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1. Introduction. It is well known that any arithmetical function f can
be written as

(1.1) F(n)=>g(d),

dln

with g defined by g = p * f, where * is the Dirichlet convolution and
denotes the Mobius function: u(1) = 1, p(n) = 0 if p? | n for some prime p,
and p(n) = (—1)" if n = ¢y ... ¢, is the canonical prime-power factorization
of n.

Another way of expressing a number-theoretic function f is to restrict
the sum in (1.1) to what is commonly called the unitary divisors d of n, that
is,

(1.2) fmy= 3 g
d|n
(d,n/ld)zl
One can also consider the classical “weighted averages”, based on (1.1)
and (1.2). Given an arithmetic function f, define the functions fi, f» and

f3 by

filn) = s S I@, )= g X 1)
(1.3) o Ty

foln) = oo SR (d)f(d),

20}
dln

where 7(n) and w(n) stand respectively for the number of positive divisors
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and for the number of distinct prime factors of n. Each of these three func-
tions represents an “average” value of f(d) as d runs through a subset of
divisors d of an integer n.

Recently, we studied extensively the arithmetic properties of these aver-
aging functions (see De Koninck and Grah [5]). We showed, amongst other
things, that, although it is not the case for the functions f defined by (1.1)
and (1.2), fi, f2 and f3 “inherit” the arithmetic properties of f. In fact, we
proved that if f is additive, then fi, fo and f3 are additive as well and, con-
versely, if fi or fy is additive, then so is f. Moreover, mean value theorems
related to fi, f2 and f3 were obtained. For instance, we showed that, for a
wide class of arithmetic additive functions f, the averaging functions f; and
f2 have a mean value if and only if f has a mean value.

In this paper, given a real-valued arithmetic function f, we show that
under certain conditions, the corresponding functions fi, fs and f3 as well as
other weighted averages of arithmetic functions satisfy mean value theorems,
and from these we derive known and also new results.

2. Motivation and necessary background. Let s be a fixed real
number. Using results of De Koninck and Grah [5] (théoréme 5.2), one can
prove that, given any arithmetic function f, there exist uniquely defined
arithmetic functions f; and f, such that f admits the representations

1 _

(2.1) f(n) = —>  Fs(d)¢a(d)

d|n
and

ds(n) fs(d)

2.2 n) = 23 LA
22 m="0 2 G

(dyn/d)=1
where 0(n) represents the largest squarefree divisor of n, i.e. §(1) = 1 and
d(n) = qigz...qr if n = ¢7'¢5* ... g%  is the canonical decomposition of n

(sometimes 6(n) is referred to as the core function), and where ¢, is the
extension to real numbers s of the Jordan totient function, that is,

(2.9 o) i= e ] (1- 0 ) =m0 ML,

pln din

the product ranging over the primes p dividing n; for convenience, we set
$o(n) = 1(n), where 1(n) = 1 for all integers n > 1.

Representations (2.1) and (2.2) can easily be obtained for any given
arithmetic function f. Indeed, in De Koninck and Grah [5] (théoréme 5.2),
we gave an extension of the three equalities in (1.3); hence, by restricting
*4 to Dirichlet convolution, and replacing the functions g(n) and U(n),
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involved in that result, by u(n) and n® (s € R) respectively, one obtains
(2.1) by the Mébius inversion formula. Similarly, (2.2) is a restriction to
unitary convolution, where g and U are respectively replaced by (—1)«(™
and n°/¢s(n) (s € R).

Before moving on, we give three examples:

(a) Set s = 1/2 and let f be the strongly multiplicative function (that
is, one which satisfies f(p®) = f(p) for all primes p and all integers a > 1)
defined by f(n) = I1,.(1—2/,/p); we immediately compute J172(p*) = -1
(for any prime p and any positive integer a), so that to f (n) =11, (1 —
2/./p) corresponds fl/z(n) = (—1)@n),

(b) Set s = 1 and let f(n) = ¢(n)/n, where ¢ stands for the Euler

totient function; then we obtain f1(p*) = 0 for any o > 1, so that to o(n)/n
corresponds

pfn(

> 1 ifn=1,
| fl(”)_E(”)'“{o if n > 1.
] (c) Let f(n) = w(n); then w,(n) = 2 plin p%i + X p2p 1, while @ (n) =
me p .

