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ADDITIVE FUNCTIONS
MONOTONIC ON THE SET OF PRIMES II

JEAN-MARIE DE KONINCK, IMRE KATAI, ARMEL MERCIER

1. Introduction. Let L:[1,00) — [1,00) be a nondecreasing function such that
lim,—, L(x) = +00. Letf = f; be astrongly additive function determined by f(p) = L(p)
on the set of primes. In what follows p, p1, p2, ..., 4,41, q2, - . . , P, Qstand for prime num-
bers, P(n) denotes the largest prime divisor of n. The letters c, ¢y, ¢3, ... denote suitable
positive constants, not necessarily the same at each occurrence. As usual, 7(x) denotes
the number of primes p < x, while m(x, k, £) is the number of primes p < x such that
p = £ (mod k). On the other hand, ¢ (n) stands for the Euler-totient function and w(n)
is the number of distinct prime factors of n. For an integer n and real number y > 1, let

p||n.p<y

For each 0 < A < 1, let (#,) denote the condition

L(xl—A) _
(H). o L)
Further let
e 1
(1.1 un) = ug(n) & > L.

L(P()) gn 4<p

In [2], we proved that the fulfilment of condition (#,) for every 0 < A < 1 is necessary
in order to assert that

1
(1.2) lim ~#{n<x:un)>e} =0 foreverye > 0,

X—00 X

and that it is sufficient to guarantee that

(1.3) limlz(e‘"‘(”)— 1)=0

¥00 X <y
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for every a > 0. Now since clearly (1.3) implies (1.2), it follows that (1.2) and (1.3) are
equivalent to each other and also to the assertion that (#,) holds for every 0 < A < 1.

Let A4 denote an infinite sequence a; < a; < ... of positive integers such that
lim, o a, = +00 and a,, = O(n°). Furthermore, foré6 > 0, let

1
(1.4) d(6) = limsup—#{n < x: P(a,) <2}
x—00 X
and
1
(1.5) e(e.8) = limsup—#{n <x: 3p.q. pglan ¥ < p<g<p'*}.

In [2] (Theorem 2), we proved the following result:
Assume that

(1.6) lim d(6) = 0,
6—0*

1.7 lim e(e,6) =0 foreveryé > 0,
e—0*
and that L satisfies condition (Hy) for every 0 < A < 1. Then

(1.8) lim l#{nﬁx: u(a,) > e} =0 foreverye > 0.

X—00 X

One can deduce from known sieve results that the conditions (1.6) and (1.7) are veri-

fied for the set 4 = 2; & {p+1: pprime}, that is, the so-called set of shifted primes.

The same is true for the set 4 = 4, def {a, = Hj’le(n +e¢): n=1,2,...}, where

e1, e, ... ,e; are arbitrary integers. To prove the fulfilment of (1.7) for A,, one has to use
the following result.

LEMMA 1. For every fixed integer e # 0 and every € > 0, the number of integers
n < x for which there exists a divisor pq of n(n+e), such thatpq > xandp < q < p'*¢,
where p and q are prime numbers, is less than cex+o0(x) as x — 00, where c is a suitable
absolute constant.

We shall not prove this lemma, because the argument which will be used for the proof
of Theorem 5 indicates how to prove it. For a further reference, see Erdos and Pomerance
(3]

Our main purpose in this paper is to prove similar theorems for short intervals. More
precisely, we shall prove the following two theorems.

THEOREM 1. Assume that condition (Hy) holds for every 0 < A < 1. Let p > 0 be
an arbitrary positive constant, and 7 = z(x) be a function such that x*/3* < z(x) < x.
Then, if u is defined by (1.1),

(1.9) liml > u(n)=0.

*¥—00 Z x<n<x+z
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THEOREM 2.  Under the conditions of Theorem 1, for every fixed integer £ # 0,

(1.10) lim————l—— > u(p+£)=0.

¥—00 (X +2) — T(X) x<pres

In Section 3, we shall formulate and prove Theorems 3—5 which, as the reader will
certainly realize, can have applications elsewhere.
Let u be defined by (1.1) and set

(1.11) h(n; 2) & max u(n,).
y2z
We are interested in characterizing those functions L for which

1
(1.12) lim limsup;{n <x:hnz)>e} =0

700 x—00

for each ¢ > 0. A function h(n, z) is said to satisfy the strong law of large numbers if
(1.12) holds.

