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For an integer n>2, let P(n) be the largest prime factor of n. For an arbitrary
strongly additive function £, let Vx)=%, . fla,) and Udx)=%, .. f(P(a,)).
where a,<a,< --- is an infinite sequence of natural numbers. Assume that
f(p)=R(p), for each prime p, where R(x)=x"L(x), with p>0 and L a
slowly oscillating function; further assume that, if p >0, L(x) grows fast enough
with x. We show that, if there exist positive constants e ¢, x, such
that #{a,<x|P(a,)>x"**}>c#{a,/n<x} holds for each x>x; then
U/x) ~ VdAx). We further prove that

> min(f(n), f(n+1), fln+2))

nEx

~ Y, min(f(P(n)), f(P(n+1)), f(P(n+2)))

nEx

We also compare 3570 f(n+ j) with 30 f(P(n+j)) when n—co and k=k,
increases with n. Finally we show that lim,_, . x 'Y _ _f(n)/f(P(n))=1. © 1989
Academic Press, Inc.
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1. INTRODUCTION

For an integer n>2, let P(n) be the largest prime factor of n. For an
arbitrary strongly additive function f; let

Adx)= Y fn),  Bfx)= 3 f(P(n).

2<ngx 2<snsx

Alladi and Erdés [1] proved that if f(n)=f(n) =3, p, then

n? x?

Ap(x)~ By(x) ~ 12log x’

The asymptotic expansion of A,(x) has been given by DeKoninck and
Ivic [3].

Similar questions were considered for a quite large class of functions by
DeKoninck and Mercier [5]. Namely, they proved that if fis a strongly
additive function and f(p) = R(p), for each prime number p, where R(x) is
a function of the form R(x)= x”L(x), with slowly oscillating L, then

(i) in the case p>0

xP T (p+1) Lx)

A[x)~ BJx)~ AT iogx’ (1)
(ii) while in the case p=0, (L'/L)(x)xlog x = o0,
* L
Ao~ Bl x| e )

They treated further cases as well and pointed out that in some of them the
relation A,(x)~ B/x) is no longer satisfied.

In this paper we shall show that the summatory functions of f(n) and of
f(P(n)) are asymptotically equal under the conditions (i) and (ii), even if
summation is taken over various subsets of integers, or integers contained
in a short interval. In these general cases we are unable to give a simple
asymptotic expression (like the second relation in (1), (2) for the corre-
sponding sums).

Throughout this paper, except in the remark following Theorem 5, we
assume that R(x)=x"L(x), R:[1, ©0)—[1, ), p=0, and L is a slowly
oscillating function, i.e., such that

L(x,)
—_———
x| ;x_z'f)oln L(x, )

L (3)
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furthermore that

Case #1;: p>0or

Case#2: p=0 and L is differentiable and (L'/L)(x) x log x — oc is
satisfied.

Assume furthermore that fis a strongly additive function defined on the
set of primes p by f(p)= R(p). We denote by # the set of functions f
satisfying the above requirements.

2. SUMMING ON CERTAIN SEQUENCES OF INTEGERS

Let & = {a, <a,< --- } be an infinite sequence of natural numbers. Let

Vi)=Y fla).  Udx):= Y f(Pla,))

and A(x)=#{a,<x}.

THEOREM 1. Let fe . Assume that there exist positive constants e, c, X
such that

#{a,<x|Pla,)>x"**} > cA(x) 4)
holds for each x> x,. Then
Udx)~ VAx). (5)
First we prove the following

LEMMA 1. Let fe F and assume furthermore that case #2 holds. Then
there is a constant ¢, that may depend on L, such that, for x"* < y < x,

max f(rn)< e, L{p). (6)

ngx
Pin)s v

Proof of Lemma 1. For an arbitrary k >0 let u,(x) be a constant such
that A(u) = x whenever u > uy(x). The existence of uy(x) follows from the
fact that lim, _, , A(x)= + 0. Then, for uy(x) <u<v,

R ﬂu_) r A(?) d>'jv dt o logv

L(u) J,tlogt =k Ltlogt ° log u’
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and so

L(v) _ [logov\*
7 (i) "

In (7), set k=2, u= y** v=y, then, for each k€ N such that y** > uy(2),
we have

16
L(y**) <75 L) ®)

Now take any positive integer # such that P(n) < y; then clearly we can
write n=n, - n,, where P(n,) <uy(2) and each prime factor of n, is not less
than uy(2). Using (8) and the fact that for each 4<keN one has
Pi(m) < x'E < y¥,

fln)= % L(p)< )y L(y**)

pln 4 <k <4log y/log up(2)
Plm)<p<y

<L(y) )

4 <k <4log y/log up(2)

16 8’
EE<—3—L(y).

