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ON THE NORMAL GROWTH OF PRIME FACTORS OF INTEGERS

Dedicated to Janos Galambos on his 50th birthday

J. M. DE KONINCK, I. KATAI AND A. MERCIER

ABSTRACT.  Let h: [0, 1] — R be such that f§ "L gy < 400 and define T,(n, ) =
T)) = ¥y ges h(}—ggi; ) In 1966, Erdés (8] proved that

1 logloglogn
— 1 =(1 ) ———r——7—
nplﬁ,x logp an“:" alogq ( ol )) loglogloglogn
9<p
holds for almost all n, which by using a simple argument implies that in the case
h(u) = u, for almost all n,
logloglogn

T(n,p)=(1 1)} ————.
n;‘a;x (n.p) ( +ol )) loglogloglogn

He further obtained that, for every z > 0 and almost all n,

|
os logn#{p(n ST(n,p) <z} = (1 + 0(1))¢(z)

and that

lim l#{n < x: (loglogn)min T(n,p) < z} = ¥(2),

x—00 X pln
where ¢, ¢ are continuous distribution functions. Several other results concerning the
normal growth of prime factors of integers were obtained by Galambos [10], [11] and
by De Koninck and Galambos [6].

Let x = {x,, : m € N} be a sequence of real numbers such that lim,,_o0 X, = +00.
For each x € x let o, be a set of primes p < x. Denote by p(n) the smallest prime
factor of n. In this paper, we investigate the number of prime divisors p of n, belonging
to oy, for which Ty, (n, p) < z. Given A > 1, we study the behaviour of the function
k(n) = max,, e, #{qln : pY/A < g < p}. We also investigate the two functions
k*(n) = MaXp, peo, Ty(n,p) and Y(n) = minpln’pepx‘p»(,,) T;,(n, p), where, in each
case, h belongs to a large class of functions.

1. Introduction. For an integer n > 2, we denote by P(n) its largest prime factor
and by p(n) its smallest prime factor. The letters p, g, P, Q stand for prime numbers. For
areal number y > 1, let
def a
= P

pin; p<y

ny
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an empty product being counted as 1. By v,{n < x : - -}, we mean the frequency of the
integers 1 < n < x for which the property stated in the dotted space holds.

Given an integer n > 2, let p; < p» < --+ < p,, w = w(n), be its distinct prime
divisors, that is, p; = p;(n). Galambos [10] proved that, for z > 1,

lim v,
X—0Q

1 i 1
{’1§x:()gpj—m<z}=l_

log p;(n) z

if j = j(x) is a function which goes to +00 as x — 00 but also satisfies “j(x) <
(1 —e)loglogx” for some € > 0.

In [11], Galambos proved that, if, as x — 00, both y = y(x) and lo—';’% tend to +00,
then

X—00

logy logy
for0 <u <1,0 <v < 1. He concluded from this that, denoting by p(n, x, y) the largest
prime divisor of n that does not exceed y (with y = y(x) as above), the natural density of
those n < x for which p(n, x,y) < p(n+ 1,x,y) equals %

In 1987, J. M. De Koninck and J. Galambos [6] proved that log log p; forms a limiting
Poisson process if j goes through the indices for which p; is an intermediate prime divisor.
More precisely, they proved that, if j = j(x) is a function which goes to +0o0 as x — 00
and if both lim, ., pj(n) = +00 and lim,_. L(%;fiﬂ = 0 (where 1 < n < x), then the
points log log pj.«, k > 1, form a Poisson process in limit as x — 00.

In 1946, Erd6s[7] considered the sequence 7; = 1—100% (i=1.2..... w — 1) and

proved that, for almost all n, the number of 7;’s not exceeding ¢ (r > 1) is (1 + 0(1))

lim I/X{n <x

(1— %)loglog n. In 1950, he investigated [8] the sequence % (see (1.3) below).
Let us now consider a more general setup. Given a function 4: [0, 1) — R, if n < x,
let

(L.D) w(n )d_e_fzh(log[)) V(n)dgfzh( logp )

pln lOg pln 10g P(I’l)

‘We shall assume that L
/0 | @ du < +00.

For the sake of clarity and simp11c1ty, especially in the statement of the theorems and
their proofs, we shall assume that the domain of 4 is extended to [0, 00) and that h(u) =
foru > 1.

In [4], we proved that, in the case h(u) = u® with a > 0, u,(n) and v(n) have limit
distributions. One can easily see that under quite general conditions on 4, the functions
ux(n) and v(n) will still both have limit distributions. In [5], we investigated the continuity
module of the limit distribution in the case h(u) = u®, o > 0.

Let

def logq)
1.2 T, =T .
(1.2) w(n,y)=T(n.y) = 3; (logy
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In 1966, Erdés [8] proved that, for almost all #,
logloglogn

max 1 ={1+o0o(1))—==2 "=
pln logp q%” @i08q ( of )) loglogloglogn’
q<p

which by using a simple argument implies that if 4(u) = u, then, for almost all n,
loglogl

(1.3) max T(n, p) = (1 +0(1)) e 2082

pln loglogloglogn

He further obtained that, for every z > 0 and almost all #,

1

(1.4) loglogn#{pln:T(n,p)<Z}= (1+0(1))p(2)

and that

(1.5) lim v, {n < x : (loglogn) min 7. p) < 2} = ¥(2).
X—00 pln

where ¢, ¢ are continuous distribution functions.

In [1], J. D. Bovey sharpened (1.3) and (1.4) and determined .

In this paper, we consider estimates similar to those of (1.3)—(1.5) but for the more
general function 7),(n, y).

In Section 2, we establish the necessary tools.

Let x = {x, : m € N} be a sequence of real numbers such that limy,,._,., x,, = +00. For
each x € y let g, be a set of primes p < x. In Section 3, we study the number of prime
divisors p of n, belonging to g, for which T, (n, p) < z. In Section 4, we study the function
k(n) = max,|, pe,, odn, p), where a(n, y) stands for the number of distinct prime divisors
q of n which are located in the interval (y!'/A, y), for a preassigned A > 1. In Section 5,
we investigate the function k*(n) = max,|, pe,, Tn(n, p) for a particular function h. In
Section 6, we analyze some of the distribution functions connected with the distribution
of the prime divisors. Finally in Section 7, we are interested in a problem analogous to
the estimate (1.5) of Erdds, namely that of estimating Y(n) = min, pco, . p>piny Tn(1: P)-

Throughout the text, we shall use the notion of weak convergence. A sequence F,(x)
of distribution functions is said to converge weakly to the distribution function F(x) if
F,(x) — F(x) at each continuity point x of F(x) as n — 00. If, in addition, F,,(—00) —
F(—00) and F,(+00) — F(+00) we say that F,(x) converges to F(x) completely.