Since h(n; z) > u(n), then, using Theorem 1 of [2], it is easy to see that (1.12) implies
that condition (#3) must hold for every 0 < A < 1. A necessary and sufficient condition
for (1.12) can be deduced from a theorem due to Erdos [4] (see Theorem A below in
Section 7). The short interval version of such a condition will be treated in Section 7.

2. Preliminary results.
2.1.  LetW(x,y) = #{n <x: P(n) < y}. It is known (see de Bruijn [1]) that
1
Q.1 P(x,y) < xexp (—c% )
uniformly for x,y > 2.
2.2. LetW(x,x+z],y) =#{n: n € [x,x+z], P(n) <y}. Then

log2y

(2.2) Y([x,x+2z],y) <cz
logz

uniformlyforz>2, 1 <y<z

To see that this last result is true, we proceed as follows. Because of (2.1), we may
assume that z < x. Furthermore, if y > 4/, then (2.2) is obvious; therefore let y < {/x.
Define

(2.3) fm)y= > logg

gt|n.q<y
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Clearly fy(n) = logn if P(n) < y. For simplicity let R = ¥([x, x + z], y). First we write

2.4) Rlogx< 3 f(n)
x<n<x+z
= > logg > 1+ > logg > 1
q*<z,q<y x<gv<xtz  ¢>7,9<y x<qhy Sxtz

=20 +2

%=,z (] )

G¥<z,q<y q

Clearly

1
=z ), ikq+0<210gq)

¢#<zq<y 4 9=z
<2zlogy+cz.

On the other hand, it is clear that 3", < (logy) 7(y) < ¢y, since for each g there exists no
more than one k and one v satisfying the stated conditions. Thus, combining the above,
we obtain

2.5) Rlogz < Rlogx < (2logy + ¢1)z + 2y,
which leads to (2.2) immediately.

2.3.  Let £ be a non-zero integer. Then

cy
(2.6) Tx+y,kl)—mxkl) < ———
Y p(k)logy/k
uniformly for 1 < k < yand (k,£) = 1.

For a proof of this result, see Halberstam and Richert [5].

24. Let ¢ be a fixed non-zero integer. For each positive integer K, let

Eex(x,x+z,y) =#{p € x,x+z],p=—£ (mod K), P([%—li) <y}.

LEMMA 2. Let £ and K be as above. Then

zlog2y
¢ (K)(log 2)?
uniformly for 1 <y <z <x, K < /z, where ¢ may depend on (.

2.7 Eex(lxx+zl,y) <c

PROOF. For simplicity, let R = Z; x([x, x + 2], y). We may assume that z (and hence
also x) is large enough, and that x + £ > x/ e. We proceed as in the proof of (2.2). First
we write

b p+{
2.8) Rlog — < A (—)
Ke xf_ngﬁ'z Y K
< (logq)(w(x +z,9K,—0) — (x,qK,—¢ ))
9<0.q'<Vz

+ > logg > 1;

qSy,ql>\/E x<p<x+z,Kq'v=p+L
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1/8

but, assuming that y < z'/°, this last double sum is no greater than

> (logg)(m(x +2,4°K,—£) — m(x,¢°K,—L)).

q<y

Since ¢°K < 2°/4, by (2.5), we have that

x z log2y z
2.9 Rlog— <c¢ +c R
2.9) gKe - l<,0(K) logz 2L,::(K)l()gz

which yields immediately (2.7). If /8 < y < z, then (2.7) is an immediate consequence
of (2.6).

2.5.

LEMMA 3. Let £ be a fixed non zero integer and K be a positive integer, K < +/x.
Let

210)  Exy) E#{p<x: p=— mod K), P (’3%6—) <y}

Then

_ cy X logZy)
2.11 = y) <
( ) ex(6y) < p(K)logx ( logx

uniformly in 1 <y < x, where c; may depend on (.

PROOF. We may assume that y < x!/*, Furthermore it is clear that we can ignore all
the primes p < 4/x. Then, arguing as in the proof of Lemma 2 and using only the Brun
Titchmarsh inequality instead of (2.6), we immediately obtain (2.11).