Both functions f, and f, (for s # 0) have interesting properties. In fact,
by inversion, we see that both are weighted averages of the values of f(d) as
d runs through particular sets of divisors of n. The former is an averaging
over all divisors, the weight at f(d) being u(n/d)d®, and the latter is an
averaging over unitary divisors with 1/¢5(6(n)) as total weight. These two
functions constitute the other class of weighted averages we study in this
paper. From the behaviour of series related to the weighted average f,, we
prove the existence of a constant Cs = C,(f) such that the number-theoretic
function Cs/n® is a mean value of f.

For instance, consider the function

1
; Zﬂn(l—q_l) forn > 1,
(2.4) fn)=1 o P an
g#p
1 for n =1,

where p and g denote primes. The mean value of f is rather difficult to
obtain directly; however, we easily deduce the equality

1 lo
li —1 - gp
I L I =g

il an immediate consequence of an asymptotic mean value result we prove.
Gliven an arithmetic function g, we say that g belongs to the class W

il the series 30 (1 * g)(n)/n is absolutely convergent. For example, the
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right-hand side of (2.2) may be rewritten as

¢s(n) fod  _ fo(d) ¢s(n/d)
(2-5) ns dlzn ¢3(5(d)) Z 5(d)s (n/d)s ’
(dn/d)=1 (d,n/d)=1

where the last sum is the unitary convolution (%) of the functions ¢, (n)/n®
and fs(n)/6(n)®. Then, for s > 0, we see that ¢s(n)/n® € W, since ¢s(n)/n®
= 2 4jn #(d)/d° and the series Zn 1 #(n)/n** converges absolutely for
s> 0.

Now consider the right-hand side of (2.5) in which we replace ¢,(n)/n?
by a function g € W and f,(n)/§ (n)® by a function h. We then obtain mean
value results related to h *, g. In particular, for o*(n), the sum of the sth
powers of unitary divisors of n, it will follow that, as z — oo,

((s+1)
x3+1 Z (1+8)(s+2)

Our goal is to investigate the existence of the mean value of some classes
of weighted averages of functions as well as their asymptotic mean. Our re-
sults are based either on the behaviour of the averaging functions themselves
or on the behaviour of the functions from which these averages stem. Even
if their proofs are elementary, the results we state in the next section have
certain importance of their own, as they deal with weighted averages of wide
classes of functions known for their erratic behaviour. In several cases, we
provide an example which reveals that importance.

3. Statement of the main results. Our first three results deal with the
estimation of the size, in average, of weighted averages of number-theoretic
functions.

THEOREM 1. Let f be an arithmetic function for which 320, |f(n)|/n
is convergent. Moreover assume that, as z — oo,

£ 1
(3.1) 3 n" :°<1og1/4x>'

n>x

Then there exists a constant A such that, as x — oo,

(3.2) Z( Zf ) A+o(1))@

n<z

where

] S oo Fnyu(n)
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. with u being the multiplicative function defined by

= H mlogp P

THEOREM 2. Let f be an arithmetic function for which > o . |f(n)|/n
15 convergent. Moreover assume that, as x — oo,

@ S5 o)

Then, as x — oo,

1 T
B0 Y(mm L @)-ram,

and

1=().969...

n<z din
(dyn/d)=1
where
B < f(n) ( 1 )
Bi=—=%" 1-
ﬁn=1n2()p|n 2p—1

with : '
‘ , 1 1/2
8= <1+_—) =1.969...
‘ I;I 4p(p-1)
In particular, as x — oo,

1 T
89 T(zwm X @)=L,

n<z din
d squarefree

T VR i Mzn(gm II (1 top 1)

THEOREM 3. Let f be a multiplicative arithmetic function and let h :=

where

uf * 1. Assume that the series

p(n)h(n) (n)h(n (n)h(n
Z nr(n) nzz: #nQ“’(”) ; ,unZO(n)
is absolutely convergent. Then
. 1 = (n)h h(p)
(3.6) a;li»ngom Z <2w(n) Z f d)> #m'(n I;I(l p)

n<z din n=1 2p

"'d squarefree
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In particular, when f is strongly multiplicative,

. _ 1 .
(3.7) ml}—)n;o:v 1 E (W E f(d))
n<z d|n
(d,n/ld)—_-l

1
— % -1
- Y (5 X s@)
n<xz dln
d squarefree

ExAMPLE. If f(n) = ¢(n)/n, which is a strongly multiplicative func-
tion, then h(n) = 1/8(n) and since > o ; u(n)/(né(n)7(n)) is an absolutely
convergent series, (3.6) and (3.7) yield

. -1 I T -1
lim 27y fa(n) = lim a7t Y fs(n)

n<e n<lx .
1
=[J(1-55)=0789...,
p - 2

where fo and fs are defined in (1.3), thereby providing the average behaviour
of ¢(d)/d as d runs over the squarefree divisors of n.