2. Preliminary results. Let W(x,y)=#{n <x:Pn) <y}and ®(x,y) =#{n < x:
p(n) > y}. It is known (see de Bruijn 2], [3]) that

1
2.1 Y(x,y) <xexp(~c ng)
logy
and
1 log.x
2.2) fD(x,y)=xH(1+—)(1+0(e‘”5§7))
q<y q

uniformly for 2 <y < x, where a, ¢ are positive absolute constants.
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LEMMA 1. Letf be a strongly multiplicative function such that |f (n)| < 1 andf(p) = 1
for every prime p > y. Then, for2 <y <x,

— 1 og x
2.3) L s =11 (1+122 ) v ofe o)
X n<x q<y q
Furthermore, if D is a square free integer such that P(D) <y, then
logx/D
f(D) ( flg)—1 e
2.4) f(n) =x—— l+——— | +0|x———|.
n<x, nE%:(mod D) D qgg}/l) q SD(D)

The constants implied by the O terms are absolute and ¢, = min(a, 5).

PROOF. We shall only prove (2.3), since (2.4) is an immediate consequence of it. For
this, write each positive integer n < x as n = nyn;, where P(n;) < y and p(n;) > y so
that f(n) = f(n1)f(n2) = f(n;). Then we have

25 S fmy=3Y fm) 3 1=Zf("‘)¢(nil’y)

n<x ny<x ny<x/n ny<x

AR (1 _ é) +0(xe )

m<x M g<y

= BRI g) e ol X i) o),

=l M1 g<y q logy ny>x M

But
2.6) Z — K da¥(t,y)
n|>\/— /\/—
oo oo W1, y)
+ /\/_ o dt

¢ logx Xog/ ¢ logx

<< e 2 Togy +/ _Clm,»_. << logye 2 Togy .

1
= _\P(ta )’)

Combining (2.5) and (2.6), then (2.3) follows immediately.

LEMMA 2 [TURAN-KUBILIUS INEQUALITY]. Let f be a complex valued strongly ad-
ditive function and set

2
ZL@’ b(x) = Z V(P)| ]

pP<x p=x

a(x) =

Then
37 F(n) — a(o]* < exb(x).

n<x

For the proof, see Kubilius [16].

As an immediate consequence of Lemma 2, one can deduce a well known theorem of
Hardy and Ramanujan [14], namely that, for almost all positive integers n,

w(n) = (1+0(1)) loglogn.
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LEMMA 3. Let h be a Riemann integrable bounded function in [0, 1], monotonic in a
neighbourhood of 0, furthermore assume that both lim,_o h(u) = 0 and fé Mui)l du < 400
hold; finally, set

def M) — ]
2.7) 2 & 1 (1 + —)
q<y q
Then
(2.8) lim ,(r) = ex [1 Al PR {am)} € o)
. ety (py = p o V = p T = @7

and the convergence is uniform for T varying in a bounded interval.

PROOF. As we will see, the proof is essentially an easy consequence of the Prime
Number Theorem. Let |7| < c. If y is large, then

logy

1+

iTh( 84
el’fh( )*1|
—_— 2

1
3

q

and so | .
Py(M)| 2 3 (1‘—)-
o™l 2 3 3§IqISy p
Let 6, and &, be two sequences of positive numbers such that lim, ., 6, = 0 and that
lim, ., €, log(1 / bn) = 0. Further define A, (x) as a step function such that both
max‘ | (x) — h(x)| < &,, and h,(x) = 0 for x € [0,6,]

bp<x<

hold. Then, by using elementary estimates on the distribution of primes, we get that

eirh("’ﬁ) . eirh,,(']—zi—“’,)l

toe w |h 1
, Scl/: ——| Ol du+cre, logS—.
u n

limsup )

y—00 gy q

From the Prime Number Theorem it is clear that

) eiThn(l]%%) -1 1 i) _ |
lim ) = / du.
Y00 gy q JO u

But this last integral tends to a(7) as n — 00. Hence to finish the proof it is enough to
observe that

. loj
ewhn(]—“g‘{) 1 t

lim sup(log ¢, (1) —

y—00 q<y

Tog v

o |h 1
Slimsup2—2—~+c1/: [Atw) du+czs,,10g5—.

Y00 g<y u

iTh(184 ) 2
elTh( ) ll

which clearly tends to 0 as n — o0o. Therefore lim, ., log ¢(7) = a(7), which means
that limy_., @, (7) = @(7).
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EXAMPLES.
LIEO<a<bh <a<b < ---<aq<b.(<1)and

1 ifue U[(lj. bj),

h(u) = 0 otherwise,

then
. k. b
a(r)=(e"— 1)) log —.
i=l ai

2. If h(v) =1v?, 3 > 0, then

1 ¥ —1
a(r) = B E 5 dv.

3. Ifh(v) = (1 +log1)™, v > 1, then

7/

a(r) = 3

/(:(eil — Dz "¢

REMARK. Professor Ldszl6 Szeidl kindly informed us that the following assertions

are true:

1. If A is monotonic, then the distribution function F, the characteristic function of
which is ¢(7), is infinitely divisible. His proof goes as follows. According to a
classical theorem due to Gnedenko, F is infinitely divisible if its characteristic
function (1) = €*™ has the form

2.2 .
(¥) o(T) =it — %— + f: (e‘” S ) dL(x),

-y 1+x2

(for the validity of (x), see Galambos [12], pp. 191, 195), where L(—00) = L(+00) =
0, L is nondecreasing on the semi-axis x < 0 and x > 0, and

(k%) /0<M<‘x2 dL(x) < +00
holds. From this it follows that

b y dv iTh(v
am) = [ (€™~ 1= = [@™ 1) dlog

= [ (€™ — Dy dlog(h™' ().
where h~!(u) denotes the inverse function of h. Letting L(«) = logh '(u), we have

h(v)
2 _ 2 _
/u dL(u)—/h (v)dlogv—/ 5 dv < +090.

)

Hence it is clear that a(7) can be written in the form (x) and that (xx) is satisfied.



PRIME FACTORS OF INTEGERS 1127

2. Assume moreover that log h ) is absolutely continuous and that F has a finite
expectation. Then F has a density function f, and f is the solution of the integral
equation

)= [ fee=yyd(logh™' ).

This is an immediate consequence of a theorem due to V. M. Zolotarev (see [19],
Lemma 2.7.6, p. 134).
Let F(z) denote the distribution function that corresponds to exp{a(7)}.

_logx

THEOREM 1. Under the conditions stated in Lemma 3, ify = y(x) — 0o and —&~ Tog ()

00, as x — 00, then
lim v, {n <x:T(n,y) <z} =F@)
X—00

completely.

PROOF. Let
def lTh( loggy

flg) = Togy

and substitute it in Lemma 1, then, using Lemma 3, it follows that

l . | 0g X
= STV = o (7) + O(e 0 ),

X n<x
which converges to ¢(7) if y = y(x) — 00 and satisfies the condition of the theorem.