2.6. By usingelementary estimates on 7 (x), one can easily obtain that the two inequal-
ities

(logp)”* 1
2.12 <c-
( ) p>H pP =€ S(]Og H)S
and
(logg)’ (logHy
(2.13) 3 e

q<H q
hold uniformly fors > 1, H > 2.

2.7. The number of solutions of the equation p + £ = aq in primes p and q, where

x—y <p <y, isless than o

p(a)logy/ a)?
uniformlyina < y < x.
For a proof of this, see Halberstam and Richert [5].
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2.8.  Assume that (Ha) holds for every 0 < A < 1. Let C and € be arbitrary positive
numbers. Then there exists a bound xo = xo(C, €) such that
L 1 ¢
(2.14) L) < ( _92)
L(x) logx

whenever xop < y < x'7¢.

This is Lemma 3 in [2].

2.9. Let £y # £, be two non zero integers. Then the number of solutions of the system
of equations
p+ 61 = aQ ,
p+ Zz = bP ,
in prime variables p, P, Q, where p runs in the range 2 < p < x, is less than
cx

p@¢®)log %’
where ¢ = c(£y, £3) is a positive constant.
For a proof of this, see Halberstam and Richert [5].

(2.15)

2.10. Asx— 00,

1
> —— =cologx+c; +o(1)

a<x ‘P(a)
and
loga
—_— = cz(logx) + c3(logx) + ¢4 + o(1).
a<x ( )
For a proof of this, see Ward [8].
2.11.  Let p be a positive constant, XTtP P <z= (x) <ux k <logx, (£,k) = 1. Then
k¢ k, ¢ Lo !
+ s Ry - 3 Ry —_ T T4 <10
etz )l )= p(k) logu (k(logx)'o)

uniformlyin £k, z.
For a proof of this, see Perelli, Pintz and S. Salerno [6].

3. Sieve methods in short intervals. In 1959, Erdos [4] proved that almost all
integers have their factors far one from the other (see Theorem A in Section 7). For
instance, it follows from his result that, if ¢ > 0 and § > 0 and if we let A 5 (x) stand
for the set of those integers n for which there exist two primes P, Q such that PQ|n and
such that

(3.1 ¥ <P< Q<P

then, if & > 0 is fixed,
lim lim — #Q\é,s(x) =0.

e—0x—00 X
We shall prove analogues of that result first for short intervals of integers and then for
short intervals of shifted primes. These two results can be stated as follows.
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THEOREM 3. Let p > 0 be a fixed real number and assume that X3P < z(x) < 1x,
x > 2. Then for every choice of 0 < € < §, the number of those integers n € [x,x + 7]
for which there exist two prime divisors P, Q such that X < P < Q < P'¢ is less than
Ai(e,6)z, where M\i(e,6) — 0 as e — O, for every fixed .

THEOREM 4. Let p,z,£,6 be as in Theorem 3. Let £ # 0 be an integer. Then the
number of those primes p in [x,x + 2], for which there exist two primes P, Q such that
PQO|p+ € and ¥ < P < Q < P isless than \,(¢,6)z/ logz, where Ay(¢,6) — 0 as
e — 0, for every fixedé.

PROOF OF THEOREM 3. Let x be large. Let A((x, z) be the set of integers n € [x, x+z]
which satisfv the conditions stated above. We will show that

3.2) #N(x,2) < (65 log % + cope) Z

thus establishing our claim. Hence let n € A((x,z). Such an integer n has two prime
factors P, Q with ¥ < P < Q < P'**. Letn = PQu. Write

(3.3) N (x,2) = Ni(x, 2) U Na(x, 2),

where in the first set on the right of (3.3), we consider those n for which PQ < z and in
the second one, we consider those n for which PQ > z. If PQ < z, then there exist at
most 2z/ PQ multiples of PQ in the interval [x, x + z]. Summing up for P and Q, we get
that

(3.4 #Ni(x,2) <2z Y 1( > 1)
P<Q<Pl*e

X <P<x p Q
1 1
<4z ) —<6zlog-.
2 <P<x p 6

On the other hand, if PQ > z, we have

Q2 > ZZX%ﬂJ

and thus
o> xi*4,
Furthermore PO 5
vV X 2_p 3p
Pv = < —<2x3771 <2z 7.
0o 0]

If for some choice of P and v at least one Q occurs, then we have that
x<PQv < P*y  and P <2x,

that is,

x 2x
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The variable Q runs in the interval
g X, 2
Py — Py Pv
and so, using (2.6), one easily sees that it takes on at most

Z
Py log x

distinct values. Therefore summing up first for all v satisfying (3.5), and after for P, we
get that

Z 1

1
(3.6) #ANo(x,2) <cop—— D, = (Z ;) < C}PEIOZ

logx P g X

logP
2 P
<P<x

< cypez.
1 1
x3<P<L x3

Recalling (3.3) and using (3.4) and (3.6), we obtain (3.2) and thus the theorem.