Since max p,, - ,2)f (M) is bounded, it follows that (6) is true. J

Proof of Theorem 1. Assume first that Case #2 holds. Let ¢ be a small
positive constant, and

B, = {a,<x|P(a,) < x'?+2},

B, = {a,,<x| P(an)>x1/2+g/2}.

9)
From Lemma 1 we have

Y fla,) < A(x)L(x"*+2),

If a,€ B, then a,=P(a,)b,, b,<x'*"*2, consequently, f(a,)— f(P(a,))
= f(b,) < L(x"?7*?). So, we have

VAx)— Udx) < A(x) L(x'2* /),

From (4) it is clear that

Ufx)> A(x) L(x"2**).

Since L(x'?*#?)=0(1) L(x'?**) holds for x — oo, therefore (5) is true.
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Assume now that Case #1 holds. Since log R(y)/log y — p, then
YPTU<R(y) <y

with a suitable function 6,, 6, — 0. Since the number d(n) of the divisors
of nis <n’® for each positive constant J, then for an integer n=p, --- p
(p, < --- <p,) we have

14

f(n)=R(p,)+ --- + R(p,) < R(p,) n°.

Splitting .« into two parts, #, and %,, as above, and proceeding as in
Case #2, we can deduce Theorem ! in this case as well.

Remarks. (1)
#{n<x|P*+1)>x"") > x (10)

holds for a suitable ¢ >0 as x — co.

(2) Let /#0 be an integer, p run over the whole set of primes. Then
#{p<x|P(p+1)>x"**" > n(x) (11)
holds for a suitable ¢>0 as x — c0.

For the proof of (1)-(2) see Hooley [6]. Since the inequalities (10), (11)
guarantee the fulfilment of (4) in Theorem 1, the following relations hold:

Y flp+D~Y f(P(p+D), (12)
<X pPEX
Y S+ 1)~ Y f(P(n*+1)). (13)

3. ON min(f(n), f(n+1), f(n+2))

THEOREM 2. For each f in F, one has

Y min(f(n), f(n+1), f(n+2))

ngyx

~ ¥ min(f(P(n)), f(P(n+1)), f(P(n+2))). (14)

n<x

LEMMA 2. Let 23,

| o—

d(x)=—#{n<x|P(n)=x*}. (15)

-

641/33/3-3
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Then, as x — o,

d,,(x)—»log—:;. (16)

Proof. n is counted on the right-hand side of (15) if it is of the form
n=m-p, p=x*, meN, n< x. Therefore

xd(x)= Y, [:—j] =x 3 ;+ O(x/log x),

xXrSpEx X< pEx

which implies {16) immediately. 1

Proof of Theorem 2. First observe that log 1> 3. Therefore there exist
positive constants ¢, & such that

d1/2+e(x)>%+6 (17)

for each large x.
Let

D= {n<x|\Pln+j)>x"+% j=0,1,2}.

For an n<x, let e(n) be the number of those integers among P(n),
P(n+1), P(n+2) which are greater than x'/2** It is clear that

Y e(n)=3xd,,, (x)+0(1),

n<Xx

which by (17) implies that

Y. e(n)>(2+38)x+0(1). (18)
Consequently
#{n<xle(n)=3}>dx+0(1). (19)
In other words
#@>fs2-x (20)

holds for each large x. From here on, the proof is essentially the same as
that of Theorem 1; hence, we omit the details. |
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It seems plausible that the set of integers n with

min P(n+ j)>n'?*¢
j=0...k

has a positive lower density. This would imply that

Y min f(n+j D mm S P+

n<r1_ . n<~:j

We are unable to prove this even for k= 3.

4. THE BEHAVIOUR OF f(n) ON SEQUENCES OF k
CONSECUTIVE INTEGERS

THEOREM 3. Assume that fe . Let k,<k,< --- be a sequence of
positive integers tending to infinity for n— oo and let furthermore
ks /k,= O(1). Define

k—

k~—1 1
Vin k)= 3 fln+)), Ulmk)= 3 f(P(n+])). (21)

=0 j=0

Then, there exists a sequence % of natural numbers having zero density such
that, for all ne # = N\%, one has

Vin, k,)=(1+0(1))Uln, k,). (22)

We shall deduce Theorem 3 from Theorem 4, which is essentially due to
J. B. Friedlander [5]. Since we shall need a modification of it and our
proof is much simpler, we give its proof.