LEMMA 4. Let r be a positive integer. Furtherlet 1 < y;(x) < y2(x) < <y (x) <
Va1 (X) = x and r(x) be functions of x for which

logv:
) — 00, logy() > ), B 0y o1
log y;(x)
hold. Assume that h satisfies the conditions stated in Lemma 3. Let 1\,T,...,T, be

located in a bounded interval, max; |7;| < B. Further set

alefZ - (logq)

logy;

and

2.7) 0Tl e i) = H(Hemq_]).

q<yr

Then, for every large x > xo(B), we have

o (T ..y Ty)

Fo i BN

where p(u, B) — 0 monotonically as u — 00.
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PROOF. The proof is similar to the one of Lemma 3. Let yo = yo(x) be defined by

log yo(x) = —%{X‘%‘— We write (2.7) as [T - - - [I” where in [T, the product runs over

those g < yo, and in [T, the product runs over those g € (y;—i,y;]. Clearly we have
le ~ 1| loggq
log [T1”] < DY :
q§<:\0 q;vo q J<2:r log )’j

which is < f(i/'m Ih(—u“)l du. Similarly one can see that

ey, (T) 1/ [h(u)|
log -——Rj <</0 W du
where
lTh(l—Ei)
e v 1
Ri(1) = H (1 + ——)
¥j-1<q<y; q
But we also have
- : 1‘rh(—-si)
H(/) ezoq _ J Iog\ ( ] )
log = —+0 — .
R;(7)) >',>.;q§>) q Zqz
The main sum above is smaller than
— . logg ]
5 jos — k(o) | 5 Zl (et <[ hal
q<y; q (=j+1 q<y; q 0 u

Combining the above estimates, we immediately obtain Lemma 4.
As an immediate consequence of this lemma, we mention the following:

THEOREM 2. Under the conditions stated in Lemma 4, one has

)LTOV"{n <x:T(ny)<z.j=12,....r}=Fz)...F(z)

completely.

We now state a refinement of the Berry Esseen Inequality due to Fainleib [9] and
which can be found in the book of A. G. Postnikov ([17]; Section 1.4, Theorem and
Corollary 1).

LEMMA 5. Suppose that F(x) and G(x) are distribution functions and that f(t) and
g(t) are their corresponding characteristic functions. Then, for T > 0,

T dt
sup [F(x) — G| < ¢ (50(1/7)“‘[) If(— g(f)|7)~
where ¢, is an absolute constant and

1 h
(2.8) Sg(h) = sup i (Gx+u) = G(x — u)) du
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Moreover, if we let

Qs E sup (GG+h) =~ G),

—00<x<+00

then
Qo) < ¢3 sup + [ |gtw)] du

>1 h

3. Sampling the function T(n, p) at some prime divisors p of n. Let x = {x, :
m € N} be a sequence of real numbers such that lim,,_., x,, = +00. For each x € x let
©x be a set of primes p < x. Set

def 1
3.1) Ep) = Y =
PED:
and
def
Wy (n) = #{pln:p € p.}.
Recall that

logg
T(”a}’)-—-T(”w )= h(—)'
h y ‘?m logy

THEOREM 3. Let

(3.2) s(n;2) & —(—)#{p|n P € px, T(n,p) < z}.
K’x

Assume that £(g,) — 00 and that h satisfies the conditions stated in Lemma 3. Then,

at each continuity point z of F(z), and at z = —00 and 7z = +00. (Recall that F(z) is the
distribution function that corresponds to () = exp(a(t))).

PROOF. Let
An,my= 5 TP,
pln.pe€p;
Then A(n,7)/ wy, (n) is the characteristic function of s(n, z). Because of the continuity
theorem of characteristic functions, it is enough to prove that

(3.3) Z A(n, 1)

\71<B X p<xl W, (n)

— 0 as x — 0.

— (1)

(If wy, (n) = 0, we set 220 =)

wy, x(n)
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First observe that 'ﬂ’ﬂ < 1. Since Lemma 2 implies

woy(n)

3w (n) — E(po)|* < Cxé(py).

n<x

it follows immediately that

— (0 as x — oo0.

1 3/4 c
—#in < x i wy, (n) — (0] > §(x) <

pa o) = Sl > S} < s
Thus the contributionin (3.3) of the integers n < x for which |w,, (1) —&(p.)] > E(p.)>/*
is o(1). So assuming that |w,, (1) — £(p,)| < £(,)3/4, it follows that

A(n,7) B A(n,7) < |A(n, 7)| |w@‘(n) — &)

< &(p,) V4.
we (n) &y | — Wo (ME(y) < &)

Thus it is enough to prove that

1 A(n, 1)
3.4 - i
G- P 2 e

—p(M|—0 asx— oo.

Let £(x) be a function defined on X such that lim,_,, £(x) = 0 and

I
(3.5) o (&)

holds. Let u(x) and v(x) be defined by the relations

(3.6) loglogu(x) = e(x)&(gx),
logx
3.7 log log (v ~ e()&(§x)-

Therefore u(x) — 0o and v(x) = x*"). Further define

Ji = [ux), v(x)l,
Jy=[1,x]\ /1,

wimy=#{p:p|lnpep.pel} (=12,

1
gj(ﬁox) = Z -

PEYx.PES; p

Since each prime p € J; satisfies one of the two inequalities “p < u(x)” or “v(x) < p <
x”, it follows that £2(g,) < 3e(x)€(¢0x). Also set

) A
A(n,7) d__‘Zf Z &Tnp) c(n. )dgf _,_(nl
plnp€J1.pEQ E(px)p(T)

Clearly we have

|A(n,7) — A1(n,7)| < wa(n) and Y wr(n) K xe(x)E(py).

n<x
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Moreover it follows from the Turan-Kubilius Inequality that the normal order of w;(n)
is £1(gx). Hence, setting

(3.8) D & S en, 1) — 112,

n<x

it follows that, if we can prove that

(3.9) im 2@ o,
X—00 X

then (3.4) will be proven. Indeed

A(n, 1) A(n, 1)

—~ 7 = —1

=0 ‘”(T)’ 2 PO e l
A(n,7) —Ai(n,
< ’§|C(H,T)— 1|+n§<:xl (n'T)g(pX)](n'T)i =3+,
Then clearly
<KL — 5( ) Z wa(n) <K xe(x),

and furthermore, by the Cauchy-Schwarz inequality,
) K VxVD(7) = 0(x).

To prove (3.9), we proceed as follows. Define E} = 3°
so that

2s E, = anx C(nﬂ T)

(3.10) D(1) = E) — 2R(E) + [x].
We first estimate E,. We observe that

SAamn=Y ¥ =Y,

n<x peJy n=0(mod p) peL

say. We now set f(n) = f,(n) = ¢™7"") in Lemma 1; note that for such a prime p € Ji,
one has I'%iz% > fWEKY) d§f p1(x) (with p;(x) — 0o as x — 00). Hence, applying Lemma
1, we get that

S, = 1—)«,9,,(7') + 0( exp( clp;(x)))

uniformly for p € J;.
It follows from this that

X op(T)
£(x) pel; pyp(T)

X
(3.11) E; = 0(|<P(7')| eXP(‘Clpl(x)))'
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Clearly ©(7) is never zero. From now on we assume that 7 is bounded, say |7| < B.
It follows from Lemma 3 that ¢,(1)/ (1) — 1 uniformly for p € J;, as x — o0.
Combining this observation with (3.11), we conclude that

3.12) E> = x+ o(x).
To calculate E;, we first consider the sums
Sm-p: dgf Z\ ‘LF eiT(T(n.III)AT(nApZ))
piinp2in

for primes py. p2 € oxMNJy.If p1 = p» = p, then clearly we have S, , = ﬁ +O(1). On the
other hand, if p; # p,, say p; < pa, then, using Lemma 1 with y = p, and

h(184 ) h('_‘ﬁ))

f(q) -— e ( logp; log py

we get that
X !‘rh( "gf'l) ( X )
3.13 S = — “er2’ Xy p,(T) + O —— ex c1p1(x
(3.13) pn = e M +0| p(—c1pi(x))
where
(M -hGED)
Apy.po(T) = H (1'*‘ )
4<p2.47p1 q

A formula similar to (3.13) can easily be obtained in the case p; > p,. Now define S(x)
so that log S(x) = /£(g,). We now write

WE {(pr.p2) € 01 X o} = Wy UWa,
where
={@1.p2) :p1 <p2 <pi? orpr <pi <p3}
and
Wy =W\ W,.
If (p1,p2) € Wy, p1 < p2, say, then, using Lemma 4, with y;(x) = p;, y2(x) = p, and

r(x) = min(log u(x), ﬁv—(’;—), S(x)), we get that

/\Pl P2 (T)
[p(m)]?