The next theorem uses (2.1) in establishing the mean value of a function
f, based on the behaviour of the series of its weighted average fs. In fact,
Theorem 4 establishes a mean value and an asymptotic mean for classes
of functions f whose Dirichlet convolution with the function u(n)/n®, ac-
cording to the parameter s, is the general term of an absolutely convergent
series.

THEOREM 4. For a fized real number s, let an arithmetic function f be
expressed in the form

Fn) = 3" Fold)b(a)
din
() If 3200, Fi(n)g(n)/n is absolutely convergent, then as x — 0,
(3.8) Z f(n) = (a1 + o(1)) 1og x, where ci = ; f1 (’l’?z::b(n) ‘

n<z

(i) If 3520, fs(n)g(n)/n is absolutely convergent for 0 < s < 1, then
as x — 00,

(3.9) Z f(n) _ (1 + 0(1)) - i - Z fs(’l’b?nfﬁs(n) cpls,

(i) If 300, fs(n)gs(n)/n® is absolutely convergent for s > 1, then as
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T — 00,
o fs(n)¢s(n)
(3.10) S ) = ¢(s) Y0 FERE o),
n<z n=1

where ((s) stands for the Riemann zeta function.
(iv) Let r = —s > 0. If 3200 | fr(n)d(n)"/n"*t is absolutely convergent,
then as x — o0,

r41

(3.11) ,;f(n) = (cr + 0(1))r—ﬁ, where
2. Fr(n) (=)™, (6(n
W:2fu<gﬂw<»

REMARKS. 1. The asymptotic estimate provided by (3.9) remains true
if the series in (ii) is replaced by 3 oo, fs(n)¢s(n)/n. In this particular
case, setting s = 0 in equation (3.9) yields a well-known result (see [4],
Proposition 4), which is sometimes referred to as Wintner’s Theorem (see
[9]). The same can be said about (3.11), the series in (iv) and the one
defining c,.

2. It is noteworthy that in each of the four cases of Theorem 4, there
exists a constant Cs; = Cs(f) such that

1
S~ Y
n<e n<lx
that is, Cs/n® is a mean value of f.
Our next result shows that, for a certain class of arithmetic functions

written using (2.2), the asymptotic mean value is closely linked to the Rie-
mann zeta function.

THEOREM 5. Let s be a positive number and f an arithmetic function
whose representation is given by

_ ¢s(n) §AC)
f(n) = s dzh; m,

(dyn/d)=1

where fs is bounded. Then, as T — 00,

(3.12) Y fn)= (C(sdj— oyt o(1)> z,

n<z
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where

=S Rt A pr (o1
*’E}wmmm g,mmx i)

REMARKS. Since fs is bounded, for s > 0 there exists a positive constant
c such that for all n > 1,

ﬂ@Wlm _ R0 g7 (,_ -1 c
S feraln)  né(m) L ( HL&)<mmw

Now, 3> | 1/(né(n)*) is convergent for s > 0 since its Euler product rep-

resentation is
11 (1 + —1——)
*(p—1)

P

It follows that v : ' '
i fs(n)ns~ 1¢>(n) Z fs(n) H -1 1
— §( n) ¢s+1(n) n&(n)s S+1
is absolutely convergent. ‘
2. From the above remark, we note that (3.12) holds if the boundedness

of fs is replaced by the absolute convergence of the series deﬁnmg ds.

ExampLE. Consider the function f defined by (2.4). Then for s — =1,

" one easily obtains f; (n) = A(n), where A(n) is the von Mangoldt function
which is null unless n is a power of a prime p, in which case A(n) = log p.
Clearly, A is unbounded. Nevertheless, it follows from Theorem 5, takmg

into account the second remark above, that

Jim = > f(n) - 2)Znt5(n)H< p+1)'

n<z
logp
(2) E 2_1 =0.346...