THEOREM 4. Let a(n,k)=n(n+1)---(n+k—1). Let 3, be positive
tending to zero arbitrarily slowly, K, be a function taking on positive integer
values K, — oo as x » o0 and K, < x. Let

F(n,k)=F(n,k,x)= Y logp. (23)
pla(n. k)
P> xliz+oy
Then
|F(n, K.)— 3 K, log x| = o(K,, log x) (24)

for all but at most o(x) integers ne [x/2, x].
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Proof. Let l<k<logx, d=90, and consider the set o/ of integers
ne[x/2, x]. Let A(n, d) be the number of multiples of 4 in the interval
In, n+ &k —1], that is

Aln, d)=[’-’i’i'—l]—[ﬂ=’f+ o(1). (25)

Let furthermore A4 be von Mangoldt’s function. It is clear that
log a(n, k) =k log x + O(k) (26)
and furthermore that

loga(n, k)= Y, A(d)A(n,d). 27)
d<2x
Let the right side of (27) be split into five parts: E (n)+ E,(n)+ E;(n) +
E n)+ F(n, k). In E, we sum over the powers of primes with exponent
greater than 1. In E,, E;, E,, F we sum over primes p from the range
p<k k<p< \/;, \/y—c <p<x'?*% p>x'2+° respectively,
Using (25) we obtain successively

1
5= Y En)<xk ¥ B2 ¢ xk, (28)
nesy p,a 4
az?2
I
En)=k Y —"%& O(k) =k log k + O(k), (29)
p<k
and
2= Y En)= y logp Y 1 (30)
ne of x<pgxlii+d pla(nk)
1
<kx ng<5kx log x.

Jx<p<xltrs p
Now we estimate E;(n) by the Turan-Kubilius inequality. It is clear that
A(n, p)=0or 1 if p>k. Let us consider the sums
Si(k):= Y, Es(n),  Syk):= Y Ein).
ne sl nesd

We shall prove that

(k)= Y (Ej(n)~—ka(k))* <k(log x)* x, (31)

nes
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where a(k)=log(\/;/k). Let B(p,, p,) be the number of those integers
ne o for which p,, p,|a(n, k), k<pi<\/)—c. Then

xk )

—I_7+0(k) if pi=p,=p,
B(p,, p2)= x kK

S———+0k* if p#ps

2p.ps

Furthermore,

k
Sitk)= Y (ogp) Y 1==

k<p<v/; ne s 2
plalnk)

ak) + O(k),

and

Sxky= Y (log p,)(log p,)B(p,, p,)
pi€(k,/x}

kx (log p)?
2 k<p<v/; 4
+3c_lgf 5 (logpl)(logpz)+0

P1# P2 PP

(k*x/(log x)?). (32)

Since the last sum on the right-hand side of (32) equals a?(k) + O(1), we
have

2f+£{z(103p)2

Salk) = (ak)k)* 5+

+ O(k*x).
On the other hand,
D(k)y= S,(k)—2ka(k)S (k) + (ka(k))? %4— O(ka(k)),

thus implying (31).
Since F(n, k)=loga(n, k) — E\(n) — E,(n) — Ey(n) — E,(n), we obtain by
(26),

k
F(n, k)— Elog X

SE|(n)+ Eyn)+

Ez(n)+E3(n)—§~logx + O(k). (33)
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From (29),

E,(n) + E(n)— % log x| < |E5(n) — ka(k)| + O(k).

Using the Cauchy-Schwarz inequality and (31), we have

Y. |Es(n) —ka(k)| < x \/’lzlog x,

ne .

and so by (28) and (30) we have

)

ned

F(n,k)-—%clogx <x\/1;logx+5kxlogx+xk.

(34)

(35)

(36)

We now apply inequality (36) with k= [log K], say. Since F(n, k)=

O(k log x), then

= Kx
FinK)= Y Fn+ jk, k)+O(k log x), H=[_k_],

j=0

and so from (36) we obtain that

)}

ne A

K
F(n, K,)— —25 log x

F(n, k)—- IEC log x{ + O(kx log x)

<%2

x/2<n<2x

xK, log x
JlogK,

From (37), putting 6 =4, — 0, we infer

)

ne .o

< 0K xlogx+

K
F(n, K,) —j‘log x| =o(xK,logx) (x—- )

which implies (24) immediately. §

Proof of Theorem 3. Let us once more consider the integers

neof = {nlne{x/2, x1}.

