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Abstract. For each integer n5 2, let �ðnÞ ¼ log n
log �ðnÞ be the index of composition of n, where

�ðnÞ ¼
Q

pjn p. For convenience, we write �ð1Þ ¼ �ð1Þ ¼ 1. We obtain sharp estimates forP
x4 n4 xþ

ffiffi
x

p �ðnÞ and
P

n4 x �ðnÞ, as well as for
P

x4 n4 xþ
ffiffi
x

p 1=�ðnÞ and
P

n4 x 1=�ðnÞ. Finally
we study the sum of � running over shifted primes.
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1. Introduction

For each integer n5 2, let �ðnÞ ¼ log n
log �ðnÞ be the index of composition of n,

where �ðnÞ ¼
Q

pjn p. For convenience, we write �ð1Þ ¼ �ð1Þ ¼ 1. The index of
composition of an integer measures essentially the multiplicity of its prime factors.
It was shown by De Koninck and Doyon [1] that the average order of �ðnÞ is 1 and
more precisely that

X
n4 x

�ðnÞ ¼ xþ O

�
x

log x

�
: ð1Þ

A similar result was obtained for
P

n4 x
1

�ðnÞ.
Here, we first prove a short interval version of (1) using a result of Filaseta

and Trifonov [2]. Then, we provide estimates for
P

x4 n4 xþ
ffiffi
x

p �ðnÞ andP
x4 n4 xþ

ffiffi
x

p 1=�ðnÞ with an error term O
�

x
logrþ1x

�
, where r is any given positive

integer. From these, we deduce a sharpening of the estimate (1) and similarly forP
n4 x

1
�ðnÞ. Finally we study the sum of � running over shifted primes.
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2. Main Results

Theorem 1. Let hðxÞ ¼ x1=5 log 3x. ThenX
x4 n4 xþhðxÞ

ð�ðnÞ � 1Þ ¼ O

�
hðxÞ
log x

�
ð2Þ

and X
x4 n4 xþhðxÞ

�
1 � 1

�ðnÞ

�
¼ O

�
hðxÞ
log x

�
: ð3Þ

Remark. Observe that since �ðnÞ5 1, the summands on the left hand side of
(2) and (3) are non negative.

Theorem 2. Given any positive integer r, there exist computable constants
c1; c2; . . . ; cr; c

0
2; . . . ; c

0
r such that

1ffiffiffi
x

p
X

x4 n4 xþ
ffiffi
x

p
�ðnÞ ¼ 1 þ c1

1

log x
þ c2

1

log 2x
þ � � � þ cr

1

log rx
þ O

�
1

log rþ1x

�

ð4Þ
andX

n4 x

�ðnÞ ¼ xþ c1

x

log x
þ c02

x

log 2x
þ � � � þ c0r

x

log rx
þ O

�
x

log rþ1x

�
: ð5Þ

Theorem 3. Given any positive integer r, there exist computable constants
d1; d2; . . . ; dr; d

0
2; . . . ; d

0
r such that

1ffiffiffi
x

p
X

x4 n4 xþ
ffiffi
x

p

1

�ðnÞ ¼ 1 þ d1

1

log x
þ d2

1

log 2x
þ � � � þ dr

1

log rx
þ O

�
1

log rþ1x

�

ð6Þ

and

X
n4 x

1

�ðnÞ ¼ xþ d1

x

log x
þ d02

x

log 2x
þ � � � þ d0r

x

log rx
þ O

�
x

log rþ1x

�
: ð7Þ

Theorem 4. Given any positive integer r, there exist computable constants
�2; �3; . . . ; �r such that

1

�ðxþ x2=3Þ � �ðxÞ
X

x< p4 xþx2=3

�ðpþ 1Þ

¼ 1 þ �2

1

log 2x
þ �3

1

log 3x
þ � � � þ �r

1

log rx
þ O

�
1

log rþ1x

�
ð8Þ
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andX
p4 x

�ðpþ 1Þ ¼ x

log x
þ �2

x

log 2x
þ �3

x

log 3x
þ � � � þ �r

x

log rx
þ O

�
x

log rþ1x

�
:

ð9Þ

3. Preliminary Results

Let N stand for the set of positive integers. A number n2N is said to be
squarefull (or powerful) if n ¼ 1 or if pjn¼) p2jn.