THEOREM 6. Let f be an amthmetzc function defined by

(3.13) fn)y= " h(d)g(n/d),
(d,nd/,Z)zl

for a giveﬁ geEW. If 3> | h(n)/n is absolutely convergent, then

(314) lim o' Y f(n) = Z n) Z p(d) Z ¢(T) Z u*%(rm)'

n<z n=1 d|n r|d
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REMARK. It is interesting to observe that for the particular case g=1,
we have p*g=FE (where 1 and E are the functions defined in §2), so that

Z 1(d) 3 40) ¢(r) Z (ke * g)(?"m) ¢(n)

dln rld
and (3.14) becomes

ﬂewfiﬂm Zymmm

n<lz

which was established in [7].

COROLLARY 7. If s is a positive number and geEW, then as ¢ — 00,

(3.15) lim 771 %" Z g(Z/d) 4,
n<z

(d, n/d) 1
where '

Ay = Z = Z p(d) Z ¢(7”) Z (u *g) rm)

dn rld

EXAMPLE. For 5 > 0, if we set g = 1in (3.15), then since 1 € W. it
follows that : : ,

mi»ngom nz<wa (n) 7;—;ns+2 - C(8+2)’

where o (n) denotes the sum of the sth powers of the unitary divisors of n,

that is,
os(n):= Z ds.
(d, n/d) 1
THEOREM 8 Let f be a number-theoretic function and let g be defined

implicitly by
(3.16) f)= 3" dg(n/a)

dln
(dyn/d)=1

for a fized real number s (s > 0). Assume that g is bounded. Then, qgs
T — 00,

N P g = T 3 A oy,

n<e
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where '
g () wlogzcc if 0<s<1,
R:(z) =2’ Z — < zlog?z if s=1,
e z°¢C2(s) if s> 1.

In particular,

* CS+1 s+1 * :
Zas(n)=(ﬁis)fc(?):—2-)m+ + O(R:(x))-

TuEOREM 9. Let s be a fized positive number. Let f and g stand for
arithmetic functions defined implicitly by

(3.18) =Y #@dgn/d.

n<z

din
(dn/d)=1
Assume that g s bounded. Then »
1 1 o= g(n)¢(n)
3.19 lim —— 1 AT
9 g L0 = G & I

The case s = 1 of Theorems 8 and 9 is due to Cohen (cf. [2], Theorems 4.1
and 5.1).

4. Preliminary estimates. Before we proceed to prove the theorems,
we need auxiliary results. We state some of them as lemmas.

Deshouillers, Dress and Tenenbaum [6], p. 275, established a now classic
result related to a class of multiplicative arithmetic functions. From their
result one can easily obtain, uniformly for real > 2 and integer k > 1, the
two estimates

(4.1) 3 }quiz?) - % \/%é_g{u(k) + 0(101g m) }

n<z

where v and o are defined in Theorem 1, and

(4.2) ;9—2—;};,5 = % f]zgg{"’(k) +'O<lo;w>},

where v is the multiplicative function defined by

a1 o) )

pin

and 3 is the constant defined in Theorem 2. Clearly, lu(n)|<1and lu(n)| <1
Let n be a positive integer. If U, and S, stand respectively for the set
of unitary divisors and the set of squarefree divisors of n, we clearly have

LU, = #5n = 2°0,
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w}}ere #E stanc%s for the cardinality of the set E. Most often, for a given
arithmetic function f and for certain integers n, we have ’

Un#Sn and (f*a1)(n) # (fx11)(n)

V\;lhere >!<1 is the rest?iction of Dirichlet convolution to S,. Nevertheless, as
s (l)WI.l in the follovvlr%g result, if f is strongly multiplicative, then the c,on—
volutions #, and * yield the same result, in which case we have fo = f3

LEMMA 1. Given a strongl inlicats P
gly multiplicative fun t ; e
%1 satisfies P function f, the function h :=

1 1
(4.3) S (frgl) = — _ph . _ph ph
oo (f ) g (f )= —xl=oxl=0gx1l

Proof. Since f is strongly multiplicative, so are
1 1
f2 = -27;(f #y1) and f3:= z—w(f % 1)

(see De Koninck et Grah [5]), and more
A . y over, fz (p) = — 1 1
for all primes p, which proves the first equality of ( 4.3).f s3(p) = 5(1+ f(p)

For the other equalities, set A = pf * 1 and notice that

1
Las fo) =1- 20— s =1- "2,
that is,

o) = fap) =1— M g P h(p)
. T(p) 2"*’(1’) 2_(2(2,) s
and this completes the proof of Lemma. 1.