- 1’ < p(r)).

Hence we get that

1
E=——M S S
: 5(@x)2|w(7')|2 (Xp: rt Z P|~Pz)

Pr:p)EWLP1#P2

X 1
* o @2;,7 +0(xo(rt) )

(ﬁ(px)z 25

1
) + O(xe "1y,

U pi<pa<pt™ P2
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Since ¥, s o < log S(x), it follows that

1 1
lim 0.

x00 f(gox)z (p1.p)EW, P1P2 -
On the other hand, it is clear that S, ,, < l%[’z if p; # p, and furthermore that

1 1

lim — —=1.
x=2 £(0x)° (p, poew, P1P2

Hence it follows that
(3.14) E\ =x+o(x).

Substituting (3.12) and (3.14) in (3.10), we obtain (3.9). This completes the proof of
Theorem 3.

4. On the highest accumulation of prime divisors. Let X, @, (x € X) be as in
Section 1 and let A > 1. We shall assume that £(g,) — 00 as x — oo. For each y such
that y'/4 > 2, let a(n, y) be the number of distinct prime divisors g of n which are located
in the open interval (y'/2, y). Further, for each n < x, set

@.1) k() &' max a(n, p).
pln.pEp«

Our goal is to provide a precise estimate for k(n).
Let z} = z be the solution of the equation

Af(px)(ogA)*

“-2) re+h

where I' is the Gamma function. Finally set K, = [Z}].

THEOREM 4. Let x,, be a subsequence of X for which, as z — 00, both

K, ! I'z"+1
) —" —0and &+ —
I'(z*+1) (K, + 1!
hold simultaneously (with K, = [z 1). Then
4.3) lim vy, {n < x,:kn)=K,,}=1.

m—0o0
Without the assumption (x), we have that, if T, is the closest integer to z};, then

(4.4) limv {n<x:T,—1<k(n) <T.}=1.

X-—00

REMARK. Taking into account (4.2), it follows from Theorem 4 that, for all but o(x)
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integers n < x, we have
1 x
k= k() ~ —28E®@0)
loglog &(sx)

PROOF. We divide the proof into two parts.

PART 1. Given an integer { > 1 and a real number y > 2, let Q,, be an arbitrary
integer which is a product of ¢ distinct primes, Oy ¢ = ¢14q2 . . .4y, such that y!/2 < ¢; <
g < -+ < gq¢ <y.Itis known that

1 1 /T
4.5 l—=|=—+4+0 A
4.5) r<[p<( 1) =50l VE)
and
(4.6) Z 1-(1ogA)(1+0(e" LL))
< p

Actually for our purposes, more crude estimates will be enough.
Let £ = T, + 1. If for some integer n < x, we have k(n) > £, then it must have a
divisor pQ, ¢, where p € (.. Therefore

4.7) vi{n <x:k(n) >} < 3 - Z
PEP: Qp/Qp/

Clearly we have
ylol(x
Op.s QI’ 4 4 pl/A<qg<p q .
the right hand side of which is, by (4.6),

< —(logA) <]+O(e" ““‘L)y

. o . _ /oy ¢ .
Since KN%, it follows that <1+0(e _i‘)) <1 if logp >

A(log log §(p_r))2. The contribution of the small primes p, that is those which satisfy
logp < A(loglog 5(@))2 to the right hand side of (4.7) is

< —(1ogA)‘e"Z < o(1)

as x — oo. Here c is a suitable positive constant satisfying 1 + O(e‘ % LﬁL) < e‘. Thus
the right hand side of (4.7) becomes

< &(px)

(log A) +0,(1).
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This implies that
vi{n <x:k(n) > T+ 1} =0(1) (x— 00).

Assume now that conditions (*) holds. Then, by setting ¢ = K, + 1 and repeating the
same argument as the one above, we conclude that

lim v, {n <x, : k(n) > K,,} =0.
m-—00

To prove that k(n) > K,,, and k(n) > T, — 1 hold for almost all n in (4.3) and (4.4), we
shall ignore some elements of (., generate an appropriate subset p! C , and prove
that

(4.9) k" (n) def m‘ax a(n.p)
pln
pep]

satisfies k" (n) > K,, and k"(n) > T, — 1 for almost all n.
We set C = C; U C,, where C| is made up of the first t smallest elements g; € g,

which satisfy
e UG RR TN
t

and where C, is made up of the s largest elements g; € ¢, such that
1 —
— 4+ — 4+ — = /() +O(1).
e L= Ve

With this definition of C, define g, = @, \ C. We shall now remove from g,’ some
“unwanted” elements, namely those p; € ¢, such that there exists a p; € g,’ such that

1 .
logp>’

logpa
I
l o8 logpi

1 Al
LS '10 Alogp
log p2 logp,

clearly Zipa) p% = 0(1) as x — 00. We denote by (,” the set of uncancelled elements of
©.". Hence we have £(p,") = £(p.”") + o(1). Now if p € ,”, then

It
eVER) Clogpandp <x¢ VT

f .
Let I, de v, é It is easy to see that

1/a<q<p
1 1
4.10 —=—1TI—-0o
with s
14 1
0<o0,,< -

;U—AF ;
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(see Halberstam and Roth [13]). We now choose / in such a way that, as x — oo,

£(gx) £(gx)
! (£ +1)!

(logA)" — 00 and (logA)™' = 0(1).

Then clearly we also have that, as x — oo,
" 14
§(gox )(E:Og A) —s 00,

and furthermore that
log £y

" loglog ()’
PART II. First we let U(n) = #{p : p € p.",p | n, a(n,p) = ¢} and set

" 14 7
E=En ¥ gpx_e)‘(%)g)_ and D = D(x) €' Y (Um) — E)’.
. n<x

We proceed to estimate D by using Turan’s squaring method. Write

D =S, — 2ESy + E*[x], where Sy = 5" U(n) and ) = 3_ U*(n).

n<x n<x
Clearly
LUm= 3 3,
n<x PERL”

where -, stands for the number of positive integers n < x that can be written as
n=Q,pr, where g frif p'/> < g < pand g fQ,,. Since

1 1 14
M (1-1)=1+0( £ 2)=1+0(-1) =140
q10p.¢ 4q 41Qp.¢ 4q pl/A

it follows, by using the sieve formula of Lemma 1, that

=Y —— 11 (1-%)(”0(5"‘"‘»-3%5)).