(37)

(38)

We shall prove the theorem assuming that Case #2 holds. Case #1 can

be considered similarly. Let

K.=kiyni-

(39)
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Then by (24), for all but o(x) integers # in <,
F(n, K,)> 1K, log x,
and because of (39) we have

F(n, k,)>ck, log x,

for some positive constant c. For a non-exceptional n there exist at least
ck, integers in 0 < j <k, such that P(n+ j)> x2*% Consequently

Uln, k,) > k,L(x"* %), (40)

Furthermore, for each me [x/2, x], P(m/P(m)) < x'?, and so, by Lemma 1
f(m)— f(P(m)) < L(x"?),
and thus

V(n, k,)— Uln, k,) <k, L(x'?), (41)

If 8, is chosen so that L(x'?)=o0(1)L(x"**°:), then (40) and (41) imply
that

Vin k,)=(1+0(1))Uln, k,)

for all non-exceptional n. |

5. ON THE QUOTIENT f{(n)/f(P(n))

In their paper [2], Alladi and Erdds proved that
B(n)

ngx P(n)~x’

(42)
where B(n)=3%,,, p, which by B(n) > P(n) implies that B(n)/P(n) > 1 on a
set of integers having density 1. Here we consider the expression

_ dor 1 f(n)
Q(x)=0Q/dx) = ngggxf(l’("))

and prove:

THEOREM 5. Let fe #, then Q(x)— 1 as x - 0.
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Proof. We concentrate our attention on Case #2 (that is, when p=0
and A,(x)— +o0). The treatment of Case #1 is somewhat simpler and
runs on similar lines. Let ¥(x, y) be the number of integers n up to x for
which P(n)< y. We shall use the known inequality

log x
Y(x, y)<cyx cxp<—clog y)’ (43)

valid uniformly in x, y >2 with absolute positive constants c, c;.
Starting from the formula

L(wy)) _ ™ _Mw)
Lw,) w, ulogu

log du, wy < w,,

and by using the monotonity of 4, we obtain

L(Wz) log w,
AMw )log \1 < A(w,)lo
1 o g gL(w,) (w,) 8 fog w,’
that is
(log w2>“w‘) L(wz) (log w2>“wz’. (44)
log w, L(w,)  \logw,

In the sequel p and g run over the set of primes. It is clear that

fln) _ flg)
zsggxf(P(n))_x-*_quf(p)lp( )+0(1) (45)

Let 3 denote the sum Y
> =o0(x).

From elementary estimations for the distribution of primes we obtain
immediately that

on the right-hand side. We need to prove that

g<p

(log p)~* 1
> < .
g™ p s(log H)

(46)

and furthermore that

¥ (log q)° <(10g H)s,

g< H q s

(47)

uniformly in s> 1, H>2.
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From (44) it is clear that
Alg)
@WG, q)s(logq) = (48)
f(p) q logp/ pg

Let ¢ be an arbitrary small positive constant and consider the contribution
of couples p, ¢ with ¢ > x° to the sum . By (46) we have

(1og 9)*7 ! 1
2 q pliog p)@ 2 qgA(q)’
g > x* p>q q > x*
and the sum on the right-hand side tends to zero, since A(g)>=A(x°),

A(x®) - .
Let now z be in the interval 2 < z< x and let

v fla)
SE =2 Ay

where the summation is extended over those couples p,q for which
q<z<pand p<x Since the terms on the right-hand side can be bounded
by

L(g) L(z) 1

L(z) L(p) pq’

we have

s(z)<( ) fL‘{’z’))( L pi((zg))‘

9z pPEz

By (44) and (46) we obtain that the second sum is less than 1/4(z). Since
A(g) =1 for each large g, the first sum is less than

o)+ Y l(lo—g“l)=0(1).

ae:4 log z
We have
S(z) <=
z)<€—0,
Mz)
uniformly in z. Hence we have
y fax X (49)

q<z<pf(p)pq 2'(z)
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Let us now choose first z = x%. We have

Z = Zl + O(X),
where in 37; we sum over ¢, p with g < p < x*. We split 3, into two parts,

21=3,+3; according to g <./p, or \/p<gq < p, respectively.
Let

Fo=[x"7 XY (5=0,1,2,..).

