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1. Introduction

i

For each integer n > 2, let w(n), Q(n) and 7(n) stand for the number
of distinct prime divisors of n, the number of prime divisors of n counting
their multiplicity and the number of positive divisors of ‘n, respectively, with
w(l) = Q1) =0 and 7(1) = 1. Given an integer n > 2, let B(n) be the sum
of the distinct prime divisors of n. Moreover, given any positive integer k and
any complex number z, let

(n) = #{(dl,dz,...,dk) tdidy ... dyp=mn, d; € N}.

Finally, let z; = logz, zj+1 = logz; for each integer j > 1.
It was shown by De Koninck and Ivié [1], using analytic methods, that as
T — 00,

m > r(mw(n) = 223135 + Azz; + O(a),
n<z
where
1 1 3 4 1\ 2 /
A= (S (1) (e i) (-2) )-ra)

The first author supported in part by a grant from NSERC.

The second author supported by the Hungarian National Foundation for
Scientific Research under grant OTKA T046993 and the fund of the Applied
Number Theory Research Group of the Hungarian Academy of Sciences and a
grant from NSERC.




132 : J.-M. DeKoninck and I. Kitai

where I' stands for the Gamma function.
This result was later improved by Sitaramachandrarao [10] who showed
that

Z T(n)w(n) = 2zz 72 + Azz) + By + Cz + O (-;—) )
nse 1

with explicit constants B # 0 and C. Observe that this means that the term
Caxzy is missing in (1).

Later Ivi¢ [4] investigated asymptotic formulas for sums of the type
Y, f(n)g(n), where f (resp. g) belong to certain classes of multiplicative
n<z

(r_esp. additive) functions. He did so by considering the generating function

n=1

and then applying the method of A. Selberg in order to compute the asymp-

totic expansion of Y f(n)z9(™). He could carry over this argument when
n<z

% f(n)z9(™

> s wasa product of {(s)* and A(s,w), where A(s,w) is a function

n=1

which is regular in |s — 1| < &. In fact, Ivié proved the following two results.

Theorem A. Let k > 2 be fized and N > k be an arbitrary but fized
integer. Then there exist computable constants ak,i, b j,ck; (ak1 # 0) such
that *

k

N
Z di(n)w(n) = xZ(ak,jxg + bk,j)mlf_j +z Z ck,jx’f“j +0 (m:'f‘N‘l)

n<z =1 J=k+1

Theorem B. Let m,N > 1 and k > 2 be fired integers. Then there
exist polynomials Py ;(t) (j = 1,...,N) of degree m in t with computable
coefficients such that

N
Yo dmw™n) =2 Pimj(@2)at ™ + 0 (wah~N 12l
n<z i=1

We shall provide here short interval versions of similar theorems. In
particular, we shall prove the following results. -
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Theorem 1. Let 7/12+¢ < h(z) < z. Then, for each fired integer k and
suitable constants By, By, Ey, Es, ..., Ey,

1
. o) > rn)w(n) =

2<n<x+h(z)

k
= Bo(z172 — 1) + By (29 + 1) + ZE,,:IJ%_V +0 (m;kxg) .

v=1
In [2] De Koninck and Ivi¢ proved that if f(n) = 3° p?L(p) for some p > 0,

: pln
where L(z) is a slowly oscillating function, and if z7/'2log?? z < h(z) < z, then

h(m)x”,‘L(x)
logz

Y. )=+ p)+o(1)

z<n<z+h(z)

b

from which it follows, in particular, that

= Y Moot

®) o cnetnia log @

Here we show the following stronger result.

Theorem 2. Let z7/12*¢ < h(z) < . Then, for each fized integer k and
suitable constants Dy, Do, ..., Dy,

1 D D D 1
DD -%l=-53+;;.+...+w_;+o<_m).
w<n<z+h(z) 1 1 1 !

2. The Hooley-Huxley contour and Ramachandra’s theorem

In 1976 K. Ramachandra [8] obtained short interval mean value theorems
for those arithmetical functions such that the corresponding Dirichlet series
may be written as finite products of powers of L-functions multiplied by the
product of finitely many log L(s, x) functions and a certain function regular in

R(s) > -;-
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For our results, the main idea of the proof is to choose an appropriate
line of integration in the Perron formula, namely the so-called Hooley-Huxley
contour. To do so, first let S;, S, and Ss3 be the set of L-series, the set of
their derivatives and the set of their logarithms, respectively. Observe that
log L(s, x) is defined by analytic continuation from the halfplane ¢ = R(s) > 1;
for each complex number z, we define

L(z, x)* = exp{zlog L(s, x)}.