Opt pr.l’, pl/d<q<p

Hence using (4.10), (4.5) and (4.6), we get that

(4.11) So = E(1+o0(1))x.
Now
Si= 2 2
P1p2ER"
where
Yoo = > 1.

alpm)=t.a(py,n)=!
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Further define
PSSP
where
) _ . M _ . (2) _
Zl _ZZp.p’ Zl _Z Z Z[)].[)g’ Zl _Z Z Zp|.p2'
P p2 /A P2 1/a
P, <pi<p2 P1<p,

It is clear that
S = 5y = O(Ex).

We now proceed to estimate Z(]”. If a(n, py) = ¢, a(n, pz) = ¢, then p\p;|n and in
both of the intervals (p;/A,pl), (pé/A.pz), n contains exactly £ distinct prime divisors.
Clearly p2[Q,,.¢, Qp,.¢1|n (here [a, b] denotes the least common multiple of a and b).
Furthermore [Q,, ¢, Op,.¢] = Op, (R, where R|n, and all the prime factors of R are located
in (p:/A,p;/A), and R = 1 or w(R) < ¢ — 1. Observe that the conditions a(n, p;) = £, R|n
are clearly independent. Thus

X | 1
(4.12) YW« 3 I (““)ZE‘
p0ps P2Dpat oo, N 4R

2
But, since p;/A < p), the interval (plz/A ,p;/A) is certainly wider than the interval

:/A,p;/A); hence

! = 1y
@.13) Zﬁguz,—( 3 —) <1,
j 1/A

Substituting (4.13) in (4.12), we conclude that
Z(Il) < cEx.

It remains to estimate Z(,z’ . First observe that, in this case, the intervals [p: / A, p1) and

(-3

,' ", p2) are disjoint. Therefore

S = (1o ——— ] (1 - 1)

plQpIJ’pZszJ p:/A<q<p] /

1/8
P, <q<pz

Summing up for p; and p,, we have that
S = (1+0(1)Ax +o(),
where

1 1 1 1
A2 P%z Pip2 Z Qm.é’ sz.t” )




1138 J. M. DE KONINCK, I. KATAI AND A. MERCIER
Clearly we have that
2
1

24 < Klf(;,l;<z’gﬁ>) .

But, we have shown earlier that the right hand side is (1 + o(l))E2 as x — 00. Hence we
have, as x — 00,
> < (1+0(1)Ex.
We conclude from this that
0 <D <o(1)Ex,

and therefore that |
—#in<x:U 1+o(1))E} = .
. {n_x (n);f( o( )) } o(x)
This completes the proof of Theorem 4.

5. Onmax,, pe,, T(n, p). Usingessentially the same reasoning as the one displayed
in Section 4, we now prove two theorems.

THEOREM 5. Let O < a < 1 and let h:[0, 1] — R be such that h(u) = 0 in [0. a) and
that max,<u<i h(u) = M exists and that M > 0; assume also that h attains its maximum
at u = X and that it is continuous at \. If ©y is a set of primes p < x, then

. I | ‘
K max S h(l"_gﬁ) =m(1 +o(1))M
plnp€oc gin q<p \108P log log £(x)

for all but o(x) integers n < x, assuming that £(,) — 00.

PROOF. Choose € > 0 and then 6 > O such that #(u) > M — e in [A — 6, \]. For every
x, let k = k(x) = [z(x) — 1], where z(x) is the positive solution of

5 4
€(px)(x) =T(z+ D).

For each prime p|n, let Y(n,p) = 1 if p € g, and if there are exactly k prime di-
visors of n located in [p*~°,p*) and no other prime divisor in (p? p); otherwise set
Y(n,p) = 0. One can see, using the same techniques as in Section 4, that, for almost all
ny pin.pep, V(1. p) = 1. But then

5.1 k*(n) > (M — e)k.
Using the remark following Theorem 4, we have that

o _log&py)
loglog &(sx)”

Set

def

KE (146 log £(y0x)

loglog §(yx)
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where £’ > 0 is an arbitrary constant. We shall prove that the number of integers n < x
for which n has at least K prime divisors in a suitable interval [p?, p] where p|n and

P € Oy is 0(x).
For this, we first let y be defined by

e\ log&(p,)
loglogy = (1 +—)7.
glogy 2 ) loglog &(g0x)

By the Turan-Kubilius inequality, there exist at most o(x) integers n < x, which have at
least K prime divisors up to y. The other integers n have at least one divisor pQ), ¢ where
P >y, p € gy and all prime factors of Q) k are located in [p*, p). Their number is

X 1 X
<Y o5 ¥ oy o
n<x pQ,kln K! pegor.p>yp p”<q<pq
PEQ. P>y

X Nk 1 /e x€(po)log1/a)¥
<<E(10g£) Y —(1+eVor)t < < =

pepe.p>y P

But this last expression is o(x) as x — 00. Hence it is clear that k*(n) < MK for all but
o(x) integers n < x. Combining this with (5.1), the theorem follows.

THEOREM 6. Let @, be a “large set” of primes in the sense that

1
im 0g £(px) _
x—o0 logloglogx

Let h:[0,1] — R be such that |h(u)| is monotonic, and assume that maxo<,< h(u) =
M > 0 exists, that it is attained at u = )\ and that h is continuous at ). Let k*(n) be
defined as in Theorem 5. Then, for all but o(x) integers n < x,

0g3n
loggn’

(5.2) k() =M(1+ (1))

(Here log, n stands for the {-th iterative of logn.)

PROOF. From the integrability and monotonicity of |A| it follows that lﬁf::ﬂ —0as

6 — 0 uniformly in some interval [0, €,]. Let

h(éu)

1(5) % def h(u)

0<u<:

Let ¢, be a small positive number to be specified later and let

Iy () def { |h(w)| ifu € [0, 2],
! 0 ifu > er.

Let

K*(n)=max > hl(l()gq).

Pt gngep \108BP
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where the maximum is now taken on all prime divisors p of n. Define T, = (1 + Ex):g—gl)—:_,
. . . 4

where ¢, — 0 as x — 00. With a proper choice of ¢, and using Theorem 4, we can state

that, for almost all integers n < x, n contains no more than 7, prime factors in an interval

[y, y] for some y. Therefore

(5.3) K*(n) < To(hi(e2) + hi(622) + by (6°e2) + - )
< Tehi(E2)(1 + 1) + 2(6) + - - -)
< 2T, (£2).

Now let

def [ h(u) ifu € [ep, 1],
ha(m) = {0 if u < e

If we further set

1
ki(n)= max h2( qu),
pln.pEp, gln.q<p logp

we note that we have already proved (Theorem 5) that

kim) = M(1 +0(1)) 282

log, x’

But it is obvious that
ki(n) — K*(n) < k™(n) < ki(n)+ K" (n).

Because of (5.3), if €; is small enough, we have that K*(n) = 0( :%i;_:) This allows us to

conclude that (5.2) is true and hence this finishes the proof of Theorem 6.