Lemma 1. Let � be an arbitrary non negative integer. As y ! 1,

X
k5 y

k squarefull

log �k

k
� log �yffiffiffi

y
p :ðiÞ

Moreover, given any real number �> 1
2
,

X
k squarefull

1

k�
<þ1:ðiiÞ

Proof. It is well known that

NðtÞ :¼
X
n4 t

n squarefull

1 ¼ c
ffiffi
t

p
þ Oðt1=3Þ; c ¼ �ð3=2Þ

�ð3Þ � 2:1732;

where � stands for the Riemann Zeta Function (see for instance Ivi�cc and Shiu [4]).
Therefore, integration by parts yields

X
k5 y

k squarefull

log �k

k
¼

ð1
y

log �t

t
dNðtÞ

¼ log �t

t
NðtÞ

����
1

y

þ
ð1
y

log �t

t2
NðtÞ dt � �

ð1
y

log ��1t

t2
NðtÞ dt

¼ �c
log �yffiffiffi

y
p þ O

�
log �y

y2=3

�
þ O

�
log �yffiffiffi

y
p

�
� log �yffiffiffi

y
p ;

which completes the proof of (i). For a proof of (ii), see De Koninck and Doyon [1].

For each positive integer k and each real number y, let

MðyjkÞ :¼
X
n4 y

ðn;kÞ¼1

�2ðnÞ and MðyÞ ¼ Mðyj1Þ ¼
X
n4 y

�2ðnÞ; ð10Þ
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where � stands for the Moebius function. For each positive integer k, let Bk be the
set of all positive integers all of whose prime factors divide k, and let 12Bk.
Moreover, let �ðnÞ :¼

P
p�kn � for each integer n5 2 and set �ð1Þ ¼ 0.

Walfisz [6] proved that there exists a positive constant A such that

MðxÞ ¼ 6

�2
xþ TðxÞ; TðxÞ �

ffiffiffi
x

p
expf�Að log xÞ3=5ð log log xÞ�1=5g: ð11Þ

We shall use this result in the proof of the next lemma. But first, for each positive
integer k and real number � > 0, let us set

	ðkÞ ¼
Y
pjk

�
1 þ 1

p

��1

¼
X
v 2Bk

ð�1Þ�ðvÞ

v
;  �ðkÞ ¼

Y
pjk

�
1 � 1

p�

��1

: ð12Þ

Lemma 2. Let 
 be a fixed positive integer. Then for each positive integer k,

(i) MðyjkÞ ¼
P

v 2Bk
ð�1Þ�ðvÞM

�
y
v

�
,

(ii) MðyjkÞ ¼ 6
�2 	ðkÞyþ Oð ffiffiffi

y
p

expf��ð log yÞ3=5ð log log yÞ�1=5gÞ uniformly
for k4 ð log yÞ
 as y ! 1, for some positive constant �.

Proof. (i) follows from the identity

X
n¼1

1

ðn;kÞ¼1

�2ðnÞ
ns

¼
Q

p

�
1 þ 1

ps

�
Q

pjk
�
1 þ 1

ps

� ¼ X1
n¼1

�2ðnÞ
ns

Y
pjk

�
1 � 1

ps
þ 1

p2s
� � � �

�

which is valid for all Rs> 1, and the uniqueness of Dirichlet series representation.
In order to prove (ii), we first observe that

�ðkÞ< exp

�
2

log k

log log k

�
ðk5 3Þ;

where �ðkÞ stands for the number of positive divisors of k (see for instance Nicolas
and Robin [5]). It follows from this estimate that, given any � > 0, 
2N, and
k4 ð log yÞ
 , as y becomes large, we have

 �ðkÞ4 �ðkÞ4 exp

�
2

log k

log log k

�
4 exp

�
2


log log y

log log log y

�
: ð13Þ

Now from (i) and (12), we have

MðyjkÞ ¼ 6

�2
	ðkÞyþ O y

X
v> y

v 2Bk

1

v

0
BB@

1
CCAþ O

X
v4 y

v 2Bk

T
y

v

	 
��� ���
0
BB@

1
CCA

¼ 6

�2
	ðkÞyþ OðE1Þ þ OðE2Þ; ð14Þ

say. First observe thatX
v> y

v 2Bk

1

v
¼

X
v> y

v 2Bk

1

v1��
1

v�
<

1

y1��

X
v> y

v 2Bk

1

v�
4

 �ðkÞ
y1�� ;
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so that using (13), we get

E1 �  �ðkÞy� � y1=4; ð15Þ
assuming that � < 1=5, say.