PROOFOFTHEOREM 4. Let x be large and ¢ be small. Let M (x, z) be the set of primes
mentioned in the statement. We will show that

(3.7) #M(x,2) < cope - ——
logx

Write

(3.8) M(x,z) = M(x,2) U My(x, 2),

where in the first set on the right of (3.8), we consider those primes p such that PQ|p + ¢

and PO < x3*%, while in the second set we consider those primes p such that PQ|p + ¢
3,

and PQ > X Using (2.6), we easily get that

#M(x,2) <3 (m(x+2,PQ,—£) — m(x,PQ,—1))
P.Q

cpz

1 z
< <cipelog -———
po PQlogx

5 logx’

To estimate #M>(x, z), we proceed as follows. For each p € M(x,z), onehas p + £ =
PQv and PQ > x3*¥. Therefore Pv < zx_gzE and v is located in the interval (3.5).
But for fixed v and P, using 2.7, we deduce that the number of solutions of the equation
p+ £ = aQ with a = Pv is less than

cpz
Py (v)(logx)?.

Summing now on the integers v satisfying the condition (3.5) by making use of 2.10,
and afterwards summing on P € [x'/3, x], we obtain (3.7) and thus the theorem.

We now state another result which in a sense can be considered as a generalization of
Theorem 4.
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THEOREM 5. Let £y, £5,..., £ be distinct non zero integers and let F(n) = (n +
£1)---(n+£y).Foreache > 0and § > 0, let S, 5(x) stand for the number of primes
p < x for which there exist primes P, Q such that PQ|F(p), ¥ < P < Q < P'**. Then

3.9) lim sup SE“Z @

x—oo T

< Ms(e,6),

with As3(e,0) = 0ase — 0.

PROOF. Itisenough to prove the theorem for k = 2. Hence let F(n) = (n+£,)(n+£7).
Let S;, i = 1,2, be the number of primes p < x for which there exist two primes P, Q
such that PQ|p + £;, ¥ < P < Q < P, Let T stand for the number of primes p < x
for which there exist primes P, Q satisfying condition (3.1) and such that P|p + ¢£; and
Q|p + ¢;, i # j. Then clearly

SE',S()C) SSI +S+T.

We first estimate 7. Let £ be a small positive number to be determined later. By using
the Brun-Titchmarsh inequality and observing that those primes p < x, for which the cor-
responding expression PQ does not exceed x' ¢, belong to two arithmetic progressions
mod PQ, we deduce that their number is

<l X
g1 PQlogx
Summing for P and Q, we shall get at most
1 x 1 1 €

1 x
.1 —_ > = — — log - —
(3.10) €1 logx 5 P(ZQ: Q)<<51 Ogélogx

distinct primes. Let € < ¢;. If
xl—51 < PQ SXHEI,

then
1 €
P<x?,  Q>aE,

.

and so
x%—-zl <0< P1+s SX(%+_2L)(1+E).

Since Q|p + £, or Q|p + {3, then, by the Brun-Titchmarsh inequality, we get that the
contribution of these numbers to T is less than
1\ x
3.11 ( —}__< -
( ) ¢ zQ:Q logx Celogx
It remains to consider those primes p for which PQ > x'*¢1. Letp+£; = vP,p+£; = pQ.