6. The distribution of 7(n, X) in the case h(v) = v°. Let h(v) = v®, 3 > 0. Let
7 > 0 and recall that in this case we have

1 v 1
ot = [ —=—av. om=exp(am).

\%
Since %(a(v-)) =0(1)+ :'@J'{ cosv=l gy and J] ©¥ dv is bounded, it follows that, as
T — 00,

R(a(m) = —% log 7+ O(1),
and therefore
(6.1) lo(m)] < 7|1/

holds.
Let F(z) be the distribution function which corresponds to |¢(7)|. By using Lemma 5
and (6.1), we easily get that
(a) inthe case 3 < 1, F(z) is absolutely continuous and has a bounded derivative,
(b) inthe case 8 > 1, Qr(h) < h'/ and Sp(h) < h'/7.
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The case 3 = 1 has already been considered by Bovey[1].
Let ¢, (1) be as in (2.7) and set A(u) = u®. We shall now estimate

(6.2)

Px (1) 1 '
(1)

log?2
logx

in the interval ]7'|( ) <7 — A, where A > 0 s fixed.

In order to simplify the notation, let A, = (1—05;—) Further set

def

I
2
{exp((ﬂ'ﬂ)l“ logx) if |7 > 1

and write
e = o N@PP (),
where o o
1T g 1 'y g 1
<,0£,”(T):H(l+e ) P2 = 11 ( 1+ )
95z q 7<q<x q
Let ,
logz eiTV’ —1 lTV —1
— log x
(X](T)—/O ” dv, (1) = /mﬁ‘ dv.
We have
ei‘rhq —1 eirh,, —1
(6.3) log p{V(r) = 3" log(l + ) =y +0(A,),
q<z q q<z
where
ith, __ 1
(6.4) A=) |e_2)
<z 94

We have, by using the prime number theorem in the form R(u) = m(u) — Li(n) <
uexp(—(log u)‘/z), that

ithy __ 1 z ith, __ 1 . LiThy —1
S / ¢ dLi(u)+ [ ¢ dR(u)
q<z q 2 u
= o(1) +J,

say, where J = J(2).
We now estimate the integral J. Set J; = RJ and J, = 3J. Then |J| < |Jy| + |/2|, and

_ &)
b= == dRw).

where g1(u) =1 — COS(T( Togx )3) gw)=1-— sm(T( Tos x )d).
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Observing that g’ (u) (v = 1,2) have constant signs on [2, z], one can prove that

cil7|
. J| < .
6.5) W= (logx)?
Indeed, integrating by parts, we obtain
(U ' (u (U
= g()R()I R()(g()~g(2))du
u u
‘g,,( )R(z) +[g ()] + /'g'( W) e loew'? 4,
T Qoguw)/? 1
+ /2 e g, (u)du|.

Using one more time partial integration, one can see that this last integral is less than

|gu(z)|e’“"g“”2 +|g.(2)| + 1/2 g,,(u)(e‘HOgu)',z)’ a’ul-

Furthermore, we have
(log u)’
v

g(w)| < |7 |
and hence we obtain immediately that

||
(logx)?”

J <
which proves (6.5).
On the other hand, it is clear that

<
° 7 (logx)?”

Assume now that || > % Define the sequence
2=uy <uyp <wup < -

by

]/,‘1
“’_gf‘i=(_k_”_) (k=1.2...).
logx  \ 27|

Arguing as earlier, we have

ithy,

—1 ith, __ 1
arw+o( 3 L_J)

2<g<x q-

(6.6) log p2(1) — (1) = /X <
The error term is < 1/zlogz. Set K = max{k : u; < x} and modify ug, to be x. Then
write

ith,

6n [ e A A A
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Further observe that the derivatives of the functions g,(u) (v = 1,2) defined earlier
have constant signs in each of the intervals [ug, u;], [u), u2], ..., [ux—1, ugl, [ug, x]. For
j=0,1,..., K, write

=1 +il?, where I{V = Rl;, 17 =S,

Then, using integration by parts, we have, foreachj < K, v =1, 2,
2 + ! + R
(6.8) [V« e logw)' 4 V“’ 'R 4 l ’/ " (u)g,/(u)d 1
J Ju; u

Since g/ (u) does not change its sign in [u;, uj,1 ], we find, using integration by parts, that
the second term on the right hand side of (6.8) is less than

_ /2 Ujer o 127/
A B e P
.Mj

Since |g, ()| < 1, summing up for j, we easily obtain that
Z < S (Z 1/("/>)<< S e lorn oy [H(emtoen' gy
j JT

r=1,2
+/ |R(u)|(|81(u)|+|g2(u)|)

The first integral is less than exp(—(log z)'/z). Since logu; > j'/7 logu; > j'/% log uo,
it follows that ‘ ’
J

To estimate the last integral, we observe that |g,(u)] < I, whence, since |R(u)| <
uexp(—(logu)'/?), we deduce that it is also < e~ (089"
We have thus proven that

1
(6.9) log p2(1) — (1) < v

Clearly
I 7]

zlogz — (logx)?’

Hence, collecting our inequalities, we get that

B cilr
(6.10) o pu(7) ~ a0 < o

log2

logx)‘ < 7 — A. Since

uniformly for ITI(

Px (1)
(7)

—1 l < lexp(log pu(1) — a(m)) — 1| <[log () — ()],
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we get
|7l
¢ — < (

6.11) lox(1) = ()] < ) (logx)glw(f)l
uniformly for

log2)”
(6.12) |T|(0g ) <m—A

logx

REMARK. The inequality (6.11), in the case 3 = 1, has already been obtained by
Bovey [1].
Let 0 < 4 < 1, where 6 = 0(X) satisfies X’ — 00 as X — 00. Let

1
(6.13) Hyo(z) < FHn <X T X) <2}
and
1 .
(6.14) Yy o(7) def 1 T ST
X n<X

We shall now approximate Hy 4(z) by F(z). To do this, we shall use Lemma 5, Lemma 1
and our inequalities (6.11) and (6.12).
First it is clear that

Yxo() —1 = Z( X )
n<X

< 3 (Reg) <

g<X¢
and also that | (1) — 1| < |7|. Hence we obtain that
(6.15) [xo(r) — (] < 1.

This inequality will be used in the range 0 < |r| < 1. Applying Lemma 1 to the function
f(n) = &TTnX) e obtain that

(6.16) [ o(T) — pxo()] < /2.
Hence, by (6.11) and (6.12), we get that

I7]

(6.17) lWxa(m) — p(r)] < e /0 4 szl«pml

holds, if |7] < 0‘3(11—‘(’@%)u &f 0, say. Now let 2 < T < Q. From Lemma 5, we have
def
(6.18) S = Sl}leX,()(Z) — F(2)]
T e T dr
dr+ /e /s {e 0y é|99(7)| }7

K Sp(1/T)+ (0" +logT)e /" + é /{T lp(m|dr.