Before stating the second lemma, we recall the classic result

(4.4) Z 1= ?%—)w + O(2w(k)) (z — ),
n<z
(n’k—)zl

g

(4.5) Z“(d) — E(n) = {é ifn =1,

dln ifn>1.

LEMMA 2. Let k be a fized positive integer and s a positive number. Then

o n;_m ns  ¢sp1(k) (s +1) + O(Rg,s()),

(n,k):l
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where ‘
Qw(k)‘?ﬁi@ if s> 1,

(4.7) Ry,s(z) = iw(k) Z “L(d)\ & 2w(’“)¢( )logw if s=1,
(d,k)=1 zw(k) d)( ) 1 E] Zf 0<s< 1

Proof. Using (4.4), (2.3) and the definition of Ry +(z), we obtain

s(n (d)
(4.8) > %*)= > 21

d<e ‘m<e/d
(,ffks)il (doky=1 (m.k)=1
_ m?@ 5 A D) | 0(Br,s(@))-
d<z
(dk)=1

+1 3 rgent
Now the infinite series S e, (k) =1 p(n)/n®T 18 absolutely converg

when s > 0 and

wd _ FT o).
dz; dsti (S+1)¢s+1(k)+ @)

(d,k)=1
From this it follows that

R k3 k z ?i(_k_)_ml"_s O(Rg s\))-
y, - @ff(iz) c(s+1>+0( k >+ -

(4.9)
ns)a:

(n,k)=1 .

Now, to estimate Rk, s(x), one can use (4.5) and the Euler-MacLaurin

formula (cf. [1], P- 55), thereby obtaining

Ry1(z) K gw (k) ?(—2 logz,

Rps(z) <K gulk) 2222 4)3( ) for s > 1,
Ry s(%) <<2W<’°>¢( ) gt=s  for0<s <1
From these estimates we s€€ that in each case the first O(...) term of (4.9)

is dominated by the one containing Ri,s(x). The lemma. is proved.

LEMMA 3. Let f be @ function in W. Then, for each fized positive inte-

ger k,
(4.10) ST fm=(at o(1))=,

n<x
n=0 (mod k)
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where

_ 10 5 (wxD)dm)

W= 2 m
dlk m=1

Since f € W, there exists a certain function g such that f(n ) = 2 apn 9(d)

and such that 33°° ; |g(n)|/n is convergent. By inversion this convergence is
equivalent to that of the series Y oo, |(* f)(n)|/n. For the proof of (4.10),
we refer the reader to Theorem 1” in Postnikov [8], p. 142, our Lemma 3
being a particular case of that theorem.

Finally, for the last preliminary result, we have, using (4.5),

Z n’ = Zns Z p(r) = Z,u(r)rs Z m®.
(nnks):c:l n<z ri(n,k) rlk m<z/r

From the Euler-MacLaurin formula, this last sum is easily estimated, and
we obtain

LEMMA 4. If z > 2 while k > 1 and s > 0 are fized, then

14s ]{2
(4.11) » n°= er . ﬂl‘f) +0(2¢®z?)
(=t

and

(k)g( )+ < Hﬂl?) if s>1,

. gska—)(logm—l-'y) |
(4.12) Z s w(k)
n<z —ZM lgr+0<2 ) if s=1,
(n,k)=1 P
s
s¢( ) wik),.—s .
<
(15 % o(2¢\"™z™%) if 0<s<1,

where vy stands for Euler’s constant.

5. Proofs of the main results

Proof of Theorem 1. Let f be as in the statement of the theorem. Then

6 > Zf(d) D@ > T(md

n<:£ d<z m<z/d
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W/

- Y ) Z T(md)+ S i@ Y (md)

d<z/2 m<z/d z/2<d<z m<z/d
f(d)
e D=7
PV PNy

m
where we have used the fact that for d > /2, i.e. z/d < 2 the su
Y m<a/d 1/7(md) is reduced to 1/7(d).

mUsmg Cauchy’s inequality, we have

d f(d) vl
(5.2) > 9 _ 5

(d)
2/2<d<a 7(d ) /2<d<:c

(X £a s Tz‘i@)m

z/2<dlz z/2<d<e
< <

7@ 4\
)D ng;cf?(d))

d>z/2

By the classical estimate

n<lz
we have
d 2 —3/4 — OO)
log r (z
5.3 N oy <o ;
(5.3) T (d)