To estimate E2, we proceed as follows. If v4 y1�� for some fixed real number
� > 0, then, in view of Walfisz’s result (11),����T

�
y

v

�����4
ffiffiffi
y

v

r
expf�A�ð log yÞ3=5ð log log yÞ�1=5g ð16Þ

for some positive constant A�, while the left hand side of (16) is 4D
ffiffi
y
v

p
if v4 y,

for some constant D> 0, so that we may write

E2 4
ffiffi
y
v

p
expf�A�ð log yÞ3=5ð log log yÞ�1=5g if v4 y1��;

D
ffiffi
y
v

p
if v4 y:

(
ð17Þ

Now, using the definition of  � and then (13), we have

ffiffiffi
y

p X
v4 y1��

v 2Bk

1ffiffiffi
v

p 4
ffiffiffi
y

p
 1=2ðkÞ4

ffiffiffi
y

p
exp

�
2


log log y

log log log y

�
: ð18Þ

On the other hand, if v> y1��, then

v ¼ v1��v� > yð1��Þ
2

v�;

in which case, again using (13), we have

ffiffiffi
y

p X
v> y1��

v 2Bk

1ffiffiffi
v

p <

ffiffiffi
y

p

yð1��Þ
2=2

X
v 2Bk

1

v�=2

4 y
1
2
ð1�ð1��Þ2Þ �=2ðkÞ

4 y
1
2
ð1�ð1��Þ2Þ exp

�
2


log log y

log log log y

�
: ð19Þ

Choosing � small and combining (18) with (19), we get from (17) that there exists
a positive constant � such that

E2 � ffiffiffi
y

p
expf��ð log yÞ3=5ð log log yÞ�1=5g: ð20Þ

Gathering (15) and (20), (ii) follows, and Lemma 2 is proved.

For each positive integer k and each real number y, let

�ðyjkÞ :¼
X
p4 y

p��1 ðmod kÞ�
pþ1
k
;k
�
¼1

�2

�
pþ 1

k

�

and further let �ðx;D; ‘Þ be the number of primes p4 x such that p� ‘ ðmod DÞ.
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Lemma 3. Let k be a squarefull integer. Then

�ðyjkÞ ¼
X
�jk

X
ð;kÞ¼1

�ð�Þ�ðÞ�ðy; k�2;�1Þ:

Proof. Since
P

djn �ðdÞ is always 0, unless n ¼ 1 and since

X
d2jn

�ðdÞ ¼ 1 if n is squarefree;
0 otherwise;

�

it follows that

�ðyjkÞ ¼
X
p4 y

p��1 ðmod kÞ

X
�
���pþ1

k
;k
��ð�Þ

X
2jpþ1

k

�ðÞ

¼
X
�jk

X
ð;kÞ¼1

�ð�Þ�ðÞ
X
p4 y

p��1 ðmod k�2Þ

1;

which completes the proof of Lemma 3.

Let � stand for Euler’s function and let liðyÞ :¼
Ð y

2
dt

log t
.

Lemma 4. Let "> 0 be a small number. Let 
 and r be fixed positive integers
and let y

7
12
þ"4H4 y. Then, as y ! 1,

�ðyþ HjkÞ ��ðyjkÞ ¼ liðyþ HÞ � liðyÞ
k

Y
q6 j k

�
1 � 1

qðq� 1Þ

�
þ O

�
H

k

1

log rþ2y

�

uniformly for k4 ð log yÞ
.
Proof. From Lemma 3 and Huxley’s Theorem for primes in arithmetic progres-