/8

< Sk 1D+ [0
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where Sg(1 /T) is defined in (2.8). Consequently, if 3 > 1, then

T!-1/8
(6.19) ST V4@ " +logTe /% + ,
and for 3 < 1,
1 : 1
(6.20) S<<?+(0*'+1ogne*"/"+-é,

because of the inequality () < 7~'/7. Clearly the last summand on the right hand side

of both (6.19) and (6.20) can be cancelled, since the first summands are of larger order.
Suppose that 3 > 1. Assume that X > 4 and that (‘I—Zg)g > SetT = ec(’,_ﬁ:/e. Then

the inequality 7 < Q holds, and the right hand side of (6.19) is less than e~<!/°.
This choice of T is also allowed in the case 3 < 1 as well and thus leads to the

inequality

e/t

1
log(log X%+ ]

1 3
S
< (logX") +

We have thus proven the following

THEOREM 7. Let h(u) = u®, B # 1, X > 4, 0 = 0(X) be such that § < 1 and that
(ll%gg—;)g > e holds (where c| = ¢1(0) is defined by (2.3)). Further let Hy ¢4(z) be as in
(6.13), F(2) be the distribution function which corresponds to p(t). Then, with S defined
in (6.18), we have:

o S<a@f e /lifg> 1,

e 5< ﬁgv + ca(B3)[log(log X?) + 3 |e=/? if B < 1.

7. On the maximal gap between the prime factors. In 8], Erd6s proved that
the density of the set of integers n satisfying max;<j<uwm)-1 l—(l’fgi;—f:;—) > zloglogn is
1 —exp(—1/2).

Let X and ¢, (x € X) be as in Section 3, h as in Lemma 3, and assume that

(7.1) lim €(p.) = +00.

We shall assume that 4 is monotonically increasing in a neighbourhood of 0.
In this section, we are interested in the distribution of

f . . lo
Y(n) & min T(n,p) = min h ( __g_q)
pln.p€p..p>p(n) PIn.pEOe.p>p(M) 4in Gy logp

Let h)
def v n(u
H) % /0 == du

and assume that

(7.2) H(®v) < h(v).
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From the existence of the integral f(g @ du and from the monotonicity of 4 in a neigh-

bourhood of 0, we have that

h(bu) .

(7.3) m:lx h—(u—)

0 aséd—0.

Additionally we shall assume that either

H(u) _
(7.4 e hu)
or
(7.5) H(u) > h(u)
holds.

Note that condition (7.4) implies that
h(ru)

(7.6) qur(l) o - O forevery 0 <r < 1.

Let x € x be given. Given an integer n and p a prime factor of n, let g(n, p) be the
largest prime factor of n which is smaller than p. Further let

3 1 1(n,
(1.7) ¢, % min [089(1P)
s logp

LEMMA 6. Let 0 < z < 00. Then

1 .
lim—#{n <x:¢(,>z/&p)}=1—¢".
xXEX X

PROOF. The proof can be obtained in the same way as it was done by Erd&s in [8].
Assume for the moment that (7.4) holds. Let U be the set of those integers n < x for

which
z
Y(n) > h :
(m_(ﬂmJ

and V, be the set of those integers n < x for which ¢, > z/{(p(). Itisclear that V. C U,
and consequently that card V, < card U.. Furthermore, given a fixed ¢ > 0, we have that
U, C V. .UV_.NU,).

We first estimate card(V,_, N U.). If n € V._, N U., then

N logq 7—¢€
Ym< Yy h(——) \ =
PEVX g logp P §(0x)
AT T

where * indicates that we sum over those primes p for which 1—0%@ < p. holds.
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Now let us consider

SE Y Y.

neVy—s MUz

Then, by the Eratosthenian sieve, we obtain that

1 logq) loggq
S < x —h(— —o1
pg qg gp \logpjlogp

1 p” (logy)logy
< x h( ) d(y)
pezp, plogp /l logp) 'y

1 p. logp t ).
< xpezm P lng /() h(logp) dt= xﬁ(px)/o h(u) du

< x€(p)h(p:)p- < xzh(p.).

From (7.6) we have that
h(p:)

h(z/€(0))
Consequently, Y(n) > h(z/{(gox)) implies that

— 0 as x — 00.

card(V,_.NU,) < = o(x) as x — 00.

S
h(z/ &)
Thus we have

card(U.) < card(V._.) +card(V,_. N U,) < x(1 — e ) + o(x).
Since € > 0 is arbitrary, we obtain that

card(U,)
x

=1—e *+0.1).

We have thus proved the following

THEOREM 8. Let h: [0, 1] — R be increasing in a neighbourhood of zero. Assume
that (7.4) holds. Let @, be a sequence of sets of primes such that lim,_,, £(g,) = +00.
Let 0 < z < 00. Then the number of integers n < x for which

Y(n) > h(z/ &)

holds is
x(1+o(D))(1 —e™).

Hence from now on we shall assume that (7.5) holds.
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One should expect the normalizing factor to be h(l / f(px)), that is that

Y(n)
h(1/&y)

has a limit distribution.
Let My(x) be the number of integers n < x such that

Z
7.8 Y(n) > h )
(7:8) () 2 (i(m))

Here z is an arbitrary but fixed positive number.

Let N(x) = x — My(x) be the number of integers n < x for which (7.8) does not hold.
Assume that x is large. If for some integer n < x and some prime p that divides n, p € (,,
one has T(n, p) < h(z/&(px)), then n does not contain any prime divisors in the interval
[p*/€®2, p). But for a given prime p, the number of such integers n < x is clearly

X

pE(px)

<I 1 (1 . 1) <
P piswo<g<p q

Hence it follows that, when we count N(x), we only make an error of order o(x) if we
ignore those integers n for which T(n, p) < h(z/E(goX)) for some prime p € ) C @,
where (7 is such that lim, o, g—f}*—; =

We can easily construct such a set ;. We let (o} be the set made up of the smallest
and the largest elements of (., that is, those primes p € , which also belong to
[1, y«] U [wy, x], where y,, w, are determined by the equations

§(x) o logx _&(py)
log £()° logw, log&(px)

loglogy, =

Let o/ = o, \ p* and denote by N'(x) the number of integers n < x for which there exists
p € . such that T(n, p) < h(z/{(py)). Let p;y < p2 < ... < px be k primes chosen
from the set g/, and let

N@1 o p) S {n <x:prope | nand T(n,p) < h(z/€00)ej = 1+ . k.

Further set, for each k € N,

N E Y N po.

Pr<..<px

Then, by the inclusion-exclusion process, we have that
N'(x) = Ni(x) — Na(x) + N3(x) — - -«

and the sum of the first k terms on the right hand side is > N'(x) if k is even, and < N'(x)
if k is odd.
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We now estimate N(p, . . ., p). To simplify the notation, write w = w, = z/&(px). If,
foreach j = 1,...,k, we have p;|n and T(n, p;) < h(w), then n does not have any prime
divisors in the intervals (p}’, p;). This clearly implies that, for k > 2, one has

p]<pj‘:’l (]=1~7k_1)

Using this and (2.2), we have that

(1.9) N1, .. opr) < ) 1=q>( al .2'/"*)

mSm«P(m)>2]/"k pl "‘pk’
X 1 <« X X
w

pr--.pi log2!/Y T prolpy

<

We shall allow & to run from 1 to K, where K, — +00 as slowly that K, logw, — 0 as
x — oo and we will choose another variable R, (which also tends to +00 as x — 00) in
such a way that

(7.10) K2(log Rw, = o(1).