Let Py (s) be any finite power product, with complex exponents, of functions of
S1, and let Py(s) (resp. P3(s)) be any finite power product, with non-negative
integer exponents, of functions of Sy (resp. S3). Moreover, let ¢, be a sequence
of complex numbers such that |c,| « n° for every € > 0 and

o [¢nl _1
Z——"—<+oo for ¢ > —=.
ne 2

n=1

o0
Let also Fp(s) = >, %"; and define the sequence ¢1, g3, . . . implicitly by

n=1
Fi(s) = Pi(s)Pa(s)Pa(s)Fo(s) = ) 22

and set

: E(@) = gn.

n<z

. 1
Given a positive number r < 2 we define the contour C,. by first considering the-

circle {s : [s—1| = r}, removing the point 1—r, and proceeding on the remaining
portion of the circle in the anticlockwise direction. Set Co = C(r). Assume
that r is small enough so that Fi(s) has no singularities on the boundary and
in the interior of Cy, except possibly at the point s = 1.

Let C, =C (l—(%a;) , and let L~, L™ be defined as the intervals on straigﬁt

lines
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1 .
-Let C* be the contour going along L~ starting from (1 — ;) e~ ", then

on Ci, and finally on L*.
Let B be the constant appearing in the well known density result

Ny(e,T) :=#{p=B+iy:L(p,x) =0, with f >a>0and |[y|<T} =
=0 (TB(I_"‘) log® T) ,
which is valid for all characters x occuring in P;,P, and P3;. Letting ¢ =
=1- —;— — €, with an arbitrary ¢ > 0, Ramachandra [8] proved the following

result.

Theorem (Ramachandra). Let = be a large number and 1 < h(z) < .

Set ;
1 h(z)
I{z, h(w))— — / (C Fi(s)(v+2)°~ 1ds) dv.
0

Then )
E(z + h(z)) — B(z) = I(z, h(z)) + O. (h(x) - exp{~(log z)!/® - mw}) .

Remark. According to Huxley’s result [3], the number ¢ may be replaced
by any constant greater than 7/12.

Ramachandra used the Hooley-Huxley contour in order to prove his very

‘general theorem. Later on, Kétai [5] applied Ramachandra’s theorem to obtain

that
h(z) - 25~

1=(1+o0(1)nt 22
wﬁﬂgz(ﬂ (k - 1)‘$1

holds uniformly for k < x5 + ¢;+/Tz, where ¢, tends to +oo sufficiently slowly,
and h(z) > z¥7e. :

3. The proof of Theorem 1

= ((s)*F(s,2),

Z

m=1 m=1
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where the functions G(s, z) and F(s, z) are regular in o > %, it follows that the

above Dirichlet series belong to the classes of functions satisfying Ramachan-
dra’s theorem. Kétai and Subbarao [6] used this to obtain asymptotic estimates
of the expressions

(3) Y, =0, > #Mum), > Yt(n),

z<n<z+h{z) z<n<z+h(z) z<n<z+h(z)

where h(z) = z7/12+¢. More generally, they proved that, assuming that F(s)
satisfies the conditions of Ramachandra’s theorem, that r > 0 and € > 0 are
small numbers, that z12%¢ < h(z) < z5-%, and that E(z) = >~ f(n) where

n<lz

f(n) = z¢™ or z2¢M|u(n)| or 1/7%(n), then

E(z + h(z)) — E(z) 2_%/F(S)ms—lds-;-o(exp{—z}/ﬁ}),

h(z)

where C* = {s:|s~1|=1/z1, s#1—-1/x:}.

2r

Remark. Observe that the reason for the upper bound 3% on h(z) is
only due to a technical condition used in the proof; indeed one can show that

the result is in fact valid for z72%¢ < h(z) < .
Returning to the proof of Theorem 1, we let

One easily verifies that

p a=l (m"":)}__l a=1
42(5);(“%)2{(1—11/;)5)2 1}=CZ‘3)§{_&‘%} \

Since Z = log ((s Z ; Z —-, it follows that
P

=2

0¥ g - X = 2l 2% o DI 2 g = 2lost(o) =)

p 7‘_3 P
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1
say, where U{(s) is regular for R(s) > 580 that we may write

F(s) = Fi(s) — Fa(s), with Fi(s) = C*(s) - 2log {(s) and Fy(s) = (*(s)U(s).
Now define a3 (n) and as(n) implicitly by the representations

o]

(o]
= Z oa (n) and Fy(s

ns
n=1 n=1

Clearly both Fi(s) and Fs(s) belong to Ramachandra’s class of functions. It
follows that

h_éc'j Z o1(n) = % /F1 (s)z°*ds + O (QXP {_xi/‘i}) :

z<n<e+h(z) oL

Now we can write

Fi(s) = (s = 1)2¢%(s) - G -11)2 2 {log((s - 1)¢(s = 1)) + log . }_ 1} =
2logs+1 . 9 )
= Goe (s =1*(s = 1) + G-z ((s = 1)%¢(s)) log((s = 1)¢(s))-

But since (s~1){(s) — 1 as s — 1, it follows that (s—1){(s) and log((s—1){(s))

are regular in the neighbourhood of 1.