If there exists a solution for some v, . then v, u are close to each other, that is, for every
large x, we have

(3.12) <v < phe,

(SIS
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where ¢ is an absolute constant. Furthermore v < ¢ P%, and sovpy < c1x'~¢'. For
fixed v, u, making use of 2.9, we obtain that the number of solutions of the system

{p+ {i=vP
p+tj=pQ

is less than

(3.13) ol <4 a

“eplog &~ & pt)p(log x

Summing for those v which satisfy (3.12) and afterwards for p, we obtain, with the help
of 2.10, the upper bound

g X

3.14 e x
(3.14) C2£l3 logx

Taking into account (3.10), (3.11) and (3.14), we get

log L
(3.15) TSc(i+E 085 +c151> S

3
€} €1 logx

The estimation of S; is more simple. We use the Brun-Titchmarsh inequality directly to
estimate the contribution of the divisors PQ of p + £; which are such that PQ < x!~*'.
Since PQ < x, for all the others, there exists a prime divisor P such that <P
x%, ife / €1 is small enough. From this it follows that

log 1
3.16) S,-Sc(E %Fs +51) X

€ logx’
Choosing ¢ = g7 and using (3.15) and (3.16), our theorem follows.

4. Proof of Theorem 1. Let

4.1 S,z & o] .
@.1 (x,2) xszL_s:m % L( P(n)) ngmu(n)
q<P(n)

We must prove that

4.2) lim 5% _

X—00 Z

0.

Let € > 0 be small and denote by C a large number which will be specified later.
Since u(n) < w(n) and Zx5n§n+zw2(n) < (loglogx)?z, it follows, by using the
Cauchy-Schwarz inequality, that

XSE’GZ u(n) = ( xégﬂz ! ) " (ngxi'z ‘-‘)2(”)) 1/2’

P(n)<exp(y/logx) P(n)<exp(y/logx)
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and thus, because of (2.2), that

zloglogx
u(n) L ———— = 0(2).
xSExﬂ (lng)1/4 )
P(n)<exp(y/logx)

From (2.14), one can deduce easily that the contributionto S(x, z) of the terms Tb(q)—)
L( Py

satisfying the conditions ¢ < logx and P(n) > exp(y/logx) is o(z).
We now appeal to Theorem 3 with § = 1/ 10 and obtain, using (2.14), that

4.3) > > O <M, 1/10)z

x<n<x+z x/10<g< P(n) L(P(n))

Assume that x is large enough so that logx > x(. Hence, using (2.14), we obtain

c
L(g) log(q) c—1 ( log 2x )
4.4 < <(1- -
@9 % L(P(m) 3 (log(P(n))) == iog Py
q<P(n)'=¢
g>logx
Let
Si%)E T um).
x<n<x+z
P(n)>x"/*

Taking into account (4.3), the earlier estimations and the fact that the right hand side of
(4.4) is less than 5(1 — €)¢~! if P(n) > x'/*, we obtain that

4.5) 51(x,2) < (athi(e, 1/10) +5(1 — €)™ ") 2+ 0(2).

Let S>(x, z) be the sum of i—i—(l‘g for all those integers n for which P(n) = p, gq|n, with

logx < g< p'“andp < x'/*

C
sz (20 (55 )

<reee \l0gp qp’ qp

. Using again (2.14), we obtain that

whence, by (2.2),

Sy(.2) < cz (logq)c logq
) —logzq<psx./,, logp/) logp

Summing on the right hand side first for ¢, then for p, we obtain, using (2.12) and (2.13),
(4.6) S0 <

There are still some possible factors p, ¢ which have not been considered yet. Hence
let pg|n, p = P(n), p'—° < g < x'/*, and denote by S3(x, z) the sum of % over these

q,p, n. Since trivially %Z—; < 1, it follows that S3(x, z) is not greater than the number of

solutions of the inequalities

4.7 x<Spqr S x+z,
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where p, g runs over those primes satisfying p' < g < p < x'/*, and v runs over
those integers for which P(v) < p. Since pg < +/x < z, we can use (2.2) to estimate
S3(x, z). Hence we obtain

(4.8) s3(x,z)szlp([i,ﬁf
g P4 pq

,p) <£Z£9g_p( > l) < ez

Tlogz G P\, 4
Clearly

S(x,2) < 81(x,2) + S2(x, 2) + S3(x, 2) + 0(2)
and thus, collecting our inequalities (4.5), (4.6) and (4.8), we obtain that
S ’
4.9) lim sup x2)

X—00

<cihile, 1/10)+5(1 — ) + C—g +oe.