Inserting (5.3) and condition (3.1) in (5.2) gives

and (5.1) becomes

Z;(%Zf(d) > 1@ Z T(md) (ﬂo’ﬁ)
n<z din

d<z/2 m<e/d

Thus (4.1) gives

> fa % T(md) v PN i;il/d»(u(dHO(@(}m»

d<xz/2 m<z/d d<z/2 \f(d)\ |
za f@uld | ofs N EASOI R
- T dz:/zd log(z/d) i ( d:/—:‘/zdlogg/ (a:/d)>
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Now, using the convergence of the infinite series Y-oe1 |f(d)]/d, one obtains

mdézdloéﬁffii/m w2 e (o)

d<:1:/2 10g$
I/ (@)
A, 2 4
d<a:/2

<z~
log3/2x logl/za:.

Therefore,

S -L S )
7(n) .

) _ zo f(d)u(d) z
B d<z:/2 d+/log(z/d) <log;1/2 )

g 5 0 no(12) o )

Using once more the convergence of >~ |f(n)|/n and the estimate |u(n)]

< 1, we deduce the convergence of 3 o~ ; f(d)u(d)/d. By partial summation
it follows from the convergence of > ~o_, | f(n)|/n that as z — oo

Z Lf_gi.)i log d =-o(log z).

d<z/2

Therefore, it follows that

L Zf f@(zf - ¥ )

d>z/2

+o(im X O !£°gd)+o<¢£@>
N Viegz <%) <10g3/2 loga:>
(A+0(1)) ﬁ%

Theorem 1 is thus proved.
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Proof of Theorem 2. To prove (3.4), we start as follows:

1
Yom X =YD 3w

n<x din - d<Llz m<lz/d
- (dn/d)=1 (md)=1
1
= Z f(d) 2 2w(md)
d<at/3 m<e/d
a (m,d)=1
1
+ Z ‘f(d) Z zw(md)’
zl/3<d<x m<z/d
(m,d)=1
that is, |
1 —
60 Tgw T 0L
n<e din
(dyn/d)=1

say. To estimate 34, we make use of .Cauchy’s inequality:

1.
Y= 2 fO Y wem

z1/3<d<a m<z/d
(m,d)=1 )
- f(d) 1 » |f(d)]
= Z 9w (d) Z 9e(m) <z Z 42w(d)
zl/3<d<e m<z/d zl/3<d<ze
- (m,d)=1 | »
2 1 f@)l w( Z 1 Z f2§d)> 7
w(d)
zl/3<d<z \/—2w(d) \/— m1/3<dS$d4( zl/3<d<z

and therefore
1/2
» 1 2(d)
6 Lo Tamw L0
d<z d>z1/3
On the other hand, as T — 00,
1 3/4
. d<z

which combined with Abel’s identity yields |
dt

— K logl/4 z.
tlog®/*t .

1
+

Z w(d /

d<md4() z

Bty 8
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By this estimate and (3.3), relations (5.5) and (5.4) become respectively

2. =)

Zgi—n) > @ =3, +o( =)

n<lx

and

(d,n/d)=1
Now, to end the proof of (3 4) it remains to est1mate 21 Usmg (4.5) we

have
Y=Y ) Y o

d<z1/3 m<z/d
(m d)=1
_ f
B Z Z 2w(m)
d<a:1/3 m<z/d
. ‘ (mvd)=1 .
_ f(d) 1
= > ) > 2w (m) > ulr)
d<zl/3 m<z/d 'r‘](dm)
E Qw(d)zru‘ ) Z 2w(nr)
d<gi/3 r|d n<z/dr

Since in 37, we have d < /3, it follows that z*/3 < z/(dr) < z and
therefore, using (4.2), the estimate |v(n)| < 1 and the absolute convergence
of Yooy f(d)/d we have

Z W(d) Z 2w(n7-)

d<zt/3 7'|d n<o:/dr
_ B 7 r)v 1
W * +R1(ZE),
d;/s a2 Z Z log(/(dr))

where

|f(d)] 1 1 f(d)] o(d)
Rl(ﬂi) Lz ” — < »

ek dow(d) y r10g3/2(:1:/(d7')) > log 3/2 d<§/3 dow@ g

<—a 3 lfiid)|<< z

10g3/ T asarrs 10g3/2 z

because /% < z/(dr) < z implies §logz < log(z/(dr)) < logz, and we
have o(d)/(d2*(¥)) < 1.
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Finally, because

£(d) () 1
2

o dow(d) log(:c/(dr))

- ez, - e DI Rl
where ]
Ra(x) <1 3/2 dgl:/s dzw(d dz - 10g3/2 d<§1:/3 |f$2)lfz'§) )y

- 10g31/2$ d§/3 i oni= °<log11/2w>’

we conclude that as r — o0,

& KB T)U . o T

where we used the multiplicativity of the function u(n)v(n)/n. Hence (3.4)
follows.