To estimate 3, and 3, we shall use inequality (43). For ¢ <x*"", pe &,

s

we have
* (7)< (~eioes)
p0° ") pa log p
o (—e(B )
pa P\ \(e2) log x
x 2x>
=—exp| —c—). (50)
e (e
Then
ZZSZZ(s)A
s=0
where

2= 3 i * Ge?)

pe#F
y (49) and (50) we have
2s
Z(s) <-——%1—exp ( - -;)

A
So (x¥=7)

oo 2S
LY e—"l’l-‘(—fT(l@ (51)

)

Observing that the sum on the right-hand side of (51) tends to zero as
X — o0, we have

2, =0(x).
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To estimate 3", we observe that log g > 1 log p; consequently,

X x log x
14 ~,p)<—ex (——c’ )
(pq pq P log g

T, <x Z (M)zm
a9, P

with ¢’ =¢/2, say,

log p
g<p<xt
1 logx>
x—exp| — ¢ =xY,, 52)
rq p< log ¢ Za (
where
5,y Ul (_C,logx) 5 53)
e g P logq) ="
with

1
o= ,,E( «p(log p)**”

1t is clear that

xt 1 )
Z,,<j Wdu«(log q) M. (54)
q

Thus, using (54) in (53), we obtain

Y.< Y g 'exp(—c'logx/logq)

g < xt
xt du
<[ ,
» uloguexp(c'log x/log u)

elog x dv
-(log 2 vexp(c log x/v)

Since the function v exp(c’ log x/v) is easily seen to be decreasing on the
interval [log 2, ¢log x], it follows that this last integral is no larger than

1 1
¢ log x exp(c’ log x/¢ log x) < exp(c'/e)’

(elog x —log2)-
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which tends to zero as ¢ tends to zero. Thus Y , =o(1). Combining this
with (52), we obtain 3, =o(x). This settles Case #2 and hence completes
the proof of the theorem. ||

Remark. 1t is interesting to consider the expression Q[x) for other
strongly additive functions f which do not belong to &, namely, those f
for which f(p)= L(p), where L is increasing, slowly oscillating and for
which the corresponding function A(x) = 4,(x) = x log xL'(x)/L(x) satisfies
lim, _, . A(x)=0. In this case, we show that

L,
0(x)= (1 +o(1) 7=, (55)
where
def [ L(2)
Lix) = L tlogtdt

The proof goes as follows. Let

_ v L») _ [ Lw)

A= T S5 L= J, Togu
x A 2
log L(x) = L ulf)”g)u du, Mu)>0, iu) =0, A(x)= Zl(x) L uLlo(;‘)u
Then
L(x) r* L(u) L(x)
A(x)st(x)L ulogu du = L(x)’

since L is monotonic.
We shall prove that L(x)/L,(x)—0, ie, 4(x)—0. Let >0 be an

arbitrary constant. Then for large x, A(u) <¢ if x* <u<x, and so

L(x) x

<e¢
L(x®%) sulogu

log x
1 = = .
og du Elogélogx ¢ log(1/9)
Then we have L(x)/L(x®)<(1/8)° which is equivalent to L(x%) 3> &° L(x).
Hence
L(x°)
ulog

du>§L(x) f

L[ du=6° L(x) log(1/),
X% u

and so

og(1/0)
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Since ¢ >0 can be chosen arbitrarily small if x > x,(¢), we have

1
i <«
m sup 40 S {og(1/)

Since 4 > 0 is arbitrary, letting d(x) — 0, we have 4(x) - 0.
From the Turan—-Kubilius inequality,

S (fln) - AR <x 25—1‘;”—’
and since ) .
: .
L5 gt A~ L SRt
g L(Pl(n)) - _L% Ex LZ(II’(n)) ~ szx)’
then
% ) %’%ﬁ"- s(iz |f(n>—A(x)(2)m

X(lngvﬁmn») =V

Then # ~ 1/L3(x), & =< j " (L2(u)/u log u) du and consequently

f(n)— A(x) 1 ¢~ L¥u) 2 L\
XE, S(P(n)) <(Lz(x) L ulogudu> é(L(x)) '
So we proved that
1 JS{n)—A(x) Ly(x)
D D EA i s PRPVE] P
R 7T Ry
Hence we get that
fn) Li(x)
2 ey 0 % Fom = Ty

Since A(x)~ L,(x) and ¥, <. 1/f(P(n)) ~ x/L(x), then
Z f(n) = 1( )

R T MR T

This proves (55).
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