Fixing € and letting C tend to infinity, we get that the right hand side of (4.9) is not greater
than c; A\ (e, 1 / 10) + c;¢€. Letting ¢ tend to zero, we obtain, by Theorem 3, that the left
hand side of (4.9) must be zero. This completes the proof of Theorem 1.

5. Proof of Theorem 2. Since the proof of Theorem 2 can be obtained essentially
along the same lines as the one of Theorem 1, we shall not proceed to give a complete
proof: we shall indicate only the necessary changes.

First of all, as we did in the previous proof, we shall omit the terms 'L%?T) satisfying
the conditions ¢ < logx or L(p+1) > exp ( \/@): this introduces an error o(z/ log ).
The contribution of the terms L(p+1) > z'/'° can be estimated by using Theorem 4, the
inequality (4.4) and by observing that m(x + z) — 7(x) < z/ logz; their contribution is
less than

(=) ley—— + e da(e, 1/ 10)——.
logz logz

Now the sum of the remaining terms is thus

ZL(—Q)#{pG[x,x+z] : P(p+ L) =P}

or L(P)
This last expression can be split into two parts according to Q < P'~¢ or Q > P'~¢. By
using Lemma 2 and (2.14), we observe that the first sum is less than
cz (logQ)C log P < oz
l0g° 2 gepeyys \l0gP ) PQ ~ Clogz’

It remains to consider those Q, P, p for which P'¢ < Q < P < x4, p € [x,x +z],
p+{ = QPv, P(v) < P. Since PQ < ,/z, we may apply Lemma 2 with K = PQ, in

which case we get
zlog2P

PQlog’z’
Summing first on Q and then on P, we obtain that the second ¥, is less than c3ez / logz.
Then the proof of Theorem 2 can be completed along the lines of the proof of Theorem 1.

Eepollx,x+z],P) < c
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6. Application to shifted primes. The following result can be proven similarly as
Theorem 2, by using Theorem 5 and Lemma 3.

THEOREM 6. Let £y, {5,..., £; be nonzero distinct integers and set F(n) =1'[f-‘=l(n +
£;). Assume that condition (Ha) holds for every 0 < A < 1. Then
1
m — > u(F(p)) = 0.

1
¥—00 T(X) px

7. A condition on the strong law of large numbers. In 1959, Erdos [4] obtained
the following result.

THEOREM A (ERDOS [4]). Let ¢, > 0, 6, = min(1,€p). The divergence of ¥, 6,/ p
is a necessary and sufficient condition in order that almost all integers have two prime
factors p, q satisfying

(7.1) p< q<p'er.

Let L be a continuous and strictly monotonic function. Define u(n) = u;(n) by (1.1)
and h(n,w) by (1.11). We will characterize those functions L for which (1.12) holds.
Before doing so, we introduce a sequence of functions #(z), #2(2), . . .. First let #(z) be
defined by the relation
L(1(2)) = 2L(2).

Next, for each integer k > 1, let #;(z) be the k-fold iterate of #(z), that is, #;(z) = #(z),
1(2) = 1(t1(2)).

THEOREM 7. A necessary and sufficient condition for L to satisfy (1.12) for every
€ > 0is that

. log 1x(p) ) 1
7.2 min (1, —1 < 400
7.2 ; logp P

for every k.

PROOF. Assume that (7.2) does not hold for some positive integer k. Then, by The-
orem A, almost all integers n have two prime factors p, g such that

(7.3) w< p<q<up)

Ly, 1

Lg) = 7 and so

(here w is an arbitrary fixed positive integer). But then

1 1
limsup;#{n <x: h(n,w)=> ?} = 1.

X—00

Since this relation is true for every w, it follows that (1.12) does not hold.
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Conversely, assume that (7.2) holds. Let d(w) be the upper density of the integers n
having a divisor pq satisfying (7.3). Then d(w) — 0 as w — o0o. Let w; be defined by

Liwy) =23 L(p).

p<w

Write
— ap _ap o,
n - anl q2 .. .qr N

where
w< 1< ..< g1 Sw < qgi<--<gq

Assume that n is not a multiple of any pgq satisfying (7.3). Then

1
Lgo) < Lge) (£ 21)

and |
fny) < ?L(‘Ii)-
Thus
< 2 1 < 1
h(n,W1)_ﬁ+ﬁ+2—y€+---_ =
and so

1 1
limsup;#{n <x: h(n,w) > 2"_—2} <d(w).