The proof of (3.5) can be handled in a manner similar to that of (3.4),
by simply using the equality

Sawm L M= X 2@ Y s

nlz d|n d<z/2 m<z/d
d squarefree
2
p(d)f(d)
+ Z w(d)
z/2<d<x

In fact, from (3.3) and Cauchy’s inequality, we conclude that as z — oo,
Z #*(d)f(d) -0 z .

2w(d) Viegz
Hence, using (4.2), one completes the proof.

REMARKS. 1. Theorem 1 is based on two conditions: the absolute con-
vergence of the infinite series >_~- ; f(n)/n, and the inequality

fz(n)_< 1 )
; 7 =0 log1/4m .

Most likely, the second condition is not necessary, but we could not prove
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the result without it. In fact, to this end, one should prove that, as z — oo,

f z e\ ()
Z o< \/lo_g_m>’ if T;T converges.

z/2<n<:c

The same holds for Theorem 2 and condition (3.3).

2. By assuming the absolute convergence of the three series defining the
constants A, B and D instead of that of }_>° , f(n)/n, the conclusions of
Theorems 1 and 2 can clearly be restated with weaker hypothesis.

Proof of Theorem 3. As shown in De Koninck and Grah [5], f3 is strongly
multiplicative, since f is multiplicative. Thus it follows from (4.3) that

1 I d)h d)
din d|n
d squarefree
Since > >°_; p?(n)|h(n)|/(n7(n)) converges, (3.6) is proved. The last conclu-
sion of the theorem is clearly a consequence of the fact that f; = f3 when
f is strongly multiplicative.

Proof of Theorem 4. We investigate only the case s # 0. Indeed, the case
s = 0 is proved as Proposition 4 in [4], which we mentioned in the remarks
following the statement of Theorem 4.

From (2.1) we have

an) Z Zfs )¢s(d) = Zde)¢s Rs(z/d),

n<z n<:(; d|n d<z

Ry(z):= Y 1/n".

n<z

where

In a manner similar to that used to evaluate Ry s(z) in (4.7), one can
prove that the following expansions are valid:

¢(s) +O(1/z71) ifs>1,
_ 1 )logz+~v+0(1/x) ifs=1,
(5.6) R(z) = Z ns )& /(1-s)+0(z"%) fO<s<]l,
g /1+7)+0(") ifr=—s>0.

If for s = 1, 37 | | f1(n)|¢(n)/n is convergent, then using the second rela-
tion of (5.6), we have

n<z

S fn) = 3 D8 1) 4y 4 (/)

n<z d<z

!
i
|
i
]
i
|
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= (logz +17) ——*fl(d;d)(d)

d<z

- 1D 0 (ot S @ lota)

d<e d<z
= (logz +v)(c1 + o(1))
-3 B 1 4 0 (e Y IR @),
d<z d<z
To establish (3.8), we must show that
Z M logd and z7*! Z f1(d)p(d)
d<z d<z

are both o(log ). Indeed using the convergence of > oo, | f1(n)|¢(n)/n and
partial summation, we obtain

Z lfl(d l9(d )1 gd=o(logz) and =z IZIfl d)kb ) o(1).

d<z d<z

Similarly, the other three results of Theorem 4 are derived by repeated
use of partial summation and absolute convergence of the indicated series.

Proof of Theorem 5. If f(n) is defined as in (2.2), we obtain

fs ¢s dm
Z f Z ds d) Z

n<z

¢s
Z ds¢s 6(d Z

By using Lemma 2 and the simplification

¢s(n) n®~t

nes(8(n)) — 8(n)*’

we find that :
Fs(d)$(d)s(d) |f(d)I85(d) )
T;cf n) = Gt 1) zg: 6.6 berr(d) +O<d§w 56,600 Rd,a(w/d)>
z fo(d)g(d)ds |fa(d)]
- D D A +o(d£$ S Ra(afd) )
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Furthermore, we have (see the Remarks following Theorem 5)
(d)p(d)d**
n +olz
Zf( )= +1) Z 6(d)*¢s11(d) (@)

+0 ( d}; _|£Zf§(;2[ Rd,s($/d)> .