This will permit us to show that
def & /
(7.11) S= 33 Npi,....p0) = 0(x),

where ¥’ runs over all collections p; < ... <py (pj € 9, j=1,...,k) for which there

exist at least two primes p; < p;| close to one another, in the sense that pf-‘ > pi+1. Since
Y 0<q<oh: (l] < logR,, it follows, using (7.9), that ' < x(log R,)w. Therefore

S = O(KZ(log R)wx) = o(x).
which proves (7.11). In order that (7.10) be satisfied, we choose
(7.12) R = exp(1/y/w).

Because of (7.11), we may assume that the prime divisors of n are far apart in the

sense that p; < p,.l+/|R‘ fori=1...., k—1.
1/R,
i+]

For such collection of primes p; < --- < p; (that is, satisfying p; < p
consider the expressions

), we

Ap,... m(rl.....mdifz*exp{i(éﬂ(n.m))}

n<x

where the * in the sum indicates that it runs over those integers n < x which are
divisible by pj..... pr but which do not contain any prime divisors in the intervals
e G=1..... k). Then, by the sieve formula, we get, as x — 00,
xwk .
A (Tie e, ) = exp{iC(i., ..., T LI - T1 (1 +o(1)),

Py - Pk
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where
TlyeoonTh) = ) T
! ¢ j=2 ! t<j log p;
exp(iTh(1224)) — 1
=TI (1+ Sl ) 2<j<h
Pi-1<q<p} q
and

H|=H

q<py

]
(] . exp(mh(ﬁ’—é’p—‘fl)) — 1)'
q

To simplify the notation, we let

def def  h(y)
ke = Teh(z/&(p0)), h() = ———.
(/800). 1O = o)
The expressions hz(%gpi) are small if ¢ <p}’ |, and
1 (1 1 we IIVE
(7.13) ) fhz( qu) < [ M g,
a<p;, q lngj h(z/ﬁ(px)) /0 u

because of our choice of R, given by (7.12). Now (7.2) and (7.3) implies that the right
hand side of (7.13) tends to 0 as x — o0. Therefore we have, as x — o0, that, setting

po=1,

. lo
(] . exp(mjhz(@ip%)) — 1)

(7.14) Hj=(l+o(l)) 11 =1,....k),
Pi1<4<py q

and

(7.15) exp(iC(ry.....70)) = L+ o(1).

Estimations (7.14) and (7.15) are valid uniformly for K, . . ., k; varying in an arbitrary
bounded interval.
Because of (7.2), it follows that

1 I H
—h,,( qu) < W) .
q<p q IOg[)j

hence, repeating the argument used in the proof of Lemma 4, we get that

w pifjh ()
Hj=(l+o(l))exp(/0 i——u—ldu) G=1.....k).

Let

def [3/EGn) eMhtt) ]
B..(k) = / —du.

JO u


file:///logpjJ
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So far, we have proven that

k

AW
Ap.... m(rl.....n)=(1+o<1>)p]

exp(zkl B:.X(I‘ij)).
=

- Pk

Thus if we let

Pr<...<px
then we have
k
(7.16) L, = (1 + o(l))xkak exp(z B;,X(ﬁj)).
=1
with
D, = T
k Z o
where the f indicates that the sum runs over those py < -+ <py (p; €l j=1,..., k)

for which there exist at least two primes p; < p;y such that p; > p,.'+/ |R‘ with R, as in
(7.12). We will prove that

k
(7.17) Dy = %(Z 1]_)) +0((¢(0h) logkRy)
* \peEg;
ok k
= E&f;)_)(l +o(1)) = (g(f' ) (1+0(1))

which, substituted in (7.6), will yield

1 1 1
)—CLk=Zk +0() (ZBMX(KJ>

To prove (7.17), we proceed as follows. Assume that k is bounded by an arbitrary
constant. Let Sk = Zi /ﬁ where the } indicates that the summation runs over all
primes p; < --- < p; for whichp; € . (j=1,..., k). Then clearly D, < S;. Observe
that

1 1\
(7.18) Sp = H(E —) +0(&(py)").

On the other hand,

(7.19) —D; < Z
i=1 < <pi<pin<-<px Pl Pk
Px+l<p

- 1 1

Z bD

=1 po<p<pfe Pixt T PU T PicAPiPiv2 P
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k=1 1
< logR
! ,2:1: ZPI © o Pic\PiPis2 " Pk

k—1
£(p%) ,
g@—%r=4ﬂ@ﬂﬂ

since, because of (7.12), logR, = O(\/ﬁ—@. The combination of (7.18) and (7.19)
clearly yields (7.17).

Let G,.(u) denote the distribution function which corresponds to the characteristic
function exp(iBM(n)). Then, by the continuity theorem of the characteristic functions,
we have, taking into account the asymptotic independency, that

Lo o+mw{@Any

—Ni(x) =
x K k! b4
Using the sieve formula, we conclude that

_l@AD+i(QAU2;”}
1Mz 2! z
Gzx(1)

= (1+o(1)e = .

< logR,

Mo(x)
= (1+o(1)){1

This last argumentation is correct, because G, () is continuous in # and also continuous
in the parameter z as well and furthermore Ny (x) — Na(x) +- - -+ (— )" ' N (x) is an upper
or lower estimate of N'(x) according to the parity of k.

We have thus proven

THEOREM 9. Let h:[0,1) — R be increasing in a neighbourhood of zero. Define
Hv) = [y h—% du and assume that h(v) < H(v) < h(v). Let ©, be a set of primes such
that limy_,, £(gy) = +00. Then the number of integers n < x for which (7.8) holds is

Gz x(1)

x(1+o(h))e =,

where G, (u) is the distribution function of which the characteristic function is

i —A
2/E(px) e M€ — ]
xp / ———du).

0 u

An interesting particular case is the following. Assume that lim,_ %‘7) = t(\) for
every fixed 0 < A < 1. Then, it is known (see Seneta [18]) that 1(\) = A\* for some
a > 0, and since #(\) is increasing, then A(v) = #(v)S(v), where S(l/v) is a slowly

oscillating function. For such a function 4, we have that, as x — 0o,

/Z/E(go,) M ey — |

BZ.X(H) = b _____u____du
2/ E(x) e"""%"m)" —1
= [ o)
u

o

1
dv+o(l).
‘/7
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From these observations, we deduce the following result.

THEOREM 10. Assume that h(u) = u®S(u) where o > 0 and S(1/u) is a slowly oscil-
lating function. Let G be the distribution function which corresponds to the characteristic

fun

ction x defined by

e

leihv _1
x(/<c)=exp(/O Tdv).

Then, as x — 00,

1#{n <x:Y(n) > h(z/€p0)} = (1+0(1))e OV,

X

or similarly

;lc#{” <x: (860) Y > 2"} = (14 0(1))e OV,

PROOF. Apply Theorem 9 and replace G, (1) by G(1).

REMARK. x(k) is in fact identical to the Fourier transform of the function w, Ja(t4)
introduced by Hensley [15]. Since Hensley gives an explicit definition of the w-functions
as solutions of difference differential equations, the function G can be explicitly defined.
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