y : whn)>logyt < —— 3 (logy y + O(1))"

logy k>e2logy y ( o 1)'

elo +0(1)\"

< ly 5 ( 82y ())
gy k>e?logy y k

y 1 o[
logy 2¢*log:y log’y )’

because e?log2 + 1 > 5. Thus,
)

log”y’

In particular, P’ is non empty for large y. Select P in P’ and let n =
N(x)P, where N(z) = [[,.,p. Then, ¢(n) = 12¢(N(z)) - (P — 1)/12,
o(n) =20(N(z))-(P+1)/2,and (P —1)/12 is coprime to 4¢(N(x)), while
(P+1)/2is coprime to 20(N(x)). The arguments from the proof of Theorem
2 now immediately show that

o(¢(n)) _ o(12N(z)) o((P—1)/12)

o(n) 12N(z) (P —1)/12

1 1 1 1
= ’Y - -
e logx(l—l—O(lng))rleL(1—|—T> II <1+T+”'+7‘ar)

rar||P—1
r>z

1 e'dlogx 1
p— ,y . . J—
e’ log, <1 + 0O <logx>> 5 exp (O (T;I) r)) .

r>z

HP' >
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Noting that P — 1 has no more that €2 log, y prime factors, it follows easily
that

. 1 log; y + 21o
S 5 <<1Og< ggylo g4y>
T\(rizl) log, y<r<log, ylog2 y 5
1o log x 1
< g4Y < g <

log, y x logz’

This means that

U(f(%)) _ 6;510g2$ <1 +0 <lo;x>) '

By similar arguments, we get that

R e e )

r<z

It follows that

(36) O(ﬁ")) - e;(Slogx <1 +0 (10;5)) .

As we obtained (17) in the proof of Theorem 2, we also get, handling the
case P+ 1 as we did in the case P — 1,

_ 1 )
(37) )

o(n) 2 o(N(z))  (P+1)/2
S (eo() 16
- ;(Ho(b;x)).
Finally,
(38) 051”) - U(NN(S;)) : P; L o loga (1 +0 (10;3)) .



Gathering (37) and (38) yields

(39)

¢(0—T§n)) _ e lggl’ (1 +0 (10;(;)) '

Combining (36) and (39), we obtain

.
iy =008 2 (ol L\ os(ivof L))
2 e log x log x log

Since z is arbitrary, we get that 0 is a cluster point of { H(n)},>1, as claimed.
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