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SUMS OF QUOTIENTS OF ADDITIVE FUNCTIONS

JEAN-MARIE DE KONINCK

ABSTRACT. Denote by w(n) and (n) the number of distinct
prime factors of n and the total number of prime factors of n,
respectively. Given any positive integer «, we prove that

> Q)o@ =x + x 5: a;/(log log x)* + O(x/(log log x)*+Y),
2<n=a =1

where a,= Z,, 1/p(p—1) and all the other a,’s are computable con-
stants. This improves a previous result of R. L. Duncan.

Denote by w(n) and Q(n) the number of distinct prime factors of n and
the total number of prime factors of n, respectively. R. L. Duncan [3]
proved that

Z Q(n)/w(n) = x + O(x/log log x).

2=nSg2

Duncan’s result was based on the elementary estimate

) > 1jw(n) = O(x/log log x).
2=nsg

In a previous paper [1], we gave estimates of >,_, 1/f(n) for a large
class of additive functions f(n) (where >’ denotes summation over those
values of »n for which f(n)#0), which in particular improved considerably
the estimate (1). Such sums were further studied by De Koninck and
Galambos [2].

In this paper, we prove the following:

THEOREM. Let o be an arbitrary positive integer; then

> Qm)j(n) = x + x >, aif(log log x)' + O(x/(log log x)**),

nSgx i=1

where ay=73 , 1[p(p—1) and all the other a;’s are computable constants.
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PrOOF. Let ¢ and u be real numbers satisfying [¢[<1, |4|=<1. Then,
for Re s>1, we have

© tQ(n)uw(n)

tu ttu  fu
=1_I(1+—s+-2—8+—;+“')
¢ » pP p* p”

=(c(s))’“1—l(1-i—s)’“ﬂ(1+;—’:+i_:+%+...)

= ({s)™H(t, u; ),

say (Here {(s) denotes the Riemann zeta-function.)
Using a theorem of A. Selberg [5], as we did previously in [1], we obtain
that

n=1 n

D MWyt = (H(t, u; 1)/T(tu))x log ™ x + O(x log™* x),

nSg

uniformly for [¢|=1, [u| =1, which certainly implies that

z tﬂ(n) wln) __ H(t’ u; 1) tu—1

2 u = T() x log™ " x 4+ O(x/log x)
H(t,u;1 "
2 — _’f_{ﬁu_)logt x + 0(1)},
log x\ I'(tu)

uniformly for [¢|Z1, |u|=1.
Now differentiating both sides of (2) with respect to # gives

S Q0™ = Zfiogt x i(.H(t, 1)
nzg ]og X dt P(tu)
H(t,u; 1 u
(t,u ).Iogt x-loglogx'u+0(1)},
I'(tu)

which, by setting t=1 and dividing both sides by u, becomes
z Q(n)uw(n)—l

@) = (x/log x){G(u)log* x + F(u)log" x - log log x + O(1/u)}

uniformly for [u|=1, where

_ld(H@tu;1)
Glw) = u dt( I'(tu) ) =1
and
H(1,u;1
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We now proceed to integrate both sides of (3) with respect to u between
e(x)=(log x)7*/2 and 1 (x=3). First we have

J;(a:)( Z Q(n)uw(n)_l) du = z Q(n)j;(r)u"’("‘)'l du

Q(n) Q(n)
nSg w(n) nSe (1)

-3 _s
= Z + O(s(x) Z Q(n))

2=nSg

( ( ))w(n)

since w(n)=1 for n=2. It can be proved [4] in an elementary way that
Desnza 2(n)=0(x log log x). Therefore,

f(l:c)( szs Q(n)u“""’-l) du = z ( ; + O(x(log IOg x)(log X) 1/2)

sy w(n
4 Q(n) x
< Z w(n) ((log log x)““)'
On the other hand, as in [1], repeated integration by parts yields
fl G(u)log* x du
e i x{ G G am
loglogx (loglog x)* (loglog x)®
(_l)a—lG(a—l)(l)
(log log x)* ((log log x)““)}
© ) Al
(log log x)*** Lz)G (wlog™ x du
{ G(1) G'(1)
= log x -
loglog x (log log x)?

+(—1)““G‘“‘1’(1) + 0( 1. )}

(log log x)* (log log x)***
Similarly we obtain

1
log log xf F(u)log* x du
e(z)
F'(1) F'(1)
loglogx  (loglog x)*

(6) =log x{F(l) -

( l)aF(a)(l) ( 1 )}
(log log x)* (log log x)***/ ]’
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x f‘ du _O(xloge(x)) _O(xloglogx)
log x Jeta) u log x log x

@)
- 0((log lolg x)‘”’l)

Putting together relations (3), (4), (5), (6) and (7), we have that
—_— Fl ’ — 1,
s 9@=x{m)+ G - F1) GM—F)

Finally,

=, on log log x (log log x)*
. G(az—l) 1) — F(a) 1 1
+ (- D ()+o( 1)}
(log log x)* (log log x)**

A quite simple computation shows that F(1)=1 and that G(1)—F'(1)=
2.» 1/p(p—1), which proves our Theorem.

From the above reasoning it is clear that similar estimates of
Dn<z&(n)[f(n) could be obtained for a larger class of additive functions
fand g along the lines of our previous paper [1].
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