To complete the proof we need to establish the following:

(5.7) ¥ |§Z$2'Rd,s(m/d) (@) forall s> 0.
d<z

Because of (4.7) and of the boundedness of fs, we have

|f(@)] 2()
Z 50} Rys(z/d) < gm (s > 1),

and

N gw(d)
> G /d<<25 st/ ) < e 3=

Likewise, since the series

> o ~ 11 (t+ )

is convergent for s > 1/2 we have, using partial summation,

gw(d) ow(d)
2 s@r = 2V s~

d<z
This proves (3.12) for s > 1. S
Using once more partial summation with 0 < s < 1 yields

| Fs (d)i N 9w (d) . ow(d)
Z d)s /d << z= Z dl sd(d)s = g1~ d 5(d)sd o(m),

d<z

since clearly 352, 2¢(4) /(5 (d)sd) is convergent. This establishes the validity
of (3.12) for 0 < s < 1, and Theorem 5 is proved.

Proof of Theorem 6. From (3.13) one obtains

(58) Y fm)=Y hd) Y gm)=> hd > gm) > ur).

n<xz d<z m<z/d d<z m<z/d r|(m,d)
(m,d)=1 :
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Rewriting this gives

Y f)=) hd) Y glm) D ulr)

n<e d<z m<z/d r|(m,d)
=Y WA ul) Y g
d<z r|d n<lz/d
n=0 (mod )

Applying Lemma 3 to this last sum, we have

SUCERIL-DILLPIE LI

n<lz d<z ri|d Ir
+o<x E ()] _S_ ,u(r)).
d
d<z ©orld

Moreover, for d fixed,

(59 ﬂg“) 3 ¢§l) > (b= iz(zm)

rid lr )
Z p(r) ) ¢ l)! ) |(p * g) (im)|

r|d lr
u(r l 1) ?
<Y EI =TI (1-}) <1
rld lr pld - ‘

where we used the fact that g € W.

Furthermore, from (5. 4) and the convergence of Y 5., |h(d)|/d, we de-
duce that

Gy 30 HD g ulr) o) 5 o))
d>w rld lr m=1
+o( DAY 4} = o)

d<z r|d

Thus, if we take into account (5.9) and (5.10), Theorem 6 follows immedi-
ately. ' '

Corollary 7 is an immediate consequence of Theorem 6.

Proofs of Theorems 8 and 9. Since (3.16) and (3.18) are particular cases
of (3.13), we can use (5.8) to prove (3.17) and (3.19).
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Indeed for s > 0, adapting (5.8) to the summatory function of (3.16)
gives

> =3 Z Egn/d) =Y o d) S urr Y m.

n<z n<z d<e rld - m<z/(dr)
(d, n/d)

Thus, Lemma 4 applied to this sum yields
.’BS+1

d)|2~()
5 s £ 5 900 4o T ),

n<e d<z

Now, using the boundedness of ¢ combined with the estimate

iy ivioyl sy L

d<z d<z rld r<:c m<z/r

which is deduced from Lemma 4, one easily obtains (3.17).

We now prove (3.19). First, (5.8) applied to the summatory function of
(3.18) gives

Yfmy=Y" Y pr(d)ydg(n/d)

n<z n<z d|n
(dn/d)=1
= gm) > prr* N d
m<z r2<e/m d<w/(mr?)
(’r,m):l (d,m):l

By Lemma 4, this sum can be written as

2 g(m)g(m) [ S p(r) ulr)
Zf(n):s+1z ms+2 ( 2:1 re 22 7~2>
n<o r= r‘>x/m

(rym)=1 (r,?n)/zl .
. w(m)
o(+ Ll ¥ Z2),
r?<e m<a/r?
(m"r'):]-

where we used the boundedness of g. The sequel of the proof is carried out
similarly to that of (3.17), using Lemma 4, the boundedness of g and the
estimates

2w(m)  pl=sioay p(n) k2
Z ms < r2(1-s) ? Z n? C(2)J(k)
m<e/r?
(m—,r)=1 (TL k) 1

o) _ 1

nsJ(n) — ps+l’
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