sions (see Huxley [3]), we have that, given any number c0 > 0,

�ðyþ HjkÞ ��ðyjkÞ ¼
X
�jk

X
ð;kÞ¼1

�ð�Þ�ðÞð�ðyþ H; k�2;�1Þ � �ðy; k�2;�1ÞÞ

¼ ðliðyþ HÞ � liðyÞÞ
X
�jk

X
ð;kÞ¼1

�ð�Þ�ðÞ
�ðk�2Þ

þ O
X
�jk

X
ð;kÞ¼1

4 ðlog yÞc0

Hj�ð�Þj
�ðk�2Þ expð�

ffiffiffiffiffiffiffiffiffiffi
log y

p
Þ

0
BBB@

1
CCCA

þ O
X
�jk

X
ð;kÞ¼1

 > ðlog yÞc0

2H

k�2

0
BBB@

1
CCCA:
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Clearly this last error term is

� H

k

1

ð log yÞc0

X
�jk

1

�
� H

k

1

log rþ1y
;

for k4 ð log yÞ
, provided c0 is chosen sufficiently large, whereas the first error
term is

� H expð�
ffiffiffiffiffiffiffiffiffiffi
log y

p
Þ

�ðkÞ
X
�jk

j�ð�Þj
�ð�Þ � H

k

1

log rþ1y
:

Gathering these estimates and observing thatX
�jk

X
ð;kÞ¼1

�ð�Þ�ðÞ
�ðk�2Þ ¼ 1

�ðkÞ
X
�jk

�ð�Þ
�

X
ð;kÞ¼1

�ðÞ
�ð2Þ ¼

Y
q6 j k

�
1 � 1

qðq� 1Þ

�
;

the proof of Lemma 4 is complete.

Lemma 5. Let hðxÞ ¼ x1=5 log 3x and let EðxÞ be the number of integers
n2 ½x; xþ hðxÞ� which can be written as n ¼ p2
 for some prime number
p5

ffiffiffiffiffiffiffiffiffi
hðxÞ

p
. Then

EðxÞ � hðxÞ
log x

:

Proof. This estimate is an immediate consequence of Theorem A, which is an
unpublished result of Michael Filaseta who kindly communicated it to the first author.

Theorem A (Filaseta). Let k be an integer5 2. Let gðxÞ be a function satisfy-
ing 14 gðxÞ4 log x for x sufficiently large, and set

h ¼ x1=ð2kþ1ÞgðxÞ3:

Then the number of k-free numbers in the interval ðx; xþ h� is
h

�ðkÞ þ O

�
hð log xÞ
gðxÞ3

�
þ O

�
h

gðxÞ

�
:

Proof. We modify the argument given in Section 4 of Filaseta and Trifonov [2].
Take z ¼ " log x, where " ¼ "ðkÞ> 0 is sufficiently small. A sieve-of-Eratosthenes
argument gives that the number of integers in ðx; xþ h� free from divisors of the
form pk with p4 z is

h
Y
p4 z

�
1 � 1

pk

�
þ Oð2zÞ ¼ h

Y
p

�
1 � 1

pk

�
þ Oðh=zÞ þ Oð2zÞ

¼ h
Y
p

�
1 � 1

pk

�
þ O

�
h

log x

�
þ Oðx" log 2Þ

¼ h

�ðkÞ þ O

�
h

gðxÞ

�
:

We now obtain an upper bound for the number of these integers that are divisible
by the kth power of a prime> z. If p> 2x1=k, then pk> 2kx> xþ h and, hence, pk
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does not divide integers in the interval ðx; xþ h�. Let c be a sufficiently large
constant (for the purpose of having a condition in Theorem 7 of [2] hold later
in the argument). We break up our consideration of primes into two parts, those
primes p in I ¼ ðz; ch� and those primes p in J ¼ ðch; 2x1=k�. If Mu denotes the
number of integers in ðx; xþ h� divisible by uk, thenX

p 2 I

Mp 4
X
p2 I

��
h

pk

�
þ 1

�
4

X
p5 z

h

pk
þ �ðchÞ

4
h

z
þ Oðh=log xÞ ¼ Oðh=log xÞ ¼ Oðh=gðxÞÞ:

Thus, it remains to show thatX
p 2 J

Mp ¼ O

�
hð log xÞ
gðxÞ3

�
þ O

�
h

gðxÞ

�
:

It suffices to obtain the same bound for
P

u 2 J Mu (where u runs through the
integers in J). Since such u exceed h, we deduce that Mu2f0; 1g and Mu ¼ 1
precisely when there is a multiple of uk in ðx; xþ h�. We use disjoint intervals Ji,
with 14 i4 r, of the form ðN; 2N� satisfying

J �
[r
i¼1

Ji � ðch=2; 2x1=k�:

In particular, r � log x. Fix Ji ¼ ðN; 2N�. Note that

ch

2
4N4 x1=k:

As in [2], we obtain thatX
u 2 Ji

Mu � jfu2ðN; 2N� : k f ðuÞk<�gj;

where f ðuÞ ¼ x=uk, � ¼ hN�k, and k f ðuÞk denotes the distance from f ðuÞ to the
nearest integer. We appeal to Theorem 7 from [2] (with s ¼ k and X ¼ x).
Observe that the condition there on � holds as c is sufficiently large. We obtain
that X

u 2 Ji

Mu � x1=ð2kþ1Þ þ �x1=ð6kþ3ÞNð6k2þk�1Þ=ð6kþ3Þ

� x1=ð2kþ1Þ þ hx1=ð6kþ3ÞN�1=3:

Summing over i, we deduceX
u 2 J

Mu � x1=ð2kþ1Þ log xþ hx1=ð6kþ3Þh�1=3

� x1=ð2kþ1Þ log xþ x1=ð2kþ1ÞgðxÞ2:

The desired upper bound now follows, thus completing the proof of
Theorem A.
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4. Proof of Theorem 1

Each positive integer n can be written uniquely as

n ¼ km; ðm; kÞ ¼ 1; �2ðmÞ ¼ 1; k squarefull;

so that

�ðnÞ ¼ �ðkÞm ¼ �ðkÞ
k

mk ¼ �ðkÞ
k

n

and therefore

�ðnÞ ¼ log n

log nþ log
�ðkÞ
k

¼ 1

1 � log ðk=�ðkÞÞ
log n

: ð21Þ

From this it follows in particular that there exists a positive constant B1 such that

14�ðnÞ4 1 þ B1

log ðk=�ðkÞÞ
log n

if k< x1=3, say. Thus, writing kðnÞ for the squarefull part of n, we haveX
x4n4 xþhðxÞ

ð�ðnÞ � 1Þ4 B1

logx

X
k4hðxÞ

ð log ðk=�ðkÞÞÞ �#fn2 ½x; xþ hðxÞ� : kðnÞ ¼ kg

þ
X

x4n4xþhðxÞ
kðnÞ>hðxÞ

ð�ðnÞ � 1Þ

¼ B1

logx
S1 þ S2; ð22Þ

say. Using Lemma 1, we have that

S1 4 2
X

k4 hðxÞ
k squarefull

ð log ðk=�ðkÞÞÞ hðxÞ
k

4B2hðxÞ ð23Þ

for some absolute constant B2 > 0, since the series over k converges by (ii) of
Lemma 2.

It remains to estimate S2. Let U ¼ fn2 ½x; xþ hðxÞ� : kðnÞ> hðxÞg and let
U1 � U be the subset of those n2U for which there is some squarefull divisor
tjkðnÞ such that log 4x< t< hðxÞ. It is clear that, using (i) of Lemma 1 with � ¼ 0
and since �ðnÞ � log x for n4 2x,X

n 2U1

ð�ðnÞ � 1Þ � log x � hðxÞ �
X

t squarefull

t> log4x

1

t
� log x

log 2x
hðxÞ ¼ hðxÞ

log x
: ð24Þ

Let U2 ¼ UnU1. Given n2U2, let t ¼ ��1

1 � � ���‘‘ , with �1 < � � � <�‘ primes, be
the smallest squarefull divisor of kðnÞ which is larger than hðxÞ. Since kðnÞ is such
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a candidate, then such a divisor t must exist. Furthermore, for every j2 ½1; ‘�, either
t
�j

or t
�2
j

is squarefull, and therefore t
�2
j

4 log 4x, so that �2
j 5

hðxÞ
log4x

. Since �2
j jkðnÞ

and n 2=U1, it follows that �2
j > hðxÞ, so that the conditions of Lemma 5 are

satisfied. Observe furthermore that if n2U2, then

log ðk=�ðkÞÞ< log
2xffiffiffiffiffiffiffiffiffi
hðxÞ

p <

�
1 � 1

10

�
log xþ Oð log log xÞ

and therefore, using (21),

�ðnÞ< 1

1 �
9
10

log xþOðlog log xÞ
log x

<
1

1
10
þ O

�
log log x

log x

� ;
and so by Lemma 5, we obtain thatX

n2U2

ð�ðnÞ � 1Þ � hðxÞ
log x

: ð25Þ

Combining (22), (23), (24) and (25), we obtain (2). Since the proof of (3) is
similar, we shall omit it.

5. Proofs of Theorems 2 and 3

We start with a general remark concerning the main idea used in the upcoming
proofs. As we shall see, the contribution of k ¼ kðnÞ, the squarefull part of n, in
the estimates of Theorems 2 and 3 (or of k ¼ kð pþ 1Þ in Theorem 4) may be
restricted to k4 log 
x where 
 is a large generic positive constant. This follows
by trivial estimation and (i) of Lemma 1. Therefore, in the representation (21) for
�ðnÞ, one can replace log n in the denominator by log x with negligible error.
Hence this procedure permits, in view of the unique representation n ¼
km ¼ kðnÞmðnÞ, ðk;mÞ ¼ 1, to split all sums in the following fashion: inner sum
over m is performed using (ii) of Lemma 2, noting that partial summation permits
one to evaluate (in terms of asymptotic expansion in decreasing powers of the
logarithm) the quantity

P
m4 x;ðm;kÞ¼1 log �jm for j ¼ 0; 1; 2; . . . , where as always

m denotes a generic squarefree number.

5.1. Regarding Theorems 2 and 3, it is enough to prove the short interval
version, that is (4) and (6). Indeed, in each case, the ‘‘long interval’’ version,
namely (5) or (7), follows by integrating with respect to x, as we will show in
Section 5.2. Moreover, we shall only prove (4), the proof of (6) being very similar.

We start as in the proof of Theorem 1 by writing

�ðnÞ ¼ 1

1 � log ðk=�ðkÞÞ
log n

;

from which it follows that

�ðnÞ ¼ 1

1 � log ðk=�ðkÞÞ
log x

þ O

�
1

x1=3

�
;

whenever n2 ½x; xþ
ffiffiffi
x

p
� and kðnÞ< ð log xÞ
 , 
 being an arbitrary positive integer.
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First, we shall obtain an upper bound for the number of integers n2M, namely
those integers which can be written in the form n ¼ p2a2 ½x; xþ

ffiffiffi
x

p
� for some prime

number p>
ffiffiffi
x

p
. Observe that if p2a2 ½x; xþ

ffiffiffi
x

p
�, then p2ðaþ 1Þ> xþ

ffiffiffi
x

p
, so that

for each prime number p, there exists at most one positive integer a with this property.
We first count those integers n ¼ p2a for which p<

ffiffi
x

p

logRx
. Their contribution

is at most C
ffiffi
x

p

logRþ1x
for some constant C> 0. On the other hand, if p>

ffiffi
x

p

logRx
, then

a<
ðxþ

ffiffiffi
x

p
Þð log 2RxÞ
x

< 2 log 2Rx:

Since au2 2 ½x; xþ
ffiffiffi
x

p
� implies that u2

h ffiffi
x
a

p
;

ffiffi
x
a

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 1ffiffi

x
p

q i
, and since the length

of this interval is bounded, no more than C log 2Rx such integers exist.

Gathering these estimates, we obtain that

#M4
C

ffiffiffi
x

p

log 2Rx
þ C log 2Rx:

Now let M1 be the set of those integers n ¼ p2a2 ½x; xþ
ffiffiffi
x

p
� for which

p2jkðnÞ, where ð log xÞ
 < p2 <
ffiffiffi
x

p
. Then clearly

#M1 4
X

ðlog xÞ
 < p2 <
ffiffi
x

p

ffiffiffi
x

p

p2
�

ffiffiffi
x

p

ð log xÞ
=2
:

We now estimate

SðxÞ :¼ #fn2 ½x; xþ
ffiffiffi
x

p
� : kðnÞ> ð log xÞ
1g ¼ S1ðxÞ þ S2ðxÞ;

where in S1ðxÞ we count those n for which there is a squarefull divisor tjkðnÞ
belonging to ½ð log xÞ
1 ;

ffiffiffi
x

p
�, the others being counted by S2ðxÞ. Repeating the

argument used in the proof of Theorem 1 and using Lemma 1, we obtain that

SðxÞ4
ffiffiffi
x

p

log Rþ2x
;

provided 
1 is taken large enough.
It remains to consider the sum

S0ðxÞ :¼
X

k squarefull

k< ðlog xÞ
1

1

1 � log ðk=�ðkÞÞ
log x

�
�
M

�
xþ

ffiffiffi
x

p

k

����k
�
�M

�
x

k

����k
��

:

By (ii) of Lemma 2, we have

S0ðxÞ ¼
X

k squarefull

k< ðlog xÞ
1

1

1 � log ðk=�ðkÞÞ
log x

� 6

�2

	ðkÞ
k

ffiffiffi
x

p
þ O

� ffiffiffi
x

p

log Rx
ð log xÞ
1þ1

�
: ð26Þ

The error term can be bounded by
ffiffi
x

p

logrþ1x
provided we choose R5 ð
1 þ 1Þ þ r þ 1.

On the other hand, the main sum in (26) can be rewritten as

ffiffiffi
x

p �
#0ðxÞ þ

#1ðxÞ
log x

þ � � � þ #rðxÞ
log rx

þ O

�
#rþ1ðxÞ
log rþ1x

��
;
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where

#jðxÞ ¼
6

�2

X
k squarefull

k< ðlog xÞ
1

ð log ðk=�ðkÞÞÞ j 	ðkÞ
k

ð j ¼ 0; 1; 2; . . . ; rÞ:

Set

#j :¼ lim
x!1

#jðxÞ;

observing that indeed the limit exists and in fact that, using Lemma 1, we have

#jðxÞ � #j �
ð log log xÞ j

ð log xÞ
1=2
:

It is easy to see that #1 ¼ 1. Hence, we obtain that (4) holds with ci ¼ #i for
i ¼ 2; 3; . . . ; r. The proofs of Theorems 2 and 3 are thus complete.

Observe incidentally that

c1 ¼ 6

�2

X
k squarefull

	ðkÞ log ðk=�ðkÞÞ
k

¼
X
p

log p

pðp� 1Þ � 0:75536;

as in De Koninck and Doyon [1], and that one can easily show that d1 ¼ �c1.

5.2. We now show how (5) follows from (4). For this purpose, let
EðxÞ :¼

P
n4 x �ðnÞ, so that

Eðxþ
ffiffiffi
x

p
Þ � EðxÞffiffiffi
x

p ¼ 1ffiffiffi
x

p
X

x< n4 xþ
ffiffi
x

p
�ðnÞ ¼

Xr

i¼0

ci

log ix
þ O

�
1

log rþ1x

�
ð27Þ

with c0 ¼ 1, and thereforeðX
2

Eðxþ
ffiffiffi
x

p
Þ � EðxÞffiffiffi
x

p dx ¼
Xr

i¼0

ci

ðX
2

dx

log ix
þ O

�
X

log rþ1X

�
: ð28Þ

On the other hand, since for x4 n4 xþ
ffiffiffi
x

p
, we have

ffiffiffi
n

p
¼

ffiffiffi
x

p
ð1 þ Oð1=

ffiffiffi
x

p
ÞÞ,

so that

1ffiffiffi
x

p
X

x< n4 xþ
ffiffi
x

p
�ðnÞ ¼

X
x4 n4 xþ

ffiffi
x

p

�ðnÞffiffiffi
n

p þ Oðx�1=2 log xÞ: ð29Þ

Now, again since
ffiffiffi
x

p
¼

ffiffiffi
n

p
þ Oð1Þ for x4 n4 xþ

ffiffiffi
x

p
, we haveðX

2

X
x4 n4 xþ

ffiffi
x

p

�ðnÞffiffiffi
n

p dx ¼
X

24 n4Xþ
ffiffiffi
X

p

�ðnÞffiffiffi
n

p
ðn
n�

ffiffi
n

p
þOð1Þ

dx

¼
X

24 n4Xþ
ffiffiffi
X

p

�ðnÞffiffiffi
n

p ð
ffiffiffi
n

p
þ Oð1ÞÞ

¼
X

24 n4X

�ðnÞ þ Oð
ffiffiffiffi
X

p
logXÞ: ð30Þ
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Finally, by partial integration, one easily obtains that, for each integer
i2 ½1; r�,ðX

e

dx

log ix
¼ X

log iX
þ i

X

log iþ1X
þ iðiþ 1Þ X

log iþ2X
þ � � � þ O

�
X

log rþ1X

�
: ð31Þ

Gathering all estimates (27) through (31), estimate (5) follows, thus completing
the proof of Theorem 2.

6. Proof of Theorem 4

Assume that p2 ½x; xþ x2=3� and write

pþ 1 ¼ km; ðm; kÞ ¼ 1; �2ðmÞ ¼ 1; k squarefull:

Then, using the same approach as in the proof of Theorem 1, we can write

�ðpþ 1Þ ¼ 1

1 � log ðk=�ðkÞÞ
log ðpþ1Þ

:

Now let  be a large constant. We shall first bound the set of those shifted
primes pþ 12 ½x; xþ x2=3� which have a squarefull divisor t> ð log xÞ. The
contribution of those primes p with a corresponding t< x2=3 can be estimated
using a sieve approach. Indeed, letting PðxÞ stand for the number of these
primes p, we have

PðxÞ �
X

ðlog xÞ < t4
ffiffi
x

p
ð�ðxþ x2=3; t;�1Þ � �ðx; t;�1ÞÞ

þ
X

ffiffi
x

p
< t< x2=3

��
xþ x2=3

t

�
�
�
x

t

��

� x2=3

log x
� 1

ð log xÞ=2
þ Oðx2=3�1=4Þ:

It remains to estimate those shifted primes pþ 12 ½x; xþ x2=3� for which there is a
prime number q such that

pþ 1 ¼ aq2 with q2 > x2=3: ð32Þ

To each prime q, there can only correspond one integer a. Moreover, it follows
from (32) that q<

ffiffiffiffiffi
2x

p
and therefore that there can be at most

ffiffiffi
x

p
such shifted

primes pþ 1.
We now consider the set F consisting of the shifted primes pþ 12 ½x; xþ x2=3�

for which the corresponding squarefull number k satisfies k4 ð log xÞ. Given
p2F, we have

�ðpþ 1Þ ¼ 1

1 � log ðk=�ðkÞÞ
log x

þ O

�
1

x1=4

�
;

Mean Value of the Index of Composition of an Integer 143



say, and therefore

F :¼
X
p2F

�ðpþ 1Þ ¼
X

k squarefull

k4 ðlog xÞ

1

1 � log ðk=�ðkÞÞ
log x

ð�ðxþ x2=3jkÞ ��ðxjkÞÞ

þ Oðx2=3�1=4Þ:
Hence, by using Lemma 4, we get that

F ¼ ðliðxþ x2=3Þ � liðxÞÞ
X

k squarefull

k4 ðlog xÞ

1

k

Y
q6 j k

�
1 � 1

qðq� 1Þ

�
1

1 � log ðk=�ðkÞÞ
log x

þ O

�
x2=3 log log x

ð log xÞrþ2

�
:

From here on, the proof is similar to that of Theorem 2 and we shall therefore
omit it.

Incidentally, observe that �2 can easily be computed and in fact that

�2 ¼
X

k squarefull

log ðk=�ðkÞÞ
k2

Y
p6 j k

�
1 � 1

pðp� 1Þ

�
� 0:069:

7. Final Remarks

A key element in the proofs of Theorems 2 and 3 is the estimate (ii) of Lemma 2.
But our results used only the fact that the error term in this estimate is O

�
x

log
R
x

�
for any fixed R> 0. However, it should be mentioned that using the full force of
the error term and at the cost of some additional computations, one can show that
estimates (4) and (6) still hold when the indicated sums run over shorter intervals,
such as for instance the interval ½x; xþ

ffiffiffi
x

p
log�rx�.
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