X—00

Since d(w) — 0 as w — 00, it follows that (1.12) is true if ¢ = 2)—_2 Since (7.2) holds

for every k, the result follows.

Let 0 < p < 1/3 be fixed and z(x) be an arbitrary function such that x2/3** < z(x) <
x. Let F(n) be the function defined in Theorem 6. Further assume that £ is a nonzero
integer and that ¢ > 0. Set

1
(7.4)  Ai(e) = limsuplimsup —#{n € [x,x +2] : h(n,w) > ¢},
W—00 X—00 Z(x)

7.5) Ax(e) =limsuplimsup —
(7.3)  Axle) w—»oop x-»oopvr(x+z)—7r(x)

(7.6) As(e) = limsuplimsup %#{p <x: h(F(p), w) > 5},

m
w—00

#HpeElox+zl: h(p+L,w) > e},

1
(1.7)  As(e) = limsuplimsup —#{n < x : h(F(n),w) > ¢},
w—o0o  x—00 X

THEOREM 8.  If L is such that (7.2) holds for every positive integer k, then Aj(e) = 0
foreache > 0andj = 1,2,3,4. On the other hand, if (7.2) fails to hold for some
positive integer k, then for a suitable g9 > 0, Aj(eo) = 1 (G = 1,2,3,4).

PROOF. We shall prove only the assertion for j = 2. The other cases can be treated
in a similar way. Clearly it is enough to prove that Theorem A remains valid for the
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subsequence of shifted primes located in a short interval [x, x+z] satisfying the conditions
above.
Assume that

(1.8) 2‘5—” < +00,
7 P

where 6, = min(1, €,). Let B(x, w) be the number of those p + £ for which there exists
PQ, PQ|p + £, such that

(7.9) w< P< Q< P,

One can estimate B(x, w) using (2.5) and Theorem 4. If PQ|p + £, then P < 2,/x for
every large x. Let € be a small positive number. The number of p + £ having a prime
divisor P satisfying &, > £V, P > w, is less than

1

Y (ra+zP—) —m( P —0)) <o -.
w<P<24/x logz p>ci,ep>e® p

The number of those p + £ for which PQ|p + £ and x'/3 < P < Q < p'**"” is less than
A2(eM, 1/ 3) (see Theorem 4). The contribution of the other terms is less than

Y (m(x+2,PQ,—L) — m(x,PQ,—L)),
P.Q

where the above double sum runs through those primes P,Q such thatw < P < Q <
P& PQ < x2/3. Clearly this last double sum is bounded by

z 1 1 Z Ep
e > — | <c— —.
logz W<;<x p (P<QZ<:P“5P Q) logz g5, P

Collecting the above estimates, we have

) B(x,w) ( Ep 1) M
7.10 lim su <c — + — |+ X", 1/3).
(7.10) x_mpz/ logz = & Pz;w P>W§ZE(U P 2( /3)

The convergence of the second sum on the right hand side of (7.10) is a consequence of
(7.8). Let us consider the limit superior of the left hand side of (7.10). It is not greater
than \,(¢\V, 1/ 3). Hence, letting V) — 0, we obtain that

7.11) lim limsup 25 _ ¢
W—00  x 00 Z/ lOgZ
At this point, one can proceed as in the proof of Theorem 7 and obtain that Ay(e) = 0.
Assume now that (7.8) does not hold. Let S(p + £) denote the number of divisors of
p + £ of the form PQ satisfying (7.9) and P < loglogx. We will see that S(p + £) — 0o
for all p € [x,x + z] with the exception of at most o(z/ log z) primes.
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Clearly, we can assume that e, < 1. By using a Hoheisel-type theorem with small
modules (see 2.11), Turan’s method [7] can be applied and leads to the inequality

2 Z
(7.12) @gm(S(p +£)— Ayx)” < A s
with
(7.13) A= Y 1 > L.
we<p<loglogr P =1 peglprey @—1

But A,,(x) — 00 as x — 00, furthermore, from (7.12), it follows that

Aw(x)} < 2z
2 P T A logz

#H{pelxx+zl: Sp+L)<
This proves that the left hand side of (7.11) is 1 and thus ends the proof of Theorem 8.
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