Now define the constants By, By, ..., B, Co,C1,. ..,k and the functions
Ui (s) and V(s) implicitly by the relations

2(¢(s)(s = 1))* = Bo+ Bi(s = 1) + ... + Br(s = )* + Ur(s)(s = D**,

2(¢(s)(s = 1))*log(¢(s)(s = 1)) =
=Co+Ci(s = 1)+ ...+ Crls = D* + Vi(s)(s — 1)FF,
so that Ux(s) and Vi (s) are regular and bounded for |s — 1| < 1/z;. Thus

1
27

k k
Fi(s)z*"'ds =Y B, T, +Li+ Y CuJ, + Ly,

o v=0 v=0
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where
1 xs—l 1
I, = —
2 / (s — 1)2~v log - 1ds (0<v<k),
O"
1 ms——l
j”‘Tm/(sle‘z-—uds (0<v<k),
Cn
L 1 51
o %/ (s =12t Uk (8) log(s — 1)ds,
C* ‘
1 51
La=355 / '(3_—1)2%‘4:(8) log(s — 1)ds.
C*

0

. e 1.
Since s = 1+ —, ds = —ie, log(s — 1) = log(1/21) + 0 and log 1 7=

1 Z1 8§ —
= x5 — 6, it follows that, taking into account that z°" ®1 = e, we have

2—v

7, =5 / eeioe(u—Z)iﬁ(mz - ie)eiﬁdg —

i

1-v . ) . 1—v
%2 /eetg cefr—10qp ____151221 /eew - eir=10pqp.
s

—r —_

Define 79 = 0 and observe that, for h # 0, we have

17 o 1 [ [ehoy’
= 0d = — — =
h o /e 7 (zh) 6do

-7

o 77 o
== [6——9] — [ e =
ih | _ T

27 2mih
—
1 ihf —ihf
=5 [re*™ + me=h?)
_ (=n*
iR
0 = 1
Therefore, using the representation e¢ = Zﬁe“g, it follows from this that
t=0

1 7 . 0 ifv>2,
(4) Y et el(""l)edaz{

-

1 ifrv=0,1,

s
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and that

e 1 (_1)t+u—1

1 r 211 r 1

e® i(v—1)0 _Z— i(t+v—-1)6 _ 1 Z =

e ede_t_ot!%r/e Hde_i ~ tlt+r-1"
= e =

-7 t#l—v
Gathering these estimates, we obtain that
IO =TI1Ty — Ty, Il =22+ 1, I,, = —Z‘i_y’Dy for v Z 2,

where each D, is a computable constant.
On the other hand, it follows from (4) that

IL']'—V A o . Ty ifv= O,
C T, = ; /ee e Vdop=¢1 ifv= 1,
N 0 ifv>2.

-7
Moreover, we have

o
| Z1] Swfk/

-7

1 .
U (1 + -—ew)
z1

and one can also easily establish that

Sz +10))df < zo -xl’k

|La] < xl_k.

Combining these estimates, the proof of Theorem 1 is thus complete.

Remark 1. From the Ramachandra’s theorem, it follows that under the

assumption
N(o,T) < TFe)i=o),

which is somewhat weaker than the Riemann hypothesis, Theorem 1 holds for
the shorter interval z2+¢ < h(z) < z.

Remark 2. It is clear from the proof of Theorem 1 that similar estimates
can be obtained for the following sums:

Z Tr(n)w(n), Z Te{n)Q(n), Z r(n)w(n),

z<n<z+h(z) z<n<z+h(z) e<n<z+h(z)

where 7(n) = #{(u,v) : n = u? +v?}.
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4. The proof of Theorem 2

We begin by writing

Pl =3 20 [E{ii}(l—i)] (o) =

n=1 a=1

= ((s) {Z psl_l } = {log (s — 1) + u(s)}¢(s)

say, with u(s) bounded and regular for R(s) > 2. Thus
F(s) = (log
1
= 1oz 525 ¢t6) + <o)
s—2
say, with v(s) regular for ®(s) > 2. It follows that

+1)= Y O ¢4 1)10

n=1

) C(s) + C(s) log((s — 1)¢(s — 1)) + u(s)] =

7+ C(s +1v(s +1).

Now observe that

z<n<z+h(z)
1 1 1 1 1
-1 L B(n) o) (1-1) =
T h(x) z<n<z+h(z) h( ) m<n§zz;+-h(a:) n z
1 1 '
== m Z B(n) + 0O 1 Z B(n) .
z<n<z+h(z) z z<n<z+h(n) n

Hence, proceeding as in the proof of Theorem 1, we get that

1 B(n) 1 /
e E —— = — [ F(s+ 1)z *ds + O (exp —xi/G =
h(z) e<nimin@ " 2mC* ( { )

1

271
C*

o0
= ZauTuy

v=0

2N (s +1)

where the a,’s are defined implicitly by

s+1)=¢2)+{@)(s—D+...=a+als-1)+

and where the T,’s can be written as

1 1

T, = — [(s=1%z511

v =g [ (8172 log —
c*

1ds:

i3

1 1 i i
= g | SV s
1
-

Collecting the above estimates completes the proof of Theorem